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‘Dr. E. A. Freeman (communicated): In their introduction the 
tuthors state that one of the principal limitations of the describing- 
unction method of analysis is that the amplitude-dependent 
haracteristics of the system must be completely separable from 
she frequency-dependent characteristics. This, of course, is not 
so, and would, if true, present a severe limitation to the method 
decause of the frequent occurrence of frequency-dependent non- 
inear elements in practice. For example, backlash and friction 
ma mechanical system introduce such a non-linearity. Again, 
f both coulomb and viscous® friction are present, the non-linear 
slement is of the inseparable frequency-dependent type. Other 
2xamples occur when backlash and resilience,© velocity limiting P 
and pneumatic controllers of the flapper-nozzle variety~ are 
present in the closed sequence of an automatic control system. 
fn view of its practical importance, therefore, this problem 
certainly merits attention. 

‘However, the method presented by the authors for analysing 
reactive non-linearities would appear to have only limited 
application, for it depends on the existence of an amplitude- 
dependent frequency-independent relationship. In many 
examples of practical importance no such relation exists and the 
describing functions are transcendental functions of both ampli- 
tude and frequency. 

_ To solve such practical problems one may derive a family of 
describing functions, each member of the family being plotted 
for a range of amplitudes and a fixed frequency. Intersections 
of this family by the open-loop frequency-response vector 
b( jw) indicate possible sustained oscillations. The existence of 
these may be verified by determining whether (jw) at a point 
of intersection, ¥(jw,), intersects the describing function plotted 
for the frequency w,. In a recent paper“ this method has been 
used to analyse a system employing a motor driving a load 
through gearing having backlash, for the case when both motor 
and load are opposed by speed-dependent friction. The family 
of frequency-dependent describing functions for combined 
soulomb and viscous friction may also be derived and used in 
4 similar way.8 

_ Messrs. R. M. Huey, O. Pawloff and T. Glucharoff (in reply): 
At the time when our paper was passed for press, Dr. Freeman’s 
yaperA had not come to our notice. One cannot help feeling 
hat his first and major criticism is simply a matter of a difference 
n definition of the term ‘describing function’. To quote, for 
xample, from a recent text by Bower and Schultheiss,¥ ‘It should 
€ pointed out that not all non-linearities lend themselves to the 

* Hury, R. M., PAWLorF, O., and GLucHAROFF, T.: Monograph No. 383 M, 
une, 1960 (107 C, p. 334). 
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DISCUSSION ON 


‘EXTENSION OF THE DUAL-INPUT DESCRIBING-FUNCTION TECHNIQUE TO. 
| SYSTEMS CONTAINING REACTIVE NON-LINEARITY’* 


elementary form of the describing function analysis presented 
here. Most frequently violated is the requirement that the 
amplitude-dependent gain function be independent of frequency.’ 

The use of frequency-dependent describing functions can 
become quite cumbersome, and in this connection it is of interest 
to note O. J. M. Smith’sS opinion that, where the amplitude- 
and frequency-dependence of a non-linearity cannot readily be 
separated by other simple means, it is worth while to attempt a 
linear transformation from the variables a and w into a new 
pair of variables, say b and u, chosen so that the system and 
non-linear element response may be written as separable func- 
tions in these new variables. In general, b = f,(jw,a) and 
ju = f,(w, a), together with some recombinations of the block 
diagram, could result in separable response functions, say 
N(b) and H(ju), which may be treated graphically in a similar 
way to the functions N(a) and KG(jw) in simple describing- 
function analysis. 

We have considered the possibility of a frequency-dependent 
dual-input describing-function; although this is no doubt of 
interest as an alternative attack, it would involve considerable 
complication. 

Our paper is concerned with the dual-input describing- 
function, where the greater generality with which the input to 
the non-linear element is defined allows one to search for a 
wider class of instabilities including sub-harmonic or harmonic 
instabilities as well as jumps. 

Dr. Freeman’s technique seems to offer some advantages when 
the problem is a specific servo-mechanism synthesis, particularly 
when one of the major design constraints is availability of 
components. Our paper was intended as a contribution in the 
wider context of non-linear circuit theory. 


REFERENCES 


(A) FREEMAN, E. A.: ‘The Effect of Speed-Dependent Friction and Backlash 
on the Stability of Automatic Control Systems’, Transactions of the 
American I.E.E., 1958, 77, Part I, p. 680. 

(p) FREEMAN, E. A.: ‘The Effect of Some Nonlinearities on the Performance 
of Automatic Control Systems’, Ph.D. Thesis, King’s College, 
University of Durham, November, 1958. ie 

(c) LiverseDGe, J. H.: ‘Backlash and Resilience within the Closed Loop 
of Automatic Control Systems’, in ‘Automatic and Manual Control 
(Butterworth, 1952). = 

(Dp) TRUXALL, J. G.: ‘Automatic Feedback Control System Synthesis 
(McGraw-Hill, 1955), pp. 585-592. ? : 

(z) Jackson, R.: ‘Nonlinear Theory of the Dynamical Behaviour of 
Pneumatic Devices’, Transactions of the Society of Instrument 
Technology, 1958, 10, p. 161. f ; 

(F) Bower, J. = and Se avilen 135 5 M. Foner to the Design of 
Servomechanisms’ (Wiley, aD: : f 

(Gc) SmirH, O. J. M.: "Feedback Control Systems’ (McGraw-Hill, 1958) 
pp. 493-495. 


[1] I 


621.316.923.2 


The Institution of Electrical Engineers. 
Monograph No. 3878 
June 1960 


© 


AN ANALYTICAL METHOD FOR PREDICTING THE PERFORMANCE OF 
SEMI-ENCLOSED FUSES 
By COLIN ADAMSON, M.Sc.(Eng.), Associate Member, and M. VISESHAKUL, M.Sc.Tech. 


(The paper was first received 23rd April, 1959, and in revised form 9th onan 1960. Jt was published as an INSTITUTION MONOGRAPH 
in June, 1960. 


SUMMARY 


An analysis has been made and a design procedure established for 
fuses other than those using round wire and with, or without, a 
restricted cross-section for part of the fuse length. Fuses of restricted 
section are, however, the major interest since they may be used to 
give different current/time characteristics by varying their dimensions. 
These different characteristics may be predicted accurately by the 
method indicated in the paper. In all the cases of semi-enclosed tin- 
strip fuses investigated in this way very close agreement between 
predicted and experimental results has been obtained. 


LIST OF PRINCIPAL SYMBOLS 
t=} Time; sec: 
x = Axial distance measured along the fuse from one 
end, cm. 
6 — 6) = Temperature rise, deg C. 
6) = Initial ambient temperature, deg C. 
T = Temperature of fuse at distance x along the fuse axis 
independent of time. 
ys = Transient temperature, a function of x and f, 
A;, Ay = Fuse cross-sectional areas, cm?. 
p = Perimeter of fuse, cm. 
1 = Length of fuse, cm. 
H = Coefficient of heat transfer between the fuse surface 
and the medium surrounding the fuse. 
k = Mean thermal conductivity. 
c = Specific heat, cal/g. 
J = Joule’s equivalent. 
p = Density, g/cm?. 
o = Mean electrical conductivity between room tempera- 
ture and the melting temperature of the fuse, 
mhos/cm. 


(1) INTRODUCTION 


Over-current time-limit fuses associated with direct-acting- 
trip circuit-breakers are in widespread use on medium-voltage 
systems. ‘Tin-wire fuses are usually employed and are connected 
in shunt across the circuit-breaker trip coils, which are supplied 
directly from current transformers. The fuses are in varying 
working lengths and their current/time characteristics vary with 
different manufacturers and, to some extent, among samples 
from any one manufacturer. The required characteristics have 
never been laid down as closely, say, as 415-volt high-breaking- 
capacity fuses, but their ratings have been specified in B.S. 
116: 1952. 

These fuses are of interest from the point of view of protective- 
gear co-ordination, and thus the question arises of the extent 
to which different current/time characteristics can be obtained. 
Hitherto, fuses manufactured from flat strip or round wire have 
been used; round wires are, however, the only fuses to have 
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received systematic mathematical consideration. The possi- 
bility has now been investigated of designing fuses of restricted 
section in such a way as to predict the resulting characteristic. 
This has involved the formulation and solution of a thermal 
equation involving discontinuity and the establishment of a 
design procedure based on this solution. 


(2) THERMAL EQUATION OF A FUSE 


When a constant current flows in a round wire, heat is 
generated; either the temperature rises and reaches equilibrium 
or the wire fuses and interrupts the current. 

The equation for the temperature rise, 8 — 99, in a thin wire 
heated by electric current was given by Verdet in 1872: 


00 076 : 
saris s3 — MO — Go) + 4 ( 
_-kA see #7) i 
where K= #3 A= Sie a= eae 


Eqn. (1) was applied to fuse problems by Schubert! and Carne.? 
both of whom neglected the radial heat loss. Guile? included 
radial heat loss for round wires by the application of Grunberg’s 
analysis for cable heating. 


(2.1) Strip Fuses 


The basic equations are applicable to fuses enclosed in any; 
medium, but the solutions are very difficult to obtain in mosé 
cases, e.g. oil-immersed fuses, because of the uncertainty ir 
assigning values to H and hence to A. The solution obtained 
in the present paper is applicable to either strip- or round-fuse 
elements, in free air or semi-enclosed, taking into accounn 
surface heat losses. The analysis is based on Straneo’s> work! 
for determining thermal constants. | 

Suppose the temperature conditions of the surrounding 
medium are 

6 =0 when t = 00<x</J) 
6=Oatx =landx =0 


The problem is divided into one of steady temperature and ona 
of variable temperature, i.e. | 


G=T ab Lo ouge oe a 


where T represents temperature which is independent of time 


and has a finite value for particular values of x. T satisfiex 
eqn. (1): 
oT 
0 — —_—_ — 
K. sx AT + a. (2a 


where T = 0 at x = 0 and /. 


is is a function of x and ¢ and, for the case of axial heat transfei 
from both directions, satisfies eqn. (1): 


Sale 2 A . . . . (2E 


iN 
| 
! 


P 


‘where 
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%* =Oatx =Oandx =/ 
at t= 0 Yn = — T, exp —B,t 


_and the coefficient 2 originates from the axial heat transfer from 


both ends of the fuse towards the centre. 


From eqns. (2), (2a) and (2b) the temperature rise for a strip 


fuse becomes 


4 REA (2n — 1)rx 
eae 
* tt nat (2n — 1)[Qn — 1)2x? + 21? 
At Kt 2" 
{i exp | 5 gn Dis } (3) 
where ft = /(A/K) and b = ald 


‘From this equation, if the melting-point of the fuse element is 
‘known, the time/current characteristic of the fuse element can 


ee Bbiained: 


| 
| 


1 


i 
by the final results, this involves very little inaccuracy in deter- 


mining the time/current characteristic of the fuse. 


fuse and the influence of its associated equipment. 


(2.2) Fuse Element with Single Discontinuity 


(2.2.1) Assumptions regarding Fuse Parameters and Associated 
Equipment. 

For the purpose of the analysis to follow, mean values of 

electrical and thermal resistivity have been assumed. As shown 


It is possible 
that mean values are not accurate for analytical determination 
of the instantaneous distribution of temperature over the whole 
_ of the length of the fuse. This is considered further in Section 4. 
It is also necessary to consider the physical termination of the 
Fuse links 


are normally terminated in what are known as ‘fixed-ends’, each 
_ of which invariably consists of a substantial mass of material to 
_which a satisfactory and highly conductive cable joint has to be 


made. 


For practical purposes, this situation can be simulated 
by terminating the experimental fuses in solid-copper blocks 
which behave as thermal sinks. The main electrical factor 
affecting the fuse, in so far as protective-gear co-ordination is 


concerned, is the impedance of the circuit-breaker trip coil in 


shunt. Although the impedance chosen for such a coil may 
vary over wide limits, correct operation is clearly impossible 
unless its impedance is high compared with that of the fuse, so 
ensuring that there is little current through the coil unless the 
fuse breaks: for this reason, no impedance in shunt with the 
fuse appears in the calculations to follow. The case of an 
impedance in parallel with a non-linear resistance, in our 
Opinion, constitutes a separate analytical and practical problem 
from the one discussed below and cannot, in any event, be 
attempted until a solution has been found for the non-linear 


_ behaviour of the fuse in the first instance. 


(2.2.2) Solution for Fuse with Single Discontinuity. 
For a fuse with a restricted section for part of its length as 


shown in Fig. 1, the ends being terminated in solid-copper blocks, 


eqn. (2a) becomes 
oT; 


(4) 
Oxt 


(—— —),T, + ay 


Bwhere 7, = 0 at x; =O and 7, = T, atx, =|. 


Fig. 1.—Fuse element with single discontinuity. 


A solution of eqn. (4), for steady-state conditions independent 
of time, may be found such that 
ee = . (4a) 


Tig aah E Q; sinh 4x, + sinh p4(; 

pal Sea a - 
sinh p44); 

where k= VAIK), oy = = ay|A, and OQ; =1— T,/b;. 

A similar expression can be written for T,, 

T,, denotes the melting-point temperature oat the point where 
the fase breaks and 7, is the steady-state temperature ultimately 
attained at the point when the change in cross-section occurs 
on the fuse. These quantities are needed to find the minimum 
fusing current. J, may now be found; at the point where the 
cross-sectional area changes,> 


where x; =/, and x, = J, the directional distances x, and x, 
both being considered as positive when measured towards the 
centre of the fuse. Differentiating eqn. (4a) with respect to x 


and introducing the relationship immediately above, 
She tanh p4/, tanh pol, 


A 
(4, tanh pal, + bag tanh poy), 


by py 
sinh po 


The point where the fuse breaks, for the case of minimum 
fusing current, o now be found; at this point 


TANG Bl = DiS) 


[cosh (1 — x) — QO cosh px] = 0 


= saat 


which is the condition for maximum temperature. 
Differentiating eqn. (4a) and using this last condition, 


ES 
2h 
[es 
where exp y = er and Q = 1 — T,/b. 


To find the instantaneous temperature rise, eqn. (4a) may be 
expressed in terms of a sine series as follows: 

(2n = 1)z xj 

ui 

n=1 m(2n — 1)[(2n — 1)*n? + pil?] 
8 2 T(—-1)"t! | Qn —1)7x, 
1 eA On iy a eee 
Egn. (6) is a solution to eqn. (2a). When the conditions defined 


in eqn. (2b) are applied and substitution is made into eqn. (2), 
a solution for 6,1, is obtained. 


4b, pil? sin 


ice) 


de 


xiao 


(6) 


—1 
4b, p21? sin Cope 
= en a ee eel ee 
Fat v1 m(2n — 1)[(2n — 12x? + p23] 
Ait Kt (Qn — 1)?n? 
1 — exp} — 5 5) rp 
cose (1) tT, . Qa — Lary 
+ 2.9 Qn 2h 
Ate Ke On —1)*2* 
1 — exp | 5 5) an (7) 
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A similar expression may be written for 0,5, Eqn. (7) is 
derived by application of the method introduced by Straneo, 5 
and it should follow that the temperature at the point of change 
of cross-section (x; =1,; x, = 1,) should have the same value 
from whichever cross-section and direction it was obtained. 
This is not the result obtained from the equations above, 
however, and it thus follows that the function @ is more com- 
plex than hitherto assumed. Eqn. (7) has therefore been 
modified by the introduction of a term +0, = f(x, 1), which is 
a function of heat transfer and distance for a particular value 
of time, and which represents the additional factor to be intro- 
duced to achieve heat balance between the two sections at any 
particular time and distance. 

Referring again to eqn. (7), consider the point at which the 
cross-sectional area changes, i.e. x; = /, and x, = J, at time ¢. 
Inserting these values, the first term falls to zero, giving 


ee 2 8 Oe sin (2n oe 

{ — exp E es e = (2n a || em 
ON ery te 

{1 het | ua e (2n wed Es 


These expressions represent the temperature at the same point 
and must clearly be equal. Suppose the value of @ at this 
point is 6; (=6,, = @,): it follows that the heat to produce heat 
balance must have been transferred from one section to the 
other in order that the temperature 0,, should have been reduced 
to 0; and the temperature 05, should have been increased to 6}. 
The situation may be represented graphically as in Fig. 2; since 
the mass and specific-heat terms are constant, integration of 
eqn. (7) can be carried out to give the heat transferred from 
one section to the other. The shaded areas of Fig. 2 are equal. 
The heat lost in section (1) is 


Sap ee ee On ae 
Arco (2 | ap OF a a DLT 


Ayt Kt (Qn — 1)? 
{ee - ae aol 


8 fe © (117, | Qn —1)ax, 
Rela COnl a okt deel, 


A\t’ Kt’ (Qn — 1)?77? 
{1 = GAD | - 5) 5) a H (7c) 
The heat gained in section (2) is 
ly 
2. et (2n — 1)arx 
A,cpl. 2 
2¢P (5 i 3 eeae 
ner ee) 
{ eet — (2n — 1)?x 
aay) 413 
© BAG Seal en aa 
TJ) po On 1p 2h, 
At” — Kt” (2n — 1)??? 
{1 — exp | - 5s as a2 }}) (7d) 


TEMPERATURE, © 
x1=0 Xg=0O 


Fig. 2.—Determination of temperature at point of discontinuity. 


Particular values of time, ¢’ and ¢’’, must be assigned to the 
correction factor in order to establish the correct heat balance; 
these may be obtained from eqns. (7c) and (7d). 

However, for times greater than 0-5sec, an approximate value 
can be obtained on the assumption that 
Se (1 T, Lin (2n — 1)2x 
mr = (2n — 1)? 21 


At Kt (2n — 1)?n? | 
{1 — ex | - ai 7 =|} 


is approximately a straight-line function. 
time ¢, will be given by 


4 nx 2 : 
I Aycp Oi, — 6), dx = I A,cp(A; — 82) dx 
0 1 0 2, 


0}, at any particular 


6,, and 6,, may be obtained from eqns. (7a) and (76), and 
Al9,, + Anh9>, 


ee ee i 
whence 
pe Jering it year el tog ae 
i SOR 2 ogee yea 
At’ Kt’ (2n — 1)? 7) 
Lo enn he ee 
A | 6 ips 4l2 fl 
or 
ee (ae AT on Oe 
— el eon Sa 2 


Me? Ke On — Bea 
etd Resor 


Thus ¢’ and t” may be evaluated. 
The final value of the instantaneous temperature, 0,,, will be: 


(2n = 1)7rx, 


= Ui 
O¢= PPB Eth) BE ope 
on 2, a(2n — 1)[(2n — 1)?a? + 273] 


At Kt Qn — 1)? 
{1 -ew|— 4-5 2 } 


(7f) 


4b [2% sin 


© 8 (—1)"1T, | (Qn —1)axy, 
#2. 7 Ont? Canin? 
A\t’ Kt’ (Qn — 1)?x? 
1 — = 4 7 l 
exp | 5) ) ap } (8a) 
and 
0. = Seabee 


_ eis Dre 
m(2n — 1)[(2n — 1)?ar? + 313] 


{! Axt Kt (2n — 1)?x7? 
exp 5) —_ 5) B 


avi ie Lye: sin 2? D2 
A oe On 1 2, 


it a — ody) 
{1 — exp |- we - = Seatostelit ae = } . (88) 
2 


(2.3) Expulsion Fuse Element with Restricted Section and 
Double Discontinuity 


The argument above may be extended to the more complex 
case of a fuse having a cross-section as shown in Fig. 3(b). This 
) section, cut from tin strip, is closely analogous to a fuse element 
‘in widespread use shown in Fig. 3(c). It should be noted, how- 
_ ever, that the wire element in Fig. 3(c) appears in normal manu- 
» factured form as an h.r.c. fuse enclosed in a silica-type filler, 
and not normally in free air or semi-enclosed. 

The general equations are again given by eqns. (1) and (2a). 
_ At the point of discontinuity, T; = T> = T,. 

T, = T, at x; = 7 


T, = T, at x, =], 


T, =Oatx,=0 
y PGE TLD PABST 
i T, = T, at x» = hl 


ott 


(9a) 


: 7,2 
| 4 cosech p41, — pr, coth p41, — Pp coth ply 
. weet ent? Set aee 1 
’ From eqns. (2a) and (98), 
| . a sinh 2X2 + sinh Pl, = | T sinh 2X2 
‘ Ta a by iv sinh Pl 2 ° sinh Lal> 
(10) 
Egn. (10) may be expressed in terms of a sine series: 
2 4b>p5l5 (Qn — 1)rrx 
ey 2h2'2 : =, sin 5 2 
n=1 (2n — 1)n[(2n — 1)? + 313] 5 
© (—1)"*18T.copoln _. (Qn — 1)7x2 io 
ee dee pe 
_ where c, = 1/tanh p/p. 
From eqns. (2a) and (9a), 
A _ {1 — sinh ets + sinh p4(/, — as 
lors 4 sinh byl 
sinh px; + sinh py(/, — x1) 1 
a T; sinh bah ( ) 
_ Eqn. (11) may be expressed in terms of a sine series: 
cg 4b, 3/2 . (2n — 1)7x, 


= sin. 
1 >) (2n a 1)z[(2n = 1)?77? + pit] l, 


ty 8 ciety 
+ 2 a — Den? + 4a? 


. (2n — 1)rx Qa pal | 11 
sin car -++ sin sik. aC a) 


where c, = 1/tanh py4/;. , 
To find the value of J, at x. = , x; = 0, as before, 
dT dT, 
—— = A —ee 
oO dx Vax, 
where x, and x, are both measured in the same direction, as 
- shown in Fig. 3. 
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Fig. 3.—Fuse element with double discontinuity. 
(a) Pattern of temperature distribution along the fuse. 


(b) Strip element. 
(c) Element composed of three wires. 


Applying this condition after differentiating eqns. (10) and (11), 


! byp44(1 — cosh py/;) cosech yl, + bons Ul — cosh pI) cosech p14), 
1 


(12) 


From eqns. (10a) and (11a), in the same manner as described 
in Section 2.2, the instantaneous temperature becomes 


. (Qn — 1)rrx 
4b, yi? sin ee 


co 


oe 1 
Prt 2. zn = D[(Qn — 12x? + 312] 


Ait Kt (2n — 1)?n? 
1 — exp | — a) OD IP 


SN ee ect (2n — 1)m(l, — x}) 
rTM LISS Tee 


Mit RH al 
2. ake 4? 


(—1)"*+187,c, p41, 5 (2n aT; 1)7x, 
>» Qn — 12a? + 422 Oh, 


, / eee fe ee 
{1 — exp | ail 5 CL _ es } fae aS) 
1 


and 
2n — 1 
glean ee 
gig A ee tat nae lp a te 
M0 £1 an — 1)[(Qn — 1)?” + 3/3] 


Not Kt (2n — 1)n* 
1 exp 5) ) rp 


Ss (= 1" t 8 T,copslr pe (2n — 1)7x2 
i, Qn — 1)2n? + 43/3 21, 


wr Rt’ 2 — 1)?77? 
{1 exp | ih ; os . (14) 
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(3) PROCEDURE FOR NUMERICAL DERIVATION OF 
FUSE CHARACTERISTICS 

In order to demonstrate the validity of the equations above, 
a procedure for the design of fuses with chosen characteristics 
has been established. Examples are given, the fuse material 
being tin strip, either semi-enclosed or in free air. After the 
fuses had been designed on the basis of this procedure, their 
characteristics were verified experimentally. 


(3.1) General Procedure 


Three cases were taken of increasing order of difficulty, the 
procedures adopted in each case being given. 


(3.1.1) Uniform-Cross-Section Strip Fuse. 


(a) Substitute dimensions and known values of material 
constants and parameters into eqn. (3). 

(b) Equate eqn. (3) to the melting temperature of the material 
employed as the fuse element. 

(c) Substitute various values of time from t=0-:05 to 
20sec into eqn. (3) and thence evaluate the corresponding 
values of current, J. 

(d) A plot of J against corresponding values of t will give the 
current/time characteristic of the fuse. 


(3.1.2) Fuse of Restricted Cross-Section with a Single Discontinuity. 


(a) Substitute the dimensions and known values of the 
material constants and parameters to evaluate a), a), Aj, Ao, 
by, bo, My and M2 

(b) Substitute the values from (a) into eqn. (5) in order to 
obtain the steady-state temperature at the point of change of 
cross-section. 

(c) Determine, from eqn. (6), the point where the minimum 
fusing current breaks the fuse. 

(d) The minimum fusing current can be found from eqn. (4a) 
after substituting the values obtained [from (a)] and the distance 
x [from (c)] to the point where the minimum fusing current 
breaks the fuse; now, by equating eqn. (4a) to the melting tem- 
perature of the material used for the fuse element, the minimum 
fusing current can be found. 

(e) From eqns. (8a) and (88), the currents corresponding the 
various pre-arcing times can be found; the simplest way of 
doing this is to solve graphically by considering, say, the points 
Gl, $1, 1) and Gh, ¢h, bh). 

(f) After dividing eqns. (8a) and (8b) each into two parts, 
substitute values of ¢ from 0-02 to 20sec. Evaluate the tem- 
peratures (due to each part of the divided equations) for different 
distances, as in (e). 

(g) Find an approximate value, from eqn. (7e), of 0), the 
instantaneous temperature at the point of discontinuity. 

(h) Find an accurate value of 6;, from the first parts of 
eqns. (7c) and (7d). 

(i) The rises of temperature at points (/,, 3/,, 1,) and 
(lh, #h, 41), corresponding to the second parts of eqns. (8a) 
and (85), may now be tabulated or plotted. 

(j) The rises in temperature from (i), when added to the 
temperature rises for the first parts of eqns. (8a) and (85), give 
a final accurate value of the temperature rise. 

(k) For any given time ¢ find graphically the product of the 
maximum temperature times J*, and equate this to the melting 
temperature; then determine the correspondence between J and f, 
and plot the J/t characteristic; as a check this characteristic 
may be compared experimentally by testing a fuse of the material 
and geometry assumed above. 


(3.1.3) Fuse of Restricted Cross-Section with Double Discontinuity 
(a) Evaluate a;, a2, Aj, Az, by, bo, 4 and x2 as before. 


(b) Substitute from (a) into eqn. (12) to obtain the steady-state 
temperature at the change of cross-section. 

(c) From eqn. (11) find the minimum fusing current for this 
type of fuse; the breaking point will be at $/. quate eqn. (11) 
to the melting temperature and find the corresponding current 
which will be the minimum fusing current. 

(d) From eqn. (13) evaluate 6,, for the distances x, = 0 and 
x, = 41, along the fuse; evaluate also 0, for the distance x. = J. 

(e) Determine the value of 0; as indicated in Section 3.1.2 
(g) and (A). 

(f) Plot the relationship between 0,,(x, = 0), 0,1 = 444), 
6,,(x. = 1,) and 6/, and evaluate the second and third parts of 
eqn. (13). 

(g) Evaluate 6,, for the point x, = 4/, in the first part of 
eqn. (13). 

(h) Add the first part of eqn. (13) to the second and third 
parts of eqn. (13) and equate the sum to the melting tem- 
perature. | 

(i) As in Section 3.1.2 (k) determine the correspondence 
between current and time, plot the J/t characteristic, and check. 


(3.2) Data for the Material used in the Fuse Experiments 
and Analysis 


The material used throughout the experiments and analysis: 
was pure solid white tin* of 0-013cm thickness. From the 
Smithsonian physical Tables, the numerical values of the various: 
quantities used in the calculations were: k = 0-142, c = 0-055, 
p=7°18, H,,,= 5:25 X 10>, ¢ = 1/18°2 x10757 =1f02 ae 
melting-point of tin = 232°C and K = k/cp = 0-359. 


(3.3) Derivation of the Characteristic of a Strip Fuse 


The length and width of the specimen strip fuses were 2-032 
and 0-343 cm, respectively. Following the general procedure of 
Section 3.1.1, and taking the ambient temperature as 10°C. 
substitution in eqn. (3) gives 


E a (2n s 1)7 
veer” 2 Gi D[(Qn — 12x? + 0-249] 
{1 — exp [— 0-0112 — (2n — 1)70-428¢]] 
By substituting various values of ¢ from 0:05 to 20sec intc 


this equation, evaluating the corresponding currents and checking: 
experimentally, the results of Table 1 are obtained. 


Table 1 


From calculation From test 


Time Current Pre-arcing time Current 


et 


Cc 

0 
1 
2, 
5 
0 
0 
0 
0 
0 


amp 
1292 
87-0 
64:2 
Boe25 
23S) 
21:8 
17-5 
16:6 
16-55 


5 


Ss 
0- 
0: 
0: 
0: 
1: 
2: 
5: 
O- 
QO: 


Ne 


Comparison between these results is illustrated in Fig. 4. 


PREDICTING THE PERFORMANCE OF SEMI-ENCLOSED FUSES 7 


Thence from Section 3.1.2(e) and (f), by dividing eqns. (8a) 
and (85) each into two parts, taking (4/,, #/,, J;) and (41, 31, 1) 
as the parameters of x; and x, respectively, and putting 
Z = 8T,/7?, the temperatures at various times can be found for 
each end of the fuse. It should be noted that, with this type of 
fuse, the breaking point varies for different currents. 

From Section 3.1.2(g¢), an approximation to the instantaneous 
temperature 0/ at the point of discontinuity is given by 

aes Ayl91, + Aala6>, 
A 141 + Apl> 
— ot Bee presi EeMeEe _ ae Table 3 gives 6), for various values of ¢, obtained by sub- 
: stituting 6,, and 0, from Table 2, when x, = /, and x, = h. 
| Fig. 4.—Comparison of characteristics of a single strip fuse obtained An accurate value of 0; may now be found from the first 
By Suenericaliderivationjand byexperiment. parts of eqns. (7c) and (7d) which each represent the heat 


© Test results, A 5 
x Calculation. generated in the fuse without any losses. 


fe) 
} 
is) 


100 


PROSPECTIVE CURRENT, AMP 


Table 2 


Temperature 6;; Temperature 62¢ 
Ist part of eqn. (8a) 2nd part of eqn. (8b) ist part of eqn. (8a) 2nd part of eqn. (8b) 
ah : 2 #2 D $y 
0-022]2 — 0 0:00712Z | 0:01912Z | 0:16412Z = — saa = =< 
0-052]2 | 0:045/2 0 0-01412Z | 0:06712Z | 0-260/2Z : 0-013/2 0 0-00312Z — 0-05712Z 
0:093f2 | 0-074I2 0 0:04612Z | 0-14612Z | 0:36812Z ° 0:029/2 0 0:00512Z — 0-09312Z 
0-14372 | 0-109/2 0 0-12612Z | 0-27612Z | 0:52012Z : 0:054/2 0 0:00712Z | 0:011/22Z | 0-13212Z 
0-18712 | 0:14072 0 0:32612Z | 0:-54412Z | 0-81212Z : 0-13112 0 0:01212Z | 0:041/2Z | 0-21112Z 
0-19372 | 0-145]2 0 0-49712Z | 0-76812Z | 1:060/2Z : 0:224/2 0 0:02712Z | 0:096/2Z | 0-30112Z 
0-193/2 | 0-145/2 0 0:600/2Z | 0-90312Z | 1-20112Z : 0-364/2 0 0:07612Z | 0:196I2Z | 0-°42712Z 
0-19372 | 0-145/2 0 0-62312Z | 0-90312Z | 1-23012Z . 0:544]2 0 0:23212Z | 0-419/2Z | 0-67812Z 
0-19372 | 0-145/2 0 0:62312Z | 0-93312Z | 1:23312Z : 0: 60312 0 0:40712Z | 0-69112Z | 0:926/2Z 
_ — — — — — : 0:61112 0) 0:55612Z | 0:84412Z | 1-14012Z 
— -- — — — — 0:81322 | 0-611/2 0) 0-62012Z | 0:929/2Z | 1-23012Z 
(3.4) Characteristic of a Fuse of Restricted Cross-Section Table 3 
with a Single Discontinuity 
5 A i 5 Approximate 
Referring to Fig. 1, the data and derived values for this case are: i instantaneous 
| temperature, 0 l 
“ft, =0-508cm a= 1/18-2 x 10-° 
. 1, = 2:032cm a, = I*|JAipeo = 2:16! 
Py = 9°381cm ay = 0-584 Te 
Pz =0:-71lcm Ay = Ap,/A,pce= 2 D4ex 10-2 0: 38712Z 
K=K, = K, =k/cp =0°359 an 2°17 x 107? 0:51612Z 
c=0:055 = 1/(A,/K) = 0:249 0-74112Z 
m9 hes 0:96112Z 
7-18 iy = 0-246 : 
J = 1/0-239 by = ay/A, = 96°33]? 123022 
mh — 0-142 b= 26°7517 
a = 5-25 x 10-5 
Thus 
Substituting into eqn. (5), to obtain the steady-state tem- 5 ; 
perature at the point of change of cross-section, T, = 1:53. ica 8 | > Cal i re ar 
From eqn. (6) to find the point where the minimum fusing current ee ers en 21, 
breaks the fuse, 
Spy ==0 ' Ayt Kt (2n — 1)?xr? H 
y P44 1 — exp 5) 5) ap 


1 
=! and 2 
rl 24 ean 7 Q, — exp (— py!) 


Aly 8 (792. (-)2"'T, + Qn — 1ax, 


where Q; = 1 — T,/b,, X2 = Y2/2f12, ete. reste ee > ; 53 aA - 
These relationships give x, = 0°56cm and x, = 1:Slcm. i 0 n=1 (Qn 2 
Following the procedure of Section 3.1.2(d), substitution of “1A, Kt (Qn — 1)? 
%, = 1:51cm into eqn. (4a) gives {1 — exp | - 5 5} 4B } 
Bena Wir 20S Eeoa0006 Substituting T, = 1-531? and Ay/,/4,l,; = 7°86, the results of 
ie, - I = 11-8amp minimum fusing current. Table 4 are obtained. 
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As an illustration, 6; corresponding to 0-2sec will be found 
using the second parts of eqns. (8a) and (8) from Table 2. 
The values from Table 2 are plotted in Figs. 5 and 7; those 
from Table 4 are plotted in Fig. 6. From Fig. 5, at 0-2sec, 


Table 4 


Heat, 


o 
Q 


0-00912Z 
0-02412Z 
0-04412Z 


An 


0-05112Z 
0-09912Z 
0-19812Z 
0-49112Z 
0-96412Z 
1+84012Z 
4-21012Z 
4-22012Z 


0-08512Z 
0-17712Z 
0-25612Z 
0-30312Z 
0-31312Z 
0:31412Z 


SUNK OOOSS, 
oooouUneoo 


so 
ce) 


TEMPERATURE RISE /1°Z, DEG C 
e) 
Oo) 


o4 
02 
fe) = 
0-001 0:01 O21 7028 10 10 100 
TIME, SEC 


Fig. 5.—Graphical determination of temperature rise at the 
discontinuity. 


0:8 


° 
2) 


° 
B 


HEAT CONTENT/I2Z 


0-2 


O& 
0-01 0-1 AZO 10 
TIME, SEC 


Fig. 6.—Heat content. 


assume the actual temperature to be B’; ¢’ will be 0-07sec. 
From Fig. 6, the heat loss from section (1), from 0-07 to 02sec, 
will be represented by ab’; the heat gain in section (2) will also 
be ab’ which corresponds to a time t’’ of 0-24 sec. 

From Fig. 5, ¢’’, corresponding to a time ¢’ of 0-07sec, is 
0-92sec. The time ¢’’ obtained from Figs. 5 and 6 is not the 
same in each case; hence B’ is not the correct actual temperature. 


Again, from Fig. 5, at 0°2sec, assume that the actual tem- 
perature is B; 7’ will be 0:02sec. From Fig. 6, the heat loss 
from section (1), from 0-02 to 0-2sec, is represented by ab; the 
heat gain in section (2) will also be ab, which corresponds to a 
time 7’ of 0-28 sec. { 

From Fig. 5, ¢” corresponding to a time t’ of 0-02sec Ss 
0:28sec, and hence 7”, obtained from Figs. 5 and 6, now has 
the same value in each case. Therefore, B is the actual tem- 
perature and has a value of 0-173I 2Z; from Table 3, the approxi- 
mate value is 0-177/?Z. 

Proceeding with this method, Table 5 may be prepared. 


Table 5 


0-17322Z | 
0-10512Z 
0-06512Z 


2:0735EC 


9° 
K 


TEMPERATURE RISE/I°Z, DEG C 
(oe) 
oO 


° 
nm 


re} 
0-001 O-1 1:0 10 100 
TIME, SEC 


Fig. 7.—Temperature rises at intermediate distances along the fuse 
with single discontinuity. 


From Tables 3 and 5, plotted in Fig. 7, the temperature riseé 
at the points (4/;, #/,, /;) and Gh, #l, 1) corresponding to tha 
second part of eqns. (8a) and (85) will now be known. | 

The method of obtaining Table 6 is illustrated by Fig. 7 a 
2sec, 6, from Table 3 is 0:5162Z, the corresponding temperature 
at #1, (from Fig. 7) will be 0-28/7Z, and 0-12I?Z at 41, etc. 

The following Table of temperature rise, for the second pari 
of eqns. (8a) and (8b) when added to the temperature rise fon 


[o) 
[e) 
oO 


re) 
fe) 


PROSPECTIVE CURRENT, AMP 


0:01 01 10 10 
PRE- ARCING TIME, SEC 


Fig. 8.—Comparison of characteristics of a fuse with single discon- 
tinuity obtained by numerical derivation and by experiment. 


© Test results, 
x Calculation. 
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Table 6 


Temperature 8; from 2nd part of eqns. (8a) and (8) Otmnax = XI2 oe 2 Current Time 
Actual : ra 
dime. 
at /; and lh at 41, at 31, at 412 at 3) 4 Ragone Web cf st By test 
amp amp sec 
= = = = a= 0-025/2 95-0 
0-0612Z 0:005/2Z 0-0112Z 0:00312Z 0:00512Z 0-075I]2 54:5 110-0 0-0149 
0-105/2Z 0:00712Z 0:01512Z 0-00512Z 0:0112Z 0-131/2 41-0 60-0 0-059 
0-20 0-17212Z 0-009/2Z 0:02/2Z 0:01512Z 0:0212Z 0-216/2 32-0 41-0 0-120 
0-50 0-28012Z 0-0212Z 0:0912Z 0:0212Z 0-09/2Z 0-350/2 Zee 29:0 0-320 
1 0-38712Z 0-0612Z 0-07512Z 0:-0612Z 0:1612Z 0-500/2 DAO) 20°5 0:96 
2, 0-51612Z 0-1212Z 0:2872Z 0-1212Z 0:2712Z 0:670/2 18-0 15-0 320 
5. 0-74112Z 0:27512Z 0-47512Z 0:28112Z 0:48122Z 1-150/2 13-8 ivaah 80-0 
10 0-9612Z 0:-4312Z 0-722Z 0:-4422-Z7 0-6812Z = — 
20 1-149/2Z7 0:-565I2Z 0-86/2Z 0:5712Z 0:86512Z — — 
50 1-23312Z 0-6212Z 0-9312Z 0:6212Z 0-9312Z 1-60/2 11-8 
time for —_— — me — _ 1-60/2 11:8 12 (m.f.c.) time for 
m.f.c. m.f.c. 


Z = 8T7,/m2 = 1-25. Melting temperature = 222°C. 
M.F.C. Minimum fusing current. 


the first part of eqns. (8a) and (8b) (Table 2) will give the final 
temperature rise. 

Fig. 8 illustrates graphically the correlation between the pre- 
dicted and experimentally determined fuse characteristic, both 
from Table 6. An approximate instantaneous temperature dis- 
tribution along the fuse is shown in Fig. 9. 


(3.5) Characteristic of a Fuse of Restricted Cross-Section 
with a Double Discontinuity 


As a further example, the characteristic of an expulsion fuse 
with a restricted section in its middle and hence a double discon- 


0-508 CM 


TEMPERATURE /I°, DEG C 


EES = bs 
}+— 3-05 cm —>| 


Fig. 10.—Fuse element with double discontinuity. 


tinuity will be found numerically. The fuse-element shape is 
shown in Fig. 10, and the dimensions chosen were as follows: 
Length = 3-05cm 
Width = 0-381 cm 
Neck width (width of restricted section) = 0:127cm 


T ' 
x=0 x,=t 3 x=0 x=1 3 1 
=k tae tae 5 Xait, 4 Peat 2 Neck length = 0:508cm 
(d) (h) The dimensions, data and derived values, where different 
from the case considered in Section 3.4, are as follows: 
1, =0:°508cm A, = 0-0216 
Pete Ticm by =a,/A, = 183-851? 
Pi =0-279cm by 212757" 
P2 = 0:-787cm pe? = 2, /K = 0-064 
a, =17[JAtoco = 472347 fy = 0-253 
a = 0470/2 ps = 0-060 
A, = Hp,;/A,cp = 0-0230 fey = 0-245 
From egn. (12) 
(1) T, = [6,440 — cosh p4/,) cosech pryl; 
Fig. 9.—A imate instantaneous temperature distribution along 5 A 
4 ste fuse with a single discontinuity. + boyz ( — cosh fuzl2) cosech p1z/>] 

@ t = 8 ee. @ 6 Coecaed temperature. A, 

sore Gib From Table 2: Ty f cosech ful) — fy coth pyly — ab coth [uy/> 

(e) t = 1sec. (i) Steady-state temperature distribution ‘ 

1a Atha pri meatus sity cirrent- Substituting the values above, T, = 2:226I°. 

g) t = sec. 
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To find the minimum fusing current, substituting in eqn. (11), 
222 = 183-8512(1 — sech 4p.4/,) + 2°2261? sech p44], 
= 2-599]? 
whence J = 9:25 amp 
From eqns. (13) and (14) at x, = 0 and x, =/, and time 1, 0, 
can now be found (see Section 3.4). 
se 1 
— 17.0172 

oie A (2n — 1)79-868 + 0-0662 


p=1 


{1 — exp — [0-012 + 1:719(2n — 1)?]} 


© 1 
— . 2 
6,, = 18-381 7 (2n — 1)29-868 + 0-389 


{1 — exp — ¢[0-011 + 0-275(2n — 1)*]} 


These results are given in Table 7. 


Table 7 
Time ee 0 x " 3h fae I ° 
sec 
0-02 029712 0-012 5/2 0-12372 0-141/2 
0-05 046912 0:024/2 0-193 12 0-226/2 
0-10 0: 66312 0-08212 0-27312 0-31972 
0-20 0- 93812 0-22712 0-38712 0452/2 
0-50 1-466/2 0588/2 0-610/2 0:71112 
1 1-90472 0: 89712 0: 86212 0:985/2 
2 216912 1-085/2 1-213/2 1-332 
5 2:225/2 1-124/2 1-8/2 1-85/2 
10 2:226I2 1-12572 2:123I2 2:135I2 
time for 2:226/2 1-125]2 2-232 2-232 
m.f.c. 


Taking the first part of eqn. (13), 
Cr mx, 


ive) 


6 


46,41? sin 


1 


t 


Dee coe Da[Qn — 12x? + 2] 


{exp —} 


2 


A, + K(Qn — 1)?x? 


; 


It 


in Table 8 between @,, and time is obtained. 


} 


and substituting the value for x, = 4/,, the relationship shown 


Table 8 


n 


0-043I2 
0- 10312 
0-182/2 
0-28I2 
0:36612 © 
0-37I2 
0-37812 
0:3812 


AN 


ec 
0. 
0 
1 
2 
5 


UNH ooocoo 


In accordance with the procedure of Section 3.1.3(H), the 
results (Table 9) for the first part of eqn. (13) are combine 
with the second and third parts of the same equation using 
Table 7 and Fig. 11, for the point x, = 4/, where the fuse 
breaks. 


st 
O 
10} 
tu 
fex\ 
a 
WwW 
a 
> 
b 
BG 
a 
uJ 
oO 
= 
uJ 
= 
ase D 
: . 2ND PART OF EQN(13 
5 O-11x" [FROM 2ND J, (13)] 
0-001 0-01 0-1 1-0 10 1009 
TIME, SEC 


Fig. 11.—Graphical determination of temperature rise at a distance< 
4/, for fuse with double discontinuity. 


The comparison between the test results and the predictee 
results from numerical derivation are shown in Fig. 12. 


(4) ALLOWANCE FOR VARIABLE ELECTRICAL AND 
THERMAL CONDUCTIVITIES 

The electrical and thermal conductivities applied in thi) 
calculations and derivations above are average values betweed 


Table 9 
a Test results 
Ns Total = 
Tims From eqn. (13) From eqn. (13) temperature =X? x 
(Ist part) and (2nd, 3rd part) 4 
Table 8 Table 7, Fig. 11 Current cue 
0-01 0-022 00° 65" “OC 
° : 2 0-022/2 100-1 165-0 0-00 
0-02 0-042 5/2 0-005/2 0-047 512 68-5 81-0 ee 
0-05 0-103/2 0-01/2 0-113/2 44-5 51-0 0-045 
0-10 0:182/2 0:027/2 0-209/2 32:6 35-0 0-090 
0-20 0-279/2 0:044/2 0-323/2 26:2 23°6 0-250 
0-50 0-366 3/2 0-22/2 00-5862 19-5 15-0 0-90 
1 0-378/2 0:49]2 0: 8682 15:8 11:5 3-00 
2 0-37812 0:-96/2 1-338J2 12:85 
5 0:38/2 1-68/2 2-062 10-38 
: 10 0-382 2°14/2 2°52]2 9-4 
time for m.f.c. 0-38/2 2-226/]2 2: 60/2 9-25 93 Time for m.f.c 
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| Fig. 12.—Comparison of characteristics of a fuse with double discon= 
tinuity obtained by numerical derivation and by experiment. 


© Test results 
x Calculated. 


/ room temperature and melting temperature. Eqns. (3), (8a) and 
| (85) give the transient temperature corresponding to various 
positions along the length of the fuse at various times; it should 
be noted that these equations are accurate only in respect of 
| final derivations of the current/time characteristics and not for 
| precise prediction of temperature distribution. It may readily 
| be demonstrated that the use of average conductivities gives 
» very similar results to the use of the appropriate temperature 
coefficients so far as these characteristics are concerned. Thus, 
from eqn. (1), 


; 7 hag ee eee 
| 7 = Kea 0 + al + 08) (15) 


where 6” = 6 — 6). 
| a = Temperature coefficient of conductivity. 
Solving eqn. (15), the transient temperature is 


. (2n — 1)7x 
272 
Q71* sin j 


2, aD = a FPO 


<2 9\232 
onl at +A~ az, |\ . (16) 


= a,|(A — aa,) 
a = (A — aa,)/K 
Orin = 0°02775 
1 Ssnjcorc) = 13°36 X 10-° 


_4M 


7 


where 


Considering the example of Section 3.3, the results obtained 
from three methods of solution are shown in Table 10. 


Table 10 


Minimum fusing 


Method of solution iver 


amp 


16°55 
16°58 
16:5 


From eqn. (3), i.e. using average 
conductivity 

From eqn. (16), i.e. using tempera- 
ture coefficient of conductivity 

Experimental ae Bi 


(5) CONCLUSIONS 


It has been shown that semi-enclosed fuses can be given 
_ particular chosen characteristics by controlling their physical 
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dimensions. Any particular characteristic may be predicted 
accurately by a method based on Straneo’s work for determining 
thermal constants. The outline shapes of the fuses used were 
simple in that each fuse was of restricted cross-section for part 
of its length; suitable choice of the dimensions for the length 
and cross-section of each part of a particular fuse provided the 
means of controlling and predicting the characteristic, 

The analytical approach to the prediction of the current/time 
fuse characteristics is supported by numerical solution of the 
equations. These solutions have been shown to be in accord 
with experimental tests to destruction of fuses manufactured in 
the laboratory workshop. The method of analysis which has 
been used is an improvement on those hitherto employed in 
that account has been taken of radial heat loss in addition to 
that conducted axially along the fuse; furthermore, restricted 
sections have been considered in addition to uniform-section 
fuses. It has not so far been found possible to determine 
experimentally the instantaneous distribution of temperature 
along a fuse element, and thereby to check the analytically 
derived results in this respect. Notwithstanding this deficiency, 
the temperature-distribution results are not likely to be greatly 
inaccurate, since very close correlation has been obtained 
between the analytically and experimentally derived current/time 
characteristics for the three main cases which have been 
considered. . 

An interesting supplementary point arises in connection with 
the values assigned to the resistivity of the fuse element. With 
tin—the material used in the paper—the resistance increases 
approximately twice from working to melting temperature: the 
investigation shows that the difference between the analytical 
result obtained by taking an assumed average value on the one 
hand and an initial value with temperature coefficient on the 
other is less than 1%. It is hoped to apply this theoretical 
analysis more generally in the future to embrace material with 
wider variations in resistivity, e.g. copper, and more complex 
ambient conditions. There does not appear to be any reason 
for thinking, in view of the results obtained by Guile? and 
Jaeger,® that either of these methods for dealing with the 
variable resistivity will be subject to appreciable error. 
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SUMMARY 

The solution of a system of simultaneous linear equations may be 
obtained by inspection of an associated system of nodes and con- 
necting branches called a ‘signal flow-graph’. This provides an 
alternative to conventional algebraic methods which is of particular 
interest in the case of network analysis, since the flow graph can be set 
up directly by inspection of the network without having to formulate 
the associated equations. In the paper the formal theory of flow- 
graph analysis is developed and applied to certain aspects of feedback 
theory, and it is shown that the classical results of Bode can be obtained 
and generalized relatively simply by this approach. 


LIST OF SYMBOLS 


A = General determinant of order zn. 
A’ = Modified determinant occurring in the numerator of the 
general gain formula. 
A, = Residue of kth node. 
Aj, = Residue of the branch going from the jth node to the 
kth node. 
A* = Graph determinant when the loop G* is removed. 
A, = General open path. 
A,m = Open path from the rth node to the mth node. 
D; = Loop difference of the kth node. 
Dj, = Loop difference of the branch from the jth node to the 
kth node. 
Dy = Loop difference of the parameter W. 
G = Graph gain. 
G* = Loop gain of the rth loop which passes through the 
kth node. 
L; = Loop gain of the kth node. 
Lj, = Loop gain of the branch going from the jth node to the 
kth node. 
S = Sensitivity. 
S’ = Relative sensitivity. 
T, = General loop of a determinant. 
TP = Loop which does not touch the open path 4,. 
W = General parameter associated with a network. 
W, = Value of W for which the graph gain is zero. 
W’ = W— Wo. 
e® = Normal value of gain. 
e% — Gain when W = Wp. 
eor = Fractionated gain. 


(1) INTRODUCTION 


The analysis of a linear network reduces ultimately to the 
solution of a system of simultaneous linear equations. As an 
alternative to conventional algebraic methods it is possible to 
obtain a solution by considering the properties of a certain linear 
graph associated with the system which is called a ‘flow graph’. 
The unknowns of the equations correspond to the nodes or 
vertices of the graph, while the linear relations between them 
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appear in the form of directed branches connecting the nodes. 
Algebraic operations on the equations then correspond to simple: 
alterations of the graph, while the solution of the system can bes 
expressed in terms of the graph structure. The method is of! 
particular interest in the field of network analysis, since the flow) 
graph can be set up directly by inspection of the network without! 
the necessity of first formulating the associated equations. : 
Detailed accounts of the topological and algebraic property 
of flow graphs are to be found in the papers by Mason," 
Lorens? and Boisvert.4 The main purpose of this paper is t 
show that certain network functions introduced by Bode in h 
classical text5 on feedback theory can be defined quite simply in: 
flow-graph terms. Recent work by Blecher® has indicated thes 
desirability of using a concept of a slightly different nature tot 
Bode’s return difference in the case of transistorized amplifiers,, 
and it is shown that the flow-graph definition of return sme 
can be generalized to include Blecher’s concept. In addition, 
number of Bode’s network theorems are derived using flows 
techniques and thereby avoiding the use of the relatively com- 
plicated apparatus of the theory of determinants. 
The paper starts with a brief account of the fundamental! 
theory of flow graphs which is designed to show the relationshipss 
between the determinants of conventional algebra and certaii 
analogous expressions derived from the flow graph. 


(2) FUNDAMENTAL THEORY OF FLOW GRAPHS 


(2.1) Expansion of a Determinant in Terms of Loops 


We begin by establishing some results concerning the expansions 
of a determinant. While these are of little intrinsic interest sox 
far as the evaluation of a determinant is concerned, they lead: 
naturally to a formal definition of a flow graph in terms of the: 
associated system of linear equations. Further, it then becomes: 
possible to prove Mason’s general gain formula immediately and: 
thus to write down the solution of the equations by inspectionr 
of the flow graph.* 

For convenience we write the general determinant of order n in 
a form which differs from the conventional notation in that the 
rows and columns are interchanged: 


G1, Aq, --- Ay 
Noe Qy2 A222. -- And 
Qin An +++ Ann 


One term in the expansion of A will be the product of the diagonal 
elements @11@. . . Every other term can be obtained 
from this one by carrying out one or more interchanges of the 
row suffixes, the sign of a particular term being positive op 
negative according as the number of such interchanges is ever 
or odd. We shall use the following notation: every product of 
the form 4a,;a;, will be called a ‘2-loop’, similarly every product 
of the form a;;a;,a,, will be called a ‘3-loop’, and so on. The 


aes 


* Mason? gives a proof of this formula which is more topological in character 
Other algebraic proofs will be found in Lorens3 and Boisvert.4 


[12] 


| set of diagonal elements. 
| A contains some non-diagonal element, jx, first, this element 
| belongs to some loop occurring in the term, and secondly, the 
| term can contain no other element with column suffix j or with 
| row suffix k. This last condition may be described by saying 


be (—1)etatr—1, 
‘has n —k diagonal coefficients, its sign will be (—1)* or 
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, Order of a loop is defined as the number of elements which it 
. contains. 


It is clear that interchanges of the row suffixes in the diagonal 


} term 41142 . . . G,, Will always result in expressions which take 


the form of a product of a certain number of loops and a residual 
Further, if a term in the expansion of 


that the loops occurring in any one term must be ‘non-touching’. 


, Finally, the sign of a term is determined by the number of loops 
| it contains. To see this, note that if we start with the diagonal 
| term, 411422... G,,, to obtain a term containing one loop, of 
| order p, we need to carry out p — 1 interchanges of the row 
_ suffixes, i.e. the term has n — p diagonal elements, contains one 
' loop, and its sign is (—1)?—!. 
of orders p and q respectively, can be obtained by carrying out 


A term containing two loops, 


a total of (p — 1) + (q — 1) interchanges of the row suffixes. 


i Such a term has 2 — (p + q) diagonal elements, contains two 
loops and its sign is (—1)?+¢-? = (—1)P+4, 
_ term containing three loops, of order p, g and r respectively, 


Similarly, a 


will have n — (p + q +r) diagonal elements and its sign will 
In general, we have the rule that if a term 


(—1)‘—!, according as the number of loops formed by the 
remaining k elements is even or odd. 


(2.2) The Solution of Simultaneous Linear Equations 
Consider the set of linear equations 
AgXq = (Ay, — 1), + @qXp +... + Ay Xn 


0 = 12x} == (a2 =2 1)x> + Cort i + an2Xn 


*. . . . . (1) 

() = atnX1 as AnnX2 = ai ia (ae a Dx 
We can solve for any of the x,, in terms of x) by Cramer’s rule, 
to get x,,/x) = A’/A, where A denotes the determinant of the 
coefficients on the right-hand side of eqns. (1) and A’ is the 
determinant obtained by substituting dap, 0,..., 0 for the mth 
column of A. In this case the diagonal elements of A all have 


the form a,, — 1 and the general term in the loop expansion of 
A will be the product of a certain number of loops and the 


_ expression 


Th (@ye— 1) =(— "PTA = aya) 
= (— 1)? 7d = Dayz a Layy.ay = Lapp AyjApy + ate .) 


If the number of loops formed by the p non-diagonal elements 
is even, the sign of the term will be given by (—1)" 9(—1)? = 


_(—1)"; otherwise the sign is given by (—1)"—'. By analogy with 


the notation already in use we shall refer to the elements a;,, 
as ‘l-loops’. With this notation, on multiplying out the bracket 


- and rearranging terms, it is clear that the expansion of A can 


be written in the form 
A= casa pS BS ap Sal i Pee Dake EL a a *) (2) 
Pp 


Pq PGT 


_ Here the 7, terms denote the loops of the determinant det (a;;), 


including the 1-loops defined above, and, in forming the products 
of loops, the proviso is observed that the loops occurring in 
any one product are mutually non-touching. Conversely, every 
possible product of this kind appears in the expansion. 

In A’ we replace every Gy; (j # 1) by zero. In particular, the 
diagonal element um — 1 vanishes when mA~1. As a result, 


the terms of A’ will be those terms of A which involve a loop 
containing the element a,,,, and in each case this element is to be 
replaced by a. Now any loop of A which contains a,,; must 
also contain some element with column suffix 1 and, in general, 
another with row suffix m. Removal of a,,, leaves a product of 
elements a, which can be arranged to have the form in which 
the first element has column suffix 1, the last has row suffix m, 
and the row suffix of each coefficient is equal to the column 
suffix of its right-hand neighbour. Such an expression will be 
called an ‘open path’ from 1 to m. For example, the loop 
1247444y,Ay, in A becomes the product ao(a4247444m) in A’. It 
follows that we can write the expansion of A’ as 
er (—D"a(—% Age Ap lh = Sy Apl Tpit ‘) (3) 
Dp Dr D,r,s 
In this, A, denotes an open path from 1 to m; the 7? terms denote 
those loops which do not touch the open path A,. In forming 
the products it should be noted that the loops occurring in any 
one product are not only mutually non-touching, but also do 
not touch the corresponding A,. Rearranging terms gives the 
alternative expansion 
A’ = — ao(— 1" Ap (1 ee de ee 
p r 


’ (4) 
TOS; 

The result holds also for the case m = 1, since in this case 
there is only one term, A,, equal to unity, and A’ = apAj,, 
where A,,, the co-factor of a,;, — 1 in A, is given by eqn. (2) 
with » — 1 for n and 7; (loops not touching the 1-loop a;;) 


for 7, 
In particular, if q@ = — 1 the complete solution becomes 
A,(1— >, TP TTP —... 
am A BAe LTP + 2 TPT ) (5) 
Xo Ne Sad ini elied 5 ena lie pee dorm « 
Dp Psd PQ? 
(2.3) Flow-Graph Formulation of the Problem 
With a) = — 1, rewrite eqns. (1) in the form 
xX, =Xo + ax + az1{X2 + cers + aniXn 
xy = ay2*1 + Qn2X%2 + ee et An2Xn (6) 
x, = QjyyX + AgyXq +. ~. + AanXy 


The flow graph corresponding to eqns. (6) is a network of 
nodes 0, 1, 2,...n, linked by directed branches, jk, the direction 
from j to k being indicated by an arrowhead on the branch. 
The variable x, in the equations corresponds to the node k 
in the graph and the coefficient a,; is termed the ‘gain’ of the 
branch kj which originates from node k and terminates on node /j. 
The products of coefficients referred to above as loops are now 
seen to correspond to actual closed paths or loops in the graph. 
In particular, the coefficients a,, are represented by self-loops at 
the appropriate nodes and a;, is called the ‘loop gain’ of the 
self-loop at node k. An example in the case n = 3 is shown 
in Fig. 1. 

The algebra of such a graph is defined by that of the associated 

n 


equations in the sense that x; = >) a,;x, evidently implies that 
k=1 


the output signal from node j is the sum of all incoming signals, 
ajjX;, from the nodes of the graph. From this point of view 
eqn. (5), which gives the ratio of x,, to Xo, can be regarded as 
expressing the output from node m in terms of the input to 
node 1. In accordance with this, the ratio A’/A will be called 
the ‘graph gain’ from node 1 to node m. 

In practice the external source, node 0, is often omitted from 
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Fig. 1.—General flow graph of order n = 3. 


the graph, and, in speaking of the gain from node | to node m, 
it is implied that a known input signal is applied to node 1. 
(Strictly, with no external source node, Fig. 1 would represent 
a homogeneous system of three equations in three unknowns.) 
Similarly, we speak loosely of a node x, rather than of the node k 
associated with the unknown x;,. 

Finally, the preceding analysis allows us to write down the 
general expression for the graph gain from, say, x, to x,, in 
terms of the graph structure: 

(a) Compute all open-path gains, A;», from node x; to node x,7. 
This amounts to tracing a path on the graph which originates at x;, 
terminates at x,, and passes through any intermediate node once 
only, and multiplying the gains of the individual branches traversed 
to give the appropriate A;). 

(b) Given any A;m, we select those loops T; in the graph which 
do not touch the open path A;,, and form the product 


Arm(1 — 2 Tr + ZT-Ts—..) oho wo (Gh) 


The products are to be formed of non-touching loops, and this is 
now seen to mean that the loops are to have neither nodes nor 
branches in common. The sum of all such products (7) is the 
numerator of the required gain expression. 

(c) The denominator of the gain expression is formed by taking 
all the loops occurring in the graph and combining them in the 
same manner. The resulting quantity, which, as has been seen, 
differs from the determinant of the associated equations by at most 
a change of sign, will be called the ‘graph determinant’. In view 
of this, the symbol A will be used throughout the rest of the paper 
to denote the graph determinant as defined here. 


(2.4) Construction and Transformation of Flow Graphs 


In the case of a network of fairly simple structure it is often 
possible to construct a flow graph by inspection without first 
having to form the associated linear equations. In general, it is 
necessary to carry out either a nodal or a mesh analysis of the 
network in order to obtain a set of equations from which the 
required flow graph can be found. However, Boisvert* has 
developed a method of short-circuiting this procedure which 
allows the flow graph corresponding to a nodal analysis to be 
constructed directly from the given network. The essence of 
the method lies in a one-to-one correspondence between the 
nodes of the network and the nodes of the flow graph. A 
similar situation is encountered in the case of a mesh analysis, 
the correspondence now being between the meshes of the net- 
work and the nodes of the flow graph. Full details are given 
in the paper by Boisvert. 

Once a flow graph has been constructed it is possible to write 
down a solution for the graph gain from, say, x; to x,, imme- 
diately. However, it is usually an advantage to carry out some 
simplification of the graph before applying the general gain 
formula derived above. There are a number of techniques 
available for this, each of which has its analogue in the field 
of conventional algebraic operations on systems of linear 
equations. For comprehensive accounts of such transformations 
of flow graphs, reference should be made to Mason! and Lorens.3 
For our purposes it is enough to note that any given node, say 


x1, can be eliminated from the graph without affecting the gain’ 
between any other two nodes, provided that certain simple | 
modifications are made to the branch gains. In effect we have | 
f a1 

58) ———-x | 

4 > Lis a1 e | 

By substituting for x, in the remaining equations it is seen that | 
the elimination of node x, from the graph amounts to altering | 


a, ja 
the gain of the branch joining x, to x; from a,;to agj ++ a é 
— ay 


(3) THE FLOW-GRAPH FORMULATION OF BODE’S 
NETWORK FUNCTIONS 


(3.1) Loop Gain and Loop Difference | 


The simplest form of feedback amplifier may be regarded as | 
a combination of a linear amplifier (u-circuit) and a passive | 
network (8-circuit) by means of which part of the output of the 
ji-circuit is fed back to its input. When we come to consider . 
more complicated feedback networks it is, in general, no longer 
possible to separate a given network into two isolated trans- 
mission paths corresponding to the p- and f-circuits of the 
simple case. It is also no longer clear what is meant by the 
phrase ‘gain without feedback’. It is necessary, therefore, te 
determine what quantities in the general case correspond to the | 
feedback factor, 1 — uf, and the sensitivity, S, of the simple 
feedback amplifier. Bode’s classical treatment of these problems” 
involves considerable manipulation of determinantal identities. 
If, however, we treat the required functions as parameters 0° 
the associated flow graph the derivation of many of Bode’s 
results is greatly simplified. We begin by developing the con- 
cepts of ‘loop gain’ and ‘loop difference’ of a node of a flow 
graph originally introduced by Mason.! 

Given a general flow graph of n nodes, x;, x2, ... X,, consider 
the new graph obtained if we divide some particular node, x,, 
into two new nodes x;,4, X,%2, in the following manner: every 
branch in the original graph which originated from x, now 
becomes a branch which originates from x,, in the new graph; 
similarly, every branch which terminated on x, in the origina! 
graph becomes a branch terminating on x; in the new graph. 
An example of this process of node-splitting is shown in Fig. 2. 


O31 


Xo4 


(B) 
Fig. 2.—Example of node splitting. 
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The effect of splitting x, is to create a pure source, x,,, and 
In the degenerate case in which the only feedback 
loop which passes through x, is a self-loop of loop gain ax,, it is 


readily seen that splitting x, leaves one open branch, of gain a;,, 
) which goes from x;,; to x;,5. In this case the graph gain from x; 
| tO Xz in the split graph is az,. 
| the general case from x, to x, will be called the loop gain of 
|). mode x, and will be denoted by L,. The quantity D, = 1— Ly 
'}) will be called the loop difference of node x,. 
| Fig. 2 we have 


By analogy, the graph gain in 


In the example of 


Ly = Gy 4Q42 + Gy3032 + 49303142 


Dy = 1 — (491442 + 423432 + 4230314)2) 


| In the general case we can compute L, by using the general gain 
’ formula derived in Section 2. We recall that a quantity A, called 
' the graph determinant, was defined as a sum of products of non- 
~ touching loops of the graph. 
| following notation. 
’ obtained when node x, is split. 
» all loops which pass through x,, A, could also be defined as the 
_ determinant of the graph obtained when x, is removed from the 


In addition, we now adopt the 
A, denotes the determinant of the graph 
Since this operation interrupts 


original graph together with all its connecting branches. It will 
be referred to as the ‘residue’ of x,. 

G* denotes the loop gain of the rth feedback loop which passes 
through node x,, and A* denotes the determinant of the graph 
obtained when the whole loop G* is removed, i.e. when every 
node through which G* passes is removed, together with all its 
connecting branches. 

We have A = A, — XG*A*, the minus sign arising from the 
sign rule relating to loop products occurring in the graph 
determinant. (If, for example, a term of A*‘ has an even number 


~ of loops it will be positive in the expansion of A‘; the term GkA* 


is a term of A with an odd number of loops and so will be 
negative.) 

However, when x, is split, each G‘ becomes an open path from 
X,, tO Xz. Applying the general gain formula it follows 
immediately that 


& GFAy 
L, = —— 
K Ax 
Ne >> Gre “A 
Hence, Det — = K Ax 
k 


Thus we can define the loop difference of a node x, as the ratio 
of the graph determinant to the residue of x,. 

The concepts of loop gain, loop difference and residue can 
easily be extended to apply to a branch of a flow graph as well 


-astoanode. In Fig. 3(a) a particular branch, a, of a graph 


is shown, while in Fig. 3(b) the graph is modified by the introduc- 
tion of a new node, x’. This new node has no effect on the 


graph so far as the calculation of graph gains is concerned. 


The loop gain, L;,, of the branch a, of the original graph is 
now defined to be the loop gain of the inserted node x’ in the 
new graph. As before we can define the loop difference, Dj,, of 
aj, by the equation Dj, = 1— Liz. The residue, Aix, Of ax 


~ will be the determinant of the graph obtained when ~x’ is removed 


together with all its connecting branches or, equivalently, when 
the branch gain a, reduces to zero. As before we can deduce 
the result 


(9) 


(6) 


Fig. 3.—Insertion of an extra node. 


(3.2) Generalizations of the Loop Difference 


The graph determinant, A, is clearly a linear function of the 
gain of any one of the branches of the graph. This fact suggests 
an immediate generalization of the loop difference: if A is linear 
in some parameter W, then we define the loop difference of W 
to be the quantity Dy = A/Ay, where Ay denotes the value of 
the graph determinant when W=0. If W is simply the gain 
of one particular branch of the graph, this generalized loop 
difference reduces to the ordinary loop difference of an inserted 
node in the graph, as described in the last Section. We now 
consider one or two other cases in which the loop difference of a 
parameter can be expressed in terms of the flow-graph functions 
defined above. 

If the gain of some branch of the graph is a linear function of 
a parameter W, then A is certainly linear in W. The loop 
difference of W can be considered as the loop difference of an 
inserted node, as shown in Figs. 4(a) and (bd). 


(a) 


(3) 
Fig. 4.—Branch gain linear in a parameter W. 


This transformation makes it clear that, without loss of 
generality, we need only consider branch gains which are 
multiples of W. 

If several branches which all leave (or all converge on) the 
same node x have gains which are linear multiples of W, then 
A is again linear in W. As before, the loop difference of W 
can be defined in terms of an inserted node x’, as shown in 
Figs. 5(a) and (6). 
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(a) 


(8) 


Fig. 5.—Confluent branches whose gains are multiples of W. 


REST OF THE GRAPH 


Fig. 6.—Disjoint branches whose gains are multiples of W. 


Suppose now that the gains of two distinct branches of the 
graph, which need have no common nodes, are each multiples 
of W. The situation is illustrated in Fig. 6. In general, A will 
not be a linear function of W in this case. Linearity is of 
particular importance in considering the relationships between 
loop difference and sensitivity, as discussed below. Accord- 
ingly, we assume here that the branches A and B do not 
form part of the same feedback loop; also we suppose that 
there exist no two disjoint loops such that A forms part of the 
one and B forms part of the other. Under these hypotheses A 
will certainly be linear in W. The loop difference of branch A 
is simply D, = A/A,4~. This means that we allow the gain 
of the branch going from x, to x, to become zero but suppose 
that the gain of the branch going from x; to x, retains its original 
value. If W itself is allowed to take the value zero everywhere, 
both these branches will have zero gains and the determinant of 
the resulting graph will be Ay, the residue of W. Now suppose 
that we compute the loop difference of the branch linking x; to 
x4, after the gain, aW, of the branch A has been reduced to zero. 
To avoid confusion we denote this quantity by the symbol Dp. 
The determinant of the graph obtained when branch A has zero 
gain is A,_». The residue of branch B in this graph is seen to 
be Ap, i.e. Dg = Ay—o/Aw. Hence we obtain the result 


ee 


Dy. ee 


= DADE. eae IO) 


Using this last result we can consider a case which has" 
particular importance in the analysis of certain transistorized 
networks. If the gain of some branch is of the form 
(a + bW)/(1 — cW), we can carry out the transformation shown | 
in Figs. 7(a) and (b). The introduction of the two new nodes x | 


(a) 


(}) 


Fig. 7.—Construction for a partial loop difference. 


and x’ will have no effect as regards the calculation of graph 
gains between any pair of nodes of the original graph. However, 
the graph determinant, A, does change; in particular, the 
determinant of the graph of Fig. 7(d) is clearly linear in W. 
As a result we can discuss the loop difference of the parameter 
W in terms of loop differences of the inserted nodes x and x’ 
as has been indicated in the preceding paragraph. For the 
moment we merely note that the loop difference of node x’ is | 
the ratio A/A°, where A° is the graph determinant obtained - 
when the gain of the branch bW reduces to zero, although the - 
loop of gain cW is allowed to retain its original value. In 
terms of the original graph this cannot be interpreted as a loop 
difference in any of the senses used hitherto. It could be 
described as a sort of ‘partial’ loop difference of the parameter W 
in that we compute A° by allowing the parameter W to vanish 
where it occurs in the numerator of the branch gain concerned 
but we retain its original value in the denominator. The 
significance of this point will become apparent when we come 
to discuss Blecher’s concept of the return difference for a 
common-emitter amplifier stage. 

Finally, we can introduce Bode’s concept of the loop difference 
for a general reference. Take first a flow graph in which just 
one branch has gain W and consider the new graph obtained if 
we replace this branch by one of gain K. The residue, Ay, of ' 
the branch will be the same in each graph. In the original graph 
the loop difference of the branch is given by Dy = A/Ay_p; 
in the new graph, the graph determinant becomes Ayw_, so that 
the loop difference is now Dx = Awax/Agoo = Aw=x/Aw- 
We define the loop difference of W for the reference value K 
to be 


Dy(K) = Dy/Dx =AfAwex . . . (YD) 


The ordinary loop difference of W is then seen to be a special 
case of this, namely the loop difference of W for the reference 
value zero. 

Evidently we can extend this definition to generalized loop 
differences. If A is linear in W, the loop difference of W for 


the reference value K is defined to be the ratio A/Aw—x, where 
jApe x is the graph determinant obtained when we replace W 
oy K wherever it occurs in A. 

f. 


(3.3) Loop Difference and Return Difference 


| At this stage we present an illustration of the use of the flow- 
\z3raph functions defined in the preceding Section. Recall that 
ithe stability of a feedback amplifier depends on its possible 


jtransient responses and that these are determined by the zeros 


lof the network determinant A. For stability we require that these 
Zeros are confined to the left half of the complex frequency plane. 
\Hence, if F is some analytic function of complex frequency 
| which is directly proportional to A, the problem of stability can 
‘be reduced to the study of the behaviour of F over a suitable 
‘contour in the complex frequency plane. In the case of valve 
amplifiers Bode’s return difference is such a function and also 


' fulfils the practical requirement of being a readily measurable 
|physical quantity. Recently, Blecher has suggested definitions 
‘of such a return difference for transistors in the common-base 
jand common-emitter connections. For the common-emitter, in 
|particular, the resultant quantity cannot be interpreted as a 
‘return difference in the sense used by Bode. It is the purpose 
of this Section to discuss the concepts of Bode and Blecher in 
flow-graph terms and to show their relations to our loop 
_oo. 

_ For Bode, the return difference of a circuit-element W is the 
ratio A/A°, where A is the circuit determinant and A° is obtained 
from A by allowing W to vanish wherever it occurs. This is, 
of course, identical with our definition of the loop difference for 
‘the parameter W. If the circuit-element is a valve, the corre- 
‘sponding flow graph contains a node e representing the voltage 
‘appearing between the grid and cathode. If we split this node, 
“assuming all external connections to the grid are effectively 
‘unilateral, the loop gain T, is easily seen to be the voltage which 
would be returned to the grid circuit if a unit voltage were 
‘applied to the grid and the circuit opened just behind it. 
‘The loop difference, D, = 1 — L,, is therefore the difference 
between a unit voltage applied to the grid and the voltage returned 
to the grid circuit by various feedback paths. It is clear that 
-D, = A/A,,—0, where p is the amplification factor, so that 
Bode’s return difference in this case is identical with the loop 
difference of a node. Now consider the simplified equivalent 
citcuit for a common-emitter stage, as shown in Fig. 8. 


OE ey Z.(1-a) 


Fig. 8.—Equivalent circuit for a common-emitter stage. 


Blecher® suggests that the return difference of the stage be 
defined as the quantity measured in the following manner. All 
external feedback paths returning to the input of the stage are 
‘connected to earth through an impedance Z, + /py and a 
Voltage Z,i,. If a unit-current generator is applied to the input 
of the stage, the return difference is defined to be the algebraic 
difference between the unit input current and the current which is 
returned to earth via the feedback paths. 

_ The flow graph corresponding to the circuit of Fig. 8 is shown 
in Fig. 9. For simplicity we write K=Z,+Z,+Z,. It is 
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i 
1 1 Z,-%2Z, 2 


Zz cone K —a@Z, 


Fig. 9.—Flow graph for a common-emitter stage. 


clear that the loop gain of the branch going from i; to i, is 
precisely the current which would flow to earth through the 
external feedback paths if these were terminated as in Blecher’s 
measurement circuit, i.e. Blecher’s return difference is simply the 
loop difference of this branch. We now transform the flow 
graph to the equivalent one shown in Fig. 10. 

In this graph, branch A corresponds to the active part of the 
stage while the term «Z, in the loop B is due to the impedance 
ZA1 — a). Now the loop difference of the branch linking i, 
to iy in Fig. 9 is the ratio A/A°, where, to obtain A®°, we set 
(Z, — «Z,)/(K — «Z,.) =0. Referring to Fig. 10, this is clearly 


Ze 


Ze tps 


Fig. 10.—Modified flow graph for a common-emitter stage. 


A= —aZ_ 
B= aZ,/K 


the loop difference of the branch A for the reference value Z,. 
In fact this is a case of a partial loop difference of the parameter 
aZ, as it occurs in the original graph of Fig. 9 and as has been 
discussed above. The return difference of the stage in Bode’s 
sense, however, would be the loop difference of the parameter 
aZ, for the reference value Z,. 


(3.4) Sensitivity 


In conclusion, we prove, by way of illustration of flow-graph 
techniques, some of the network theorems established by Bode 
by conventional algebraic methods. To begin with we define 
sensitivity. 

The graph gain, G (or in Bode’s terminology, e®), from x, to 
X, can be put in the form e? = A’/A. This can be written 
6 = log A’ — log A. If A is linear in W we have 


8, WA WW OA 

dlogW W A’ IW Adw 

If Ay is the residue of W, we can write A = A — Ay + Ay, 

where A — Ay is the sum of those terms of A which contain W. 

Hence, dA/OW = (A — Ay)/W. A similar argument applied 

to A’ shows that dA’/JOW = (A’ — Ay)/W. Therefore, if we 

define the sensitivity, S, by the equation 1/S = 00/0 log W, we 
have 


(12) 


Ss A’ A A GAs 
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If we compute the graph gain from x, to x, using the graph 
obtained by setting W = 0 everywhere in the original graph, 
we obtain e% = Aw-—o/Aw-o.- 


This gives a new expression for S: 


1 - af Aw A Sela 
S A’ Ay Bw r 
= ame se e%0/e°) 
D 
or e® — eM = rot ae 4 ae (14) 


Bode’s relative sensitivity, S’, can similarly be defined in terms 
of fiow-graph parameters. If Wo is that value of W for which 
e® = 0, ie. such that all transmission from source to sink is 
interrupted, write W’ = W— Wo. Then the relative sensitivity, 
S’, for the parameter W is defined to be the sensitivity with 
respect to the parameter W’: 


PET ries 00 W' Ay Ay\_1— WolW 
‘Ss’ dlog W’ A] ae ON eae oY S 
Hence, S/S’ =1— W/W (15) 


Now, from eqn. (14) we have (e® — eet a= Dy]|S, where e® 
is the gain when W = 0. If e% = 0, ice. if setting W = 0 inter- 
rupts all transmission from source to sink, then clearly S = Dy. 
By definition, setting W = Wp interrupts all transmission from 
source to sink, so that the sensitivity with respect to W’ is equal 
to the loop difference of W’. Hence, S’ = Dy, = A/Ay.. 
Now Ay, = Aw yw, so that Dy, is the loop difference of W 
for the reference value Wo. As a result we can write 


Ss DylDy, (16) 


Next, we derive a result of Bode’s which enables a precise 
meaning to be given to the phrase ‘gain without feedback’. If 
W =0, the gain reduces to e%; the effect of allowing W to 
assume its normal value should be to introduce a term due to 
the transmission through those branches of the graph whose 
gains involve W, and this term will be modified by the overall 
feedback due to loops which contain such branches. Thus, 
heuristically, we should expect to be able to derive an equation 
of the form 


—— oor 
Ww 


e® — e% — 


(17) 


In this, e®¥ denotes the gain due to transmission through the 
branches of the graph whose gains involve W, it being supposed 
that all the feedback loops which involve these branches have 
been interrupted; i.e. e®F (Bode’s ‘fractionated gain’) denotes the 
gain without feedback associated with the element W. 

In the first place we consider a general flow graph originally 
involving m nodes, x;, ¥2, . . . X,, which has been reduced by 
elimination of other nodes to a form containing only x,, x, 
and some other specified node, x,. The configuration in the 
most general case is shown in Fig. 11(@). In Fig. 11(b) the 
graph is shown with node x, split. 

We require to find the effect on the graph gain from x, to x, 
of transmission through node x,. If G denotes the graph gain 
from x; to x,, D, the loop difference of node x,, and A, the 
residue of x;, “then 

G al — k) + ef 


Sa re (since A = D,A,) 


A, =1-—ad—g—h+gh 


I 


Fig. 11.—Determination of gain without feedback. 
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Inspection of Fig. 11(5) shows that a/A, is simply the graph gait 
from x, to x, when x; is removed from the graph or split, se 
that there is no transmission from x, to x, via x,. The quantitt 
[el — h) + ab]/A, is the gain from x, to Xz, whill 
[f( — g) + ac]/A, is the gain from x,; to x,. The product « 
these two terms would be the contribution to the total grapb 
gain from x, to x, due to transmission through x,, supposin: 
that all feedback loops passing through x; had been interrupted 

If we let e®* denote the product of the gain from x, to th: 
split node x, and the gain from the split node x,; to x,, Wi 
can write 


t) G0 1 Or 
e8 — e60 = —_e 
D 


(1s 
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Finally, if W is a parameter whose loop gain can be computed b: 
splitting some specific node we can use this last result and that ce 
eqn. (14) to obtain another well-known result of Bode’s: | 


ee = 


ye) ie (20 


2 
Ww 


(4) CONCLUSIONS 


It has been shown that the general theory of flow-graph analys’ 
can be applied to any linear network and that it affords a straigha 


iforward technique for the solution of many circuit problems. 
|The principal advantage over conventional algebraic methods is 
\that it leads to a relatively simple development of many of the 
network theorems which arise in connection with feedback 
In particular, the use of complicated determinantal 
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SUMMARY 

A theoretical calculation is given of the amplitude probability 
distribution to be expected on an ionospheric v.h.f. forward-scatter 
circuit due to reflections from meteor trails alone. The analysis is 
based on the addition of a large number of signals with a frequency 
of occurrence inversely proportional to the square of their amplitude, 
and will therefore apply to other problems in which this relation holds. 
The calculated distribution is compared with a small number of 
practical results, and a method is outlined for deriving the relative 
proportion of meteoric and turbulent-scattering components in the 
signal. 


() INTRODUCTION 


The forward-scattering process which enables y.h.f. signals to 
be propagated to a distant point via the ionosphere is due to the 
existence of certain irregularities in electron density at heights 
in the ionosphere of about 100km. Some doubt, however, 
exists as to whether these irregularities are produced by turbu- 
lence in and below the E region or by meteors continually 
causing local concentrations of ionization.'-3 It may be, of 
course, that both contribute a significant number of scattering 
sources. Whichever is the true explanation, it is useful to 
know as much as possible about the characteristics of the 
received signal which would be given by meteors alone, so that 
these can be compared with observed results. The paper is 
concerned with the signal amplitude distribution to be expected 
from meteor reflections. Although the formulation of the 
problem here is in terms of meteors, the mathematical treatment 
is general and may apply to other problems, such as the ampli- 
tude distribution of atmospherics.* 


(2) GENERAL CONSIDERATIONS 


It is well known in meteor astronomy> that the number of 
sporadic meteors of mass greater than m incident on a given 
area is inversely proportional to m. This implies that the 
number of meteors with masses between m and m + dm must 
be proportional to dm/m?. The electron line density, g, in the 
trail is proportional to m, and for an under-dense trail the 
amplitude of the received signal, E, is proportional to g. Under- 
dense and over-dense trails are those in which the electron line 
density is less than and greater than 10'4/m}, respectively; this 
numerical value corresponds to a change-over in the reflection 
properties of the trail. (See, for instance, Villard et al.3) The 
amplitude also depends on a great many other factors such as 
frequency, transmitter power and co-ordinates specifying the 
position and direction of the trail. This does not, however, 
alter the result that the number of received signals, f(E)dE, say, 
whose maximum amplitude lies in the range (E, E + dE) is 
given by 


k 
J(/ dE = Rite 
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where k is a constant whose value will depend upon these other 
factors. This result will be valid as long as the factors are not 
correlated with g, as seems reasonable to assume. 

To proceed from this relation to the amplitude distributien 
resulting from the simultaneous reception of many a 
reflections, we require to know the variation with time of the 
signal from a single meteor. This has been given by various 
workers as a rapid increase to a maximum followed by smal! 
oscillations about a particular level. The oscillations die om 
quickly, and the level itself falls exponentially to zero at a corm 
paratively slow rate.© The time-constant of the decay depends 
on the diffusion coefficient of the atmosphere at the height 09 
reflection. However, on long transmission paths the percentagzg 
of reflections at small heights contributing to the total signal will 
be much reduced, thus concentrating the reflection heights «c 
values near and somewhat above 100km. MHence the time: 
constant will be taken here to be the same for each reflection. 

It is now necessary to simplify somewhat the function repre 
senting the envelope of the received signal from each meteo 
trail to one which can be dealt with analytically. The results 0 
two different approximations are described below. 


(3) RECTANGULAR-PULSE APPROXIMATION 


The received signal from each meteor is assumed to risé 
instantaneously to E and to fall instantaneously from thii 
amplitude to zero after a fixed time. The exact time is no 
important except that it must be very much less than any perice 
of observation. Suppose now that the probability of a meteor 
having an amplitude in the range (FZ, E + dE) is h(E)dE. Fromm 
the considerations given previously, h(E) should be given by 


WE) =kij[E* 2 er 


co 
However, this means that [ A(E)dE is infinite. To overcom: 
ve Teo ; 
this difficulty the definition in eqn. (1) is therefore replaced by | 


ky 
hE) = ——— oh OS ee 
where b is taken to be small and will eventually be made ¢! 
tend to zero, thus making eqn. (2) identical with eqn. (1). Thi 
value of k,; can now be found by equating the total probabilit( 
to unity, and h(Z£) can be written as 
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At any instant a number, n, of meteor signals, each with thi 
amplitude probability distribution, will be taken to exist, and th! 
amplitude distribution of their resultant will be calculated unde 
the condition that n tends to infinity. In the actual physice 
situation n cannot be truly infinite but it will be very large, any 
the assumption that it is infinite should affect the results ver! 
little. To keep the mean amplitude level finite it will be supposes 


h(E) = 


| that the level which is exceeded by only one signal on the average 
jhas the fixed value p. The average number of signals above a 
‘certain level E is defined by 


im 3 M(E, tat 

eae 

} where N(E, f) is the number of signals above that level at time tf. 
| The expected number of signals in the range (E, E + dE) must 
| be nh(E)dE. The expected number above the level p will be 


| fo nh(E)dE. Thus the condition we have imposed requires that 
P 


io) 


| nnceydé = 1 Oh NS Reig f\ 
Pp 


} Substituting from eqn. (3) gives the result: 
i) 


b 7 
arc tan- = — 
fo P8p 


As 6 is small and x large, the tangent can replace the angle, 
| giving 


ae ee oh aGhruskte wes o(8) 


| The problem of finding the resultant of n signals of random 
| phases and different amplitudes must now be considered. This 
_ is a ‘random walk’ problem, and the answer has been given by 
' Rayleigh.’ If the signals have amplitudes Eipilos ae, and 
_ their resultant has amplitude r, the final amplitude distribution 
for r is 

foe) 


Ey) =r | xIo(rxS( Ex Io(Epx) . . So(Epddex 
0 


(6) 


The distribution of each E;, is given as in eqn. (3), so that the 
| distribution P(r) of the resultant amplitude is given by 


: OC, E;; ES 56 
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0 
Substituting for Q from eqn. (6) and changing the order of 
integration, 
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2b Jo(Ex) 
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0 0 
2b Jo(Ex) 
_ Now | a a) < pide = Ip(bx) — Lo(bx) 5) ey) 


0 
as is given by Watson;® the functions involved are the modified 
Bessel’s function of the first kind and the modified Struve’s 
_ function, respectively. The first three terms of the power- series 
expansion of eqn. (8) are 


2D 
Ip(bx) — Lo(bx) = 1 — = bx + 1(bx)? + 


alynane wes 
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using eqn. (5). All subsequent terms will contain powers of 
1/n higher than the second. Hence 


lim [Io(bx) — Lo(bx)}" = lim oh ae i 
nun—>o 


Sn(Q tee Sei ee ace neem) 
Eqn. (7) now becomes 


io) 


IAW) = r| xJo(rx)e-P*dx 
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rp 
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This is the required distribution. The probability P,(r) of the 
amplitude exceeding a given value r is expressed by 


(10) 


| (11) 


: ee es 
a/(r? + p?) 

A plot of eqn. (10) is shown in Fig. 1. It agrees with the 
Rayleigh distribution only at low amplitude levels. 


PROBABILITY DENSITY 


° 4 2 3 4 


Fig. 1—The P(r) and Rayleigh probability distributions. 
—---— Rayleigh [(r/s) exp (—r2/202)] 
P(r) 


p=1 c6c=1 


(4) EXPONENTIAL APPROXIMATION 
There will now be considered a different, and probably better, 
approximation to the envelope of a meteor signal. It is assumed 
to rise instantaneously to a level Ep, and t seconds later its ampli- 
tude E is given by 
(12) 


It would be desirable to give Ey a probability distribution 
proportional to 1/E?2, but again this leads to infinite integrals. 
The difficulty can be overcome as before in eqn. (3), although 
the analysis 1s simplified if, instead of the expression used pre- 
viously, we take 


i Ege 


ee 
(Ep + bP 


as the probability distribution for Ep; b will ultimately be made 
to tend to zero. : 

Before we can find the distribution of E we must assign some 
probability to the different values of ¢ in eqn. (12). Let us 
consider only a meteor trail created at some time in the sv 


hy(Eo) = (13) 
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seconds before a particular instant of time, where s is a large 
but finite number. Trails created before that time make a 
negligible contribution to the total signal amplitude. The 
probability /,(t)dt that f lies in the interval (¢, t + dt) in eqn. (12) 
is given by 


1 
as) Se 14) 
hy) = — ( 
The combined probability that Eo lies in (Eo, Ey + dE) and t 
lies in (t, t + dt) is given by 
b 1 
=———_. — dE,dt 
hy (Ep)Ax(t)dE dt (E 8 by We 0 
If the variables are changed from Ep, t to E, Ep, the corresponding 
probability 4,(E, Ey)dEdEy that E lies in (E, E + dE) and Ep in 
(Ep, Ey + dE ) is found to be 
1 b 
SE (£5 + b)* 
The required amplitude distribution A(E) is then given by 
Es 
WE) = | hy(E, Fo)dEy 
E 


h(E, E))dEdEy == dEdEy 


S\E + be-S (15) 


= 
E+b/ ~ 

The argument can now be followed through as in the last 
Section, with eqn. (15) replacing eqn. (3). Weconsider x meteors 
and require that 


(oe) 
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Since s is large, we may therefore approximate, obtaining 
b 
"log ( if ae -) =1 
5 P 
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(16) 
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as b is very small. 
We require eventually that n > 00, b->Oands-—> ©. These 
requirements can be met and eqn. (16) satisfied by choosing 


=cpl\/n s=c/n . 


where c is a finite constant. 
The distribution of the resultant signal from m meteors is 
obtained as in the previous Section: 


(17) 
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= F-[Ho(bxe-*) — Yo(bxe~*) —Hy(bx) + Yo(bx)] (19) 


as given by Watson;® the functions involved are Struve’s function 
and Weber’s function of the second kind. 
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Now Y,(z) = : x, ee [log 4z) — fm + 1)] 
Hence Ws 
(—1)"(4bx)°™ 
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[log (46x) — #(m + 1)] 
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= 1—¢-(4bx)*? +...+ lho + terms in (bx)? and higher 
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As n increases all the terms of the first series in eqn. (20) after 
the first vanish more rapidly than 1/n. In the second series al! 
terms vanish to an order greater than 1/n, taking into account 
the 1/4/n multiplying factor. 


oo (—1)"Gz)"! 
Hole) = 2 [Lin + DP 
Hence the other part of eqn. (19) may be written: 
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Of these terms, all but the first vanish more rapidly than 1/n: 
as n increases; €~¢V” also vanishes. 
Thus 
~, [Ho(bxe-*) — Hy(bx)] 
b Thee 1 
=— = + terms in higher powers of = (21)) 


So that, if we take the relevant terms from eqns. (20) and (21), 


lim {2 [Hotbxe~9 — Yo(bxe—5) — Ho(bx) + voto} 


= lim (2), 
n—> 0 n 
= fae 


This result is the same as that deduced from the rectangular: 
pulse approximation [see eqn. (9)]. Hence the amplitude: 
probability distribution for the resultant signal will be the same: 
in this case as that given in eqns. (10) and (11). It would: 
appear that the final result is not sensitive to quite considerable: 
changes in the shape of the amplitude/time curve assumed for! 
individual meteors. 


(5) DISCUSSION 
Certain properties of the distribution given by eqn. (10) can: 
be readily calculated. For example, the median amplitude is: 
given by r = +/3p and the mode by r = p/4/2. 
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ie The mean and mean-square values of the distribution are 
| infinitely large. However this is only to be expected from the 
| initial statement of the problem, in which the probability of large 
| signal amplitudes, r, was taken to be inversely proportional to 
| r?, In any case, these quantities will frequently not be required. 
| If mean and mean-square values have to be obtained in a 
‘particular case, a change must be made in the initial distribution 
) to make the probability tend to zero more rapidly with increase 
| of amplitude. The values must exist in practice: in the meteor 
i reflection problem, for instance, the relevant change in the 
| probability dependence occurs when the meteor mass is so large 
that the trail of ionization produced by it becomes over-dense. 
The received signal then becomes proportional to ihe fourth 
root of the electron line density in the trail instead of a linear 
_ function of it, and this, of course, reduces the probability of a 
_ large signal occurring. No calculations have been made of the 
amplitude distribution with this condition included; however, in 
forward-scatter circuits the change-over may take place at a 
level of about 40 dB above the median, so that the change in the 
| distribution will be appreciable only at very high signal levels. 
It is of interest to compare this theoretical distribution with 
_ distributions obtained in practice, although a good fit cannot be 
- expected if turbulent scattering plays an appreciable part in the 
process. In certain of the published results large meteor signals 
have been excluded, which, of course, spoils the results for this 
purpose, and in others the period of observations is too long— 
about 30min would probably be best, as stable conditions on a 
scatter link do not often last longer than this. The data given 
by Williams? for the path from Gibraltar to Christchurch on 
70 Mc/s (reception on four Yagi aerials) appear to be the most 
suitable, and a plot of his values for a September evening is 
~ shown in Fig. 2. The co-ordinates are such that a Rayleigh 
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Fig. 2.—Comparison of the theoretical distribution with the 
experimental results of Williams? on 70 Mc/s. 


The cumulative amplitude probability distribution is shown. 
—--—~— Rayleigh distribution. 

Distribution P;(r) [eqn. (11)]. 

@ © Range of values obtained. Ak 
Values when range was too small to be shown. f{ 


Williams’s results. 


O 


distribution would appear as a straight line inclined at an angle 
of 45° to the axes. The solid line is the cumulative theoretical 
distribution fitted as well as possible to the curved portion of 
the results which occurs at the right of the diagram, where the 
‘signal is most likely to be due to meteors alone. Taking the 
broken line to represent the best fit of a Rayleigh distribution to 
the weak-signal points, it can be seen that there is an increase 
in signal of about 1 dB in this region over that which would be 
expected from meteors alone. This difference can be attributed 
to the presence of some other source of signal with a Rayleigh 


distribution of amplitude, e.g. turbulent scattering; if the actual 
amplitude distribution continued to be Rayleigh up to high 
levels it could then be said that 21% of the power in the actual 
distribution was due to turbulent scattering, and 79 % to meteors. 
As it is, it can only be said that in this case turbulent scattering 
appears to contribute 21% of the power which would be con- 
tained in a Rayleigh distribution fitted to the weak-signal points 
of the actual distribution. 

A number of signal amplitude distributions taken over a long 
period exist, and two of these taken from Reference 10 are shown 
in Fig. 3 compared with the theoretical distribution. The 
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Fig. 3.—Comparison of the theoretical distribution with the 
experimental results of Bray et al.10 
The cumulative amplitude probability distribution is shown. 


—--- Experimental results on 41 Mc/s. 
— Distribution P,(r) [eqn. (11)]. 


observations were made on a path from Lerwick to Jersey at 
41 Mc/s, a rhombic aerial being used for reception; it will be 
seen that there is some similarity in the general shape of the 
curves. Each experimental curve represents the result of several 
days’ observations, during which time considerable changes in 
propagation conditions would have taken place. However, a 
much more detailed study of amplitude distributions from this 
standpoint is required than can be given here on the basis of 
available data. 
(6) CONCLUSIONS 


The amplitude distribution given by meteor signals alone on 
an ionospheric forward-scatter link has been calculated with the 
aid of two different approximations to the variation with time 
of a meteor signal; both gave the same result. The derived 
distribution illustrates the point that the addition of an infinite 
number of signals need not necessarily yield a Rayleigh distribu- 
tion of amplitude. A method has been given for calculating the 
relative proportion of meteoric and turbulent-scattering com- 
ponents in the signal in a forward scatter link. Only a limited 
application of this method could be given here; it would appear 
desirable to use it to examine the signal at all times of the day 
and of the year. 
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A BRIEF REVIEW OF THE THEORY OF PAPER LAPPING OF A SINGLE-CORE 


SUMMARY 

A brief outline of the theory of the lapping operation for high- 
ivoltage single-core paper-lapped cable is given, showing the stability 
| conditions which the insulation thickness must satisty in order that 
bending of the cable on the reel or capstan does not cause any damage 
to the insulation itself. 

| An example of the design of a high-voltage cable is considered, 
showing the application of the theory outlined and its practical use. 


LIST OF SYMBOLS 


= Normal elastic moduli of the paper in the machine 
direction and in the cross direction, kg/cm?. 
_ Eg, E, = Equivalent moduli of the paper in the direction of 
co-ordinates @ and z, kg/cm”. 
E; = E, = Normal modulus in the direction at right angles to 
the paper surface, kg/cm”. 
f = Static friction coefficient. 
G = Shear elastic modulus of the paper, kg/cm?. 
h = Width of the butt-space between two contiguous 
turns of a helically-wound paper tape, cm. 
K =rIro. 
K, =f 1/ lo. 
L = Width of paper tape, cm. 
1 = Free flexural length of paper ring, cm. 
N,, = Axial internal stress in paper ring, kg/cm. 
C= Eo|E,. 
Po = Critical load of paper ring, kg/cm. 
Ro = Bending radius of the cable, cm. 
ro = Radius of the conductor, cm. 
iT = Outer radius, cm. 
= Radius of the tensioned paper tape, cm. 
= = Actual radius on which the pressure is determined, 
cm. 
s = Thickness of paper sheet, cm. 
T = Lapping tension, kg. 
a = Winding angle of paper tape. 


Ey, E, 


BE E/E, 
is a G/ E, 
= GI Ey, 


drs sa Partial radial and transverse pressure due to lapping 

of a paper tape on the underlying ones, kg/cm. 

®>,, Pog = Radial and transverse pressure due to lapping, 

kg/cm?. 
®,,, 2,, = Radial and axial pressure due to bending, kg/cm?. 
= Plateau pressure, kg/cm?. 

ae , = Allowable upper value of the radial pressure, 
a kg/cm?. 

O,, = Allowable lower value of the radial pressure, 
kg/cm?. 


Correspondence on Monographs is invited for consideration with a view to 


ublication. 
P The authors are at the Pirelli Cable Research Laboratories, Milan, Italy. 


HIGH-VOLTAGE CABLE 


By P. GAZZANA-PRIAROGGIA, Dr.Ing., Associate Member, E. OCCHINI, Dr.Ing., and 
N. PALMIERI, Dr.Ing. 


(The paper was first received 9th November, 1959, and in revised NG 22nd March, 1960. It was published as an INSTITUTION MONOGRAPH 
in July, 1960.) 


(1) INTRODUCTION 
(1.1) General 


The object of the paper is to give a brief survey of the theory 
of the lapping operation with insulating paper tapes for high- 
voltage cables from a mechanical point of view; for a complete 
treatment of this theory reference is made to a more extensive 
work by the authors to be published shortly.! 

As is well known, the paper tapes which constitute the insula- 
tion of high-voltage cables are, in general, lapped as open helices 
(i.e. discontinuously) with one start only for each layer and with 
a lapping sense which is either constant or reversed periodically. 
The gaps in the single helices lapped in the same sense are always 
staggered between one layer and the next by a certain interval 
which varies from 50 to 25% of the lay. 

As one of the fundamental characteristics required in a cable 
is its ability to bend during manufacture and laying without 
damaging the insulation, it would, of course, be ideal if the 
diameter of the reel or capstan on which the cable is wound 
were large enough to ensure that the deformation of the insula- 
tion during bending could be maintained within the elastic 
limits of the paper. An attempt could then be made to obtain 
such compact lapping that there would be no movement of the 
tapes during bending, the friction stresses being larger than the 
elastic stresses. 

But in this manner a winding diameter would be necessary 
which could not be realized in practice, and therefore it has to 
be accepted that the papers must slide with respect to one another 
during bending. It is also obvious that the movement of the 
papers can only be assured if lapping is carried out with open 
helices, up to the point at which the edges of the tapes con- 
stituting the helix come into contact with one another. 


(1.2) Forces Acting During Bending 


It is easy to understand that, owing to the radial pressure 
caused by the lapping operation and bending, friction forces are 
created which, on bending the cable, stress the paper tapes in 
the slipping direction. In the compressed part of the cable 
these forces exert an end-thrust on each single paper turn, and 
in this manner they can set up critical conditions which generally 
cause some damage to the insulation: the damage can be 
described as wrinkles or creases according to whether the edges 
are rounded off or at a sharp angle. 


(1.3) Damage to the Insulation as a Result of Bending 


In Figs. 1(a), (6) and (c) some types of damage to the insulation 
as a result of bending are represented. 

Fig. 1(a) shows the butt-space creases which occur in the 
compressed part of the insulation where the friction forces 
necessary for the sliding of the paper tapes are such as to cause 
the collapse of the paper owing to end-thrust in correspondence 
with the butt-spaces (see Section 5). 

Collapse creases [Fig. 1(b)] occur in the compressed zone 
when the paper tapes also collapse outside the butt-spaces (see 
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Fig. 1.—Creases and wrinkles. 


(a) Butt-space creases (paper tapes staggered by 30%). 
(b) Collapse creases (tapes staggered by 50%). 
(c) Collapse wrinkles (tapes staggered by 50%). 


Section 5). They are characterized by the total collapse of a 
considerable thickness of insulation and appear in the form of 
deep buckling with rather sharp edges. 

Collapse wrinkles [Fig. 1(c)] occur in the compressed zone of 
the insulation owing to defective compactness and are the result 
of the collapse of the single paper turns due to the axial and 
radial forces acting on the paper tape during bending (see 
Sections 3 and 5). 


(1.4) Influence of Wrinkles and Creases on the Dielectric 
Strength of Cables 


It is easy to see that every crease or wrinkle of the insulating 
paper modifies locally the electric field distribution, causing an 
increase in the electric stress; also, stress components acting 
along the paper stratification are originated and it is known that 
the electric strength of paper layers is lower along the stratifica- 
tion than perpendicularly to it. Moreover, every wrinkle or 
crease can produce between adjacent layers a separation larger 
than the thickness of the paper itself. 

Experimental results on cable models,* in which creases are 
purposely introduced, show a decrease of the impulse electric 
strength as large as 25% depending on the depth, sharpness and 
extent of the creases. These laboratory results find very good 
practical confirmation in incorrectly lapped cables. 

It therefore appears that the cable insulation must be designed 
in such a way that creases or wrinkles cannot be produced. To 
this end it is necessary to have as much knowledge as possible 
of the radial compression conditions existing in the cable in 
order to determine whether the paper can withstand the friction 
forces set up during bending. 


* The physical characteristics of these models are described in Reference 2. 


In Sections 2 and 3 the pressures due to the lapping operation 
and bending are considered, while in Section 4 the critical con- 
ditions due to bending are examined. 


(2) MECHANICAL STRESSES IN THE PAPER INSULATION 
CAUSED BY THE LAPPING OPERATION 


(2.1) General 


During the lapping operation the cable assumes the configura- _ 
tion of a circular infinite cylinder on which paper tapes of 
thickness s and width L are helically wound with such a lay that — 
the turns are separated from one another by a distance h, which | 
is very small compared with L. | 

Assuming a system of cylindrical co-ordinates as shown in 
Fig. 2(a) with the z-axis in the direction of the axis of the | 


(a) 


~~ 


(b) 


Fig. 2.—Cylindrical co-ordinates. | 


(a) Reference frame for the cable during lapping. 
(6) Definition of angle a. 


cylinder, the angle « between the machine direction* of the paper 
tapes and the z-axis is given by | 


a eee 
r being the radius of the layer under consideration, Fig. 2(6). 

In many practical cases a ~ 7/2 (since L < 27r), and there- : 
fore, in order to simplify the problem, throughout the following ; 
analysis it will be assumed that each layer at radius r, actually ' 
consisting of helically lapped paper tapes, may be considered | 
to be a series of contiguous rings, all of radius r, separated from | 
one another by a distance h which is negligible compared with L; | 
this assumption is also justified if the preceding relation is not: 
strictly true.! 

It has been experimentally verified that the paper is strongly ' 
anisotropic with respect to its mechanical properties. If E, is) 
the normal modulus in the machine direction, E, the normal | 
modulus in the cross direction, and G the shear modulus, then | 
according to the simplifying assumptions made in this Section, 


E, = ; 
BoE los oo Ue 


* Throughout the paper ‘machine direction’ is the direction of travel of the paper= ' 
making machine and ‘cross direction’ is at right angles to it. 


#29 and E, being the equivalent normal moduli in directions 0 
fund z which, in our hypothesis, coincide with the machine and 
yhe cross directions. If the actual helically lapped layer is 
jonsidered, eqns. (1) no longer hold and a more accurate analysis 
S necessary. 

Let FE; = E, represent the normal compression modulus of 
jseveral paper layers in the direction at right angles to their 
i surface and hence in the radial direction for the actual cable. 
‘Experiments show that, while E,, E, and G are constant through- 
out a wide range of the applied stresses, this does not hold 
for E;. In fact, generally speaking, the strain in the direction 
‘normal to the paper plane is not a single-valued function of the 
stress, as the paper layers show considerable hysteresis in this 
jdirection. On the other hand, it has been shown that the theory 
|developed assuming E; to have a suitable constant value is in 
| good agreement with practice! Therefore E; will be assumed 
|to be constant and Section 2.2 gives a suitable method for its 


As a result of many experiments the following ranges of values 
of the above moduli have been obtained: 


E, = 50000 to 70000kg/cm? 
E, = 20000 to 30000kg/cm? 
E; = 20 to 100kg/cm? eat <C) 
G = 14000 to 16000kg/cm? 


_ Experiments have also proved that Poisson’s ratios for the 
paper are negligible, and therefore the elastic equations may be 


written 
®,=E\y, O,=En } 
O.= Gy. D3; =E3n3) ° 


! 
meere ®, is the normal stress in the machine direction, ®, is 
; 
| 


(3) 


the norma! stress in the cross direction, ®,, is the tangential 
stress in the paper plane, @; is the normal stress in the direction 
“normal to the paper plane and 7, 74, 712, 3 are the relative 
Strains. 
Finally, it will be assumed that the compression values of F, 
and E, are practically coincident with the tensile ones, this 
assumption being sufficiently confirmed by experiments in the 
‘practical range of the stress values. Obviously it is necessary 
for D, to be a compression stress for the stability of the insulation 
and also 1313 = 0. 


(2.2) Equilibrium and Compatibility Equations 

In order to calculate the stresses in the insulation thickness 
caused by the lapping operation we first consider the elementary 
effect of a paper tape wound with tension T on the underlying 
tapes, which are assumed to be applied with no tension and are 
considered as a compact body; i.e. it is assumed that there are 
no sliding movements between the layers but only compression 
effects. By successively summing up the effects of the single 
tapes the total stresses on a certain layer due to all the overlying 
tapes will be calculated. If ¢,(r, r,) and do(r, r,) are the ele- 
‘mentary stresses due to the effect of a paper tape wound at 
radius r, on an insulating element of cable at radius r (see 
Fig. 3), and ®,(r), Do(r) are the total stresses on the same 

element due to all the tapes overlying it, it can be shown that! 


,(r) ad blr, yee 
; . (4) 


i} dr, T sin? 
ORGAN Oeil ear) ee 


where r, is the outer radius of the lapped cable and s is the paper 
thickness. 
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Fig. 3.—Effect at radius r due to the tape wound at radius r,. 


The elementary stresses ¢, and ¢¢ and the corresponding 
strains €, and & satisfy the classic equations for the symmetrical 
equilibrium problem in cylindrical co-ordinates, i.e. 


dP rx) Gi “(bate led pol’ rd] = 


or 
OGa(i) ee al ee ©) 
“args an “Leet, 13.) 7 Er, pa s=i(0) 


for r << r,, where 


dps Besncndhe Eete £03 <n ER AO 
The boundary conditions are 
T sin? « ) 
(6-6; rar = i. RE een) 


[eo(r, Fe) pears =0 
where ro is the radius of the conductor and the compressive 
stresses are assumed to be positive. 
From eqns. (5) and (6), 


Aig 22 0 r 9" X 
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Eg 


where BSS > Lest ry  T(9) 


Tr 


Performing the calculation for the case in which T, L, s and 
sin « can be considered constant, the radial pressure is 


; T sin? a} (/K\V"—! 1 + K-2v" 
ON SE (4) \/n = T° 


; ix 

/n—1 _ Ain so Ley 5 

ieee 2Vn Picea a (10) 
eerste eae I 

where K=rlro>1, Ky =rylro and x =r,I/r 


Similarly, the transverse pressure becomes 


T sin? of | (/K\V"-1 1 — K-2v" 
Der) = ~ |ve(4) 


sL /n — 1 
in —1 /n—1 T sin? « 
yop is pyre as Pawn )| Si 
(1 Siviite 5 idaho an eat i 
(11) 
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Fig. 4.—Theoretical distribution of ®, in the insulation thickness. 


—-—-— Results obtained by assuming for E; the constant value corresponding to Moo throughout the insulation thickness. 
------- Intermediate stage obtained by subdividing the insulation thickness into four layers as indicated at (6). 


For actual values of n (from 500 to 1500) it is easy to see 
that, if r/r9 > 1-05 — 1-1, it may be assumed that K~?V” <1 
and egns. (10) and (11) simplify to 


T sin? « 1 r\va-l 
= sL 4/n— 1 ¢ G) | 


T sin? « 1 r\va-l 


Moreover, for r/r; < 0:9 both ®, and Dg tend to a constant 
value ®,,, which is usually called the plateau pressure, given by 


T sin? « 1 
oe sL 4/n—1 


Then, if the insulation thickness is such that r,/rp > 1-5 (as 
happens for high-voltage cables), a great internal part of the 
insulation thickness is subjected to the isotropic inward pressure 
®,,, which is independent of r. 

It is worth noting that the extension of the zone of the plateau 
pressure is a consequence of the values of n. Actually, the 
larger 1/n the larger is the part of the insulation thickness sub- 
jected to pressure ®,,; this suggests that the calculations should 
be made with the value of E,, obtained from the stress/strain 
diagram, corresponding to the value of ®,,. 

In Fig. 4 the result of the calculations of radial pressure in a 
cable with homogeneous insulation is shown assuming the 
constancy of E, against ®,. 

The same Figure also shows the calculated distribution of ®, 
taking into account the variability of EZ, against O, (see Fig. 5), 
and it can be seen that the variations so obtained are negligible 
for practical purposes. 

These calculations are made by subdividing the insulation 
thickness into a suitable number of layers for which E, has a 
variation so small that the linear theory can be adopted, as 
shown in Section 2.3. 


(10a) 


(12) 


Final results obtained by subdividing the insulation thickness into five layers as indicated at (c). 


E.kglem® 


$p,kg/em* 


Fig. 5.—Variation of E, with ®,. 


(2.3) Extension of the Theory to an Inhomogeneous Insulatiom 
Thickness 


The considerations developed in the preceding Sections may; 
be extended to the case of inhomogeneous lapping; this occurs 
when the paper tapes show different mechanical properties, on 
are applied with different tension or different lay, or if one on 
more of the parameters T, a, s, L, n, E,, Eg assume different 
values when passing from one layer to a successive one. In 
this way it is possible! to overcome practically the limitations 


ntroduced by assuming « to be constant and also to take into 
iccount the variability of E, against ©... 

_ In fact, if these parameters vary continuously or discontinu- 
dusly from layer to layer, it is always possible to group together 
some adjacent layers so that in these groups there is a relatively 
small variation of the parameters; then for each group of layers 
one can introduce the average values of the corresponding 
parameters in the equations in this Section. 

In the present Section the expression ‘elementary layer’ will 
be used to indicate a single paper tape, while ‘layer’ will be used 
to indicate a group of elementary layers which can be assumed to 
‘be homogeneous in accordance with the preceding considerations. 
_ For the sake of simplicity the general formulae are given 
|without the corresponding deductions. 

If the insulation thickness consists of N different layers, the 
‘total radial stress in the layer p (p = 1, 2,..., N) due to the 


Fig. 6.—Example of insulation thickness made up of N 
inhomogeneous paper layers. 


elementary tapes wound successively on the layers p + 1, 
pi2,...q,..., N (see Fig. 6), is given by 


(7) = S,Kv" (1 + K-20) 
, DP 


ce) K N ra) 
Y {2 sin “1 0] its: na-p 4 Sin” % 
Splp Kp p+ Sqhq 


Trym m1)[ 2], | - (3) 


for toon kek, and p = 12 N — 1 
and by 
Ry e Tn sin? an K 
©.) = SyKVr—1(1 + AK avn) NSN Oy] _ (13a) 
: Sw SylLn Ky ' 


for Ky_;< K< Kyandp=N. 
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In a similar way the total transverse stress is given by 
O,(r) = V(tp)SyKV%-*(1 ae “PK -2Vm) 
Sp 
in? Ke iN: ree) 
{% sin “+f 0,] aug 5a-pla SiN? %q 
Spl Kp pti Sglg 
ee Kot T, sin? « 
Nites An — )[2 | I — -____? 14 
P Yi Me ol Spl, (i) 
for Kp34= Ka kK, andp = 1,2)... Nt 
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A complete example of the numerical calculations regarding 
the insulation of a cable lapped with several paper layers is 
outlined in Section 6. 


(3) MECHANICAL STRESSES IN THE PAPER INSULATION 
CAUSED BY BENDING OF THE CABLE 


(3.1) General 


The study of the stresses in the insulation during the lapping 
operation provides a basis for the calculation of stresses during 
bending of the cable. 

It can be shown that wrinkles or creases generally form during 
the first bending of the cable, before drying. In fact, as the 
latter operation greatly reduces the radial pressure in the main 
part of the insulation thickness! and the subsequent oil impregna- 
tion reduces the friction coefficient between the paper tapes, the 
collapse phenomena due to axial pressures do not occur during 
subsequent bendings if they have not occurred at the first one. 

Therefore the main purpose of the following considerations 
is the mathematical analysis of the cable bending on the take-up 
drum of the lapping machine. 

Let us consider a paper-lapped cable with an insulation thick- 
ness made of tapes staggered by 50°% and wound with tension 7. 
In a straight cable this tension produces a radial pressure Do, 
and a transverse pressure Dog on the tape wound at radius r. 
This tape may be considered as a series of contiguous rings, all 
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of radius r (see Section 2.1). po, and Dog can be considered to 
be known functions of r according to the preceding analysis.* 

If the cable is straight, Dp, and Dog do not depend on @ and z; 
Dp, gives an equilibrated system, So, of distributed external forces 
applied to both faces of the ring under consideration. When 
the cable axis is bent with a radius of curvature Ro, another 
equilibrated system, S,, of distributed external forces is super- 
imposed on the ring: system S;, which depends on 6 and z, 
tends to deform the ring in order to make it congruent with the 
toroidal surface assumed after bending by the elementary layer 
to which the ring itself belongs. System S; also depends on 
system Sp owing to the friction effects. 

The analysis of system S is somewhat intricate! The starting 
points are the equilibrium and compatibility equations of a thin 
cylindrical shell of radius r and the conditions of congruence of 
the deformed ring surface with the toroidal surface to which the 
elementary layer of the ring considered belongs after bending; 
this toroidal surface is generated by a circle of radius r rotating 
around an axis in the same plane at distance Rp from the centre 
of the circumference. 


(3.2) Stresses and Forces in a Paper Ring During Bending 


The analysis gives the values of the radial and tangential 
components ,, and ®,, of the distributed external force of 
system S,, while component ®,9 is everywhere zero. 

If f is the static friction coefficient, L the width of the ring, s 
its thickness, and Do, the radial force of system Sp due to the 
lapping operation, we get 


, (8) ae 2fDpo, cos 6 (15) 
sSEg Zz 
®,,(z, 6) = jor €) 7 2fDo,82(= cos 8 (16) 
where 
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* Subscript 0 in Oo, and og is introduced here to distinguish these pressures from 
Pressures Dz and jg due to cable bending. 
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The paper ring referred to the usual cylindrical co-ordinates r, 
6, z is represented in Fig. 7. As regards the sign conventions 


Fig. 7.—Cylindrical co-ordinates used as reference frame for a papel 
ring, and the sign convention for the components of the externa 
force. 


used in eqns. (15) and (16), ®,, is positive when it is a tensile 
force, and ,, is positive when it is directed outwards, i.e. in the 
direction of increasing values of r. 

In the preceding equations, g,; and g, depend only on the tw« 
non-dimensional ratios z/r, L/2r and on the non-dimensiona 
physical coefficients v = Ee/E,, u, = G/E, and jug = G/E, whict 
may be assumed constant for a number of different pape! 
qualities, while O,, does not depend on z. 

The compressive internal axial stress N,, caused by system S; 
is obtained in a similar way; it is a significative parameter fo: 
the analysis of the collapse, as will be seen later: 


N,,(z, 6) = ‘| Em (2) — 240 4m2(2) | cos 0) 7h 
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Extensive diagrams of 21,2, m, and my are not plotted here. 
but the following considerations are sufficient in most practicz 
cases. 


| The maximum absolute values of ®,, are, in general, reached 
por z= + L/2 and 6 = 0, 7, i.e. at the ends of the ring in the 
yending plane; therefore in Fig. 8, ¢,(Z/2r) and g(L/2r) are 
jlotted against L/2r so that one can easily calculate by means of 


)qn. (16) the maximum radial stress of the ring for given values 
bf Ro and Do, 
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Fig. 8.—Distribution of g; and g2 against L/2r. 
v = 33 Ug = 0°25; uz = 0°75. 


The maximum absolute values of N,, are reached, on the other 
hand, for z = 0 and @ = 0, 7, i.e. at the middle of the ring in the 
bending plane; Nj, is a tensile stress for 9 = 0 and compressive 
for 6 = 7. 

Calculations show that in the range of practical cases, for Ro 
between 100 and 200cm, the first term of Nj, in eqn. (17) is 
absolutely negligible compared with the. second one, and it is 
also possible to verify that a very good approximation for ™,(0) 
is given by m,(0) =L/2r. Therefore N,(z,@) does not in 
practice depend on Ry and 

|N,.(0, 0)| os |N,,(0, 77)| na Np as = fLQp, (18) 
Jn Section 5 it will be seen that the stress N,,,¢, iS responsible 
for the occurrence of the critical conditions in the paper ring. 

It is worth noting that the preceding values of external forces 
and internal stresses are calculated on the assumption that no 
detachment has occurred between contiguous rings during bend- 
ing: it can be proved! that this is so if the following relation 
between the forces Dp, and D,, of systems Sp and S; holds for 
all values of z and 6: 


Do, m> |O,,(, 8)| (19) 
From the preceding considerations it follows that eqn. (19) 
may be also written 


Do, > |®,(L/2, 0)| (20) 
where ®,,(L/2, 0) may be obtained from Fig. 8 and eqn. (16). 
This relation is the first mechanical stability condition for the 
cable during bending (see Section 4). 

These considerations deduced for the case in which the tapes 
are staggered by 50% may be extended to other values of 
stagger.' For example, it is found that in the case of 30% 
staggering, the maximum value of Nj, is given by Nz max = 4 fLDo,. 
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(4) ANALYSIS OF THE POSSIBLE CRITICAL CONDITIONS 
OF THE INSULATION DURING BENDING 


(4.1) General 


On the basis of the preceding results it is possible to analyse 
the conditions causing wrinkle formations in the paper ring 
subjected to systems Sp and S$, during bending of the cable on 
the take-up drum of the lapping machine. 

It is assumed as usual that each layer consists of contiguous 
rings of thickness s and width L, separated by a butt-space A 
(see Fig. 9), and the assumption is made that the maximum axial 
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Fig. 9.—Contiguous paper rings in the case of paper tapes staggered 
by 50%. 


deformation due to the cable bending is larger than the elastic 
limit of the paper (about 0-5%) but less than the limit corre- 
sponding to the disappearance of the butt-spaces in the most 
compressed zone (about 5-10 %). 

It follows that bending will produce no damage to the insula- 
tion only if the axial compressive stress on each tape, partially 
due to the friction forces between adjacent layers, does not 
exceed a certain critical load which can produce paper collapse 
with wrinkle formation. 

As will be shown in Section 5, the collapse problem is quite 
different in the case of tight lapping [Do, > |®,,(L/2, 0)|] and 
in the case of loose lapping [Do, < |®;,(L/2, 0)|}. 


(4.2) Critical Load of a Compressed Ring 


The analysis of the critical conditions of a ring can be carried 
out! by transforming the problem, which is essentially asym- 
metrical, into a simpler symmetrical one, namely the study of 
the collapse conditions of a thin cylindrical shell having a free 
flexural length, /, subjected to an axial compression load, P, 
uniformly distributed over the cylinder periphery. In effect it 
can be shown! that the deformation consists of a great number 
of waves along the cylinder periphery (under practical conditions 
7 to 20 transverse waves are verified), except for very small 
values of / for which the deformation itself may be considered 
to be axially symmetrical. This fact shows how the collapse 
is a very localized phenomenon along the periphery of the 
cylinder, and leads to acceptance of the hypothesis that this 
phenomenon is controlled by the local distribution of the axial 
load in correspondence with the arc of circumference where a 
single wave takes place. It appears then that we can accept the 
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results obtained on the assumption of a uniformly loaded ring, 
substituting for P the largest value of the compressive axial 
stress, N,,(z, 6), calculated from eqn. (17) for z=0, 0 = 7. 
The calculations give the following critical values of the com- 
pressive stress, assuming that during buckling the cylinder 
collapses in a number of sinusoidal waves:! 


1 
/3 


or, in non-dimensional terms, introducing the parameters of 
the preceding Section, 


_ 1s 4, (Apes 
heacalavelenet) slat 


where po = Po/(sEp). 

It is worth noting that these formulae are independent of the 
flexural length /. This fact, strictly speaking, holds if / does not 
assume very small values, as in this last case the value of Po is 
larger than the value given by eqn. (21); on the other hand, 
eqn. (21) itself may be eventually used for the whole practical 
range of values of /, since it gives a value of the critical load which 
is not larger than the true one. 

In Fig. 10 only a qualitative diagram of po against //r is 


2 
Po = >z -WAGESE,) (21) 
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Fig. 10.—Qualitative diagram of pop against J/r. 
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A is the range of the values assumed in practice by J/r. 


traced, since the values of pp given by eqn. (21a) are sufficient 
in most practical cases. 

It can also be shown! that, if the values of G, E, and E, referred 
to in Section 2.1 are introduced in eqn. (21) or in its generaliza- 
tion, the values calculated for the critical load show a good 
agreement with the experimental measurements of buckling in 
paper rings. 


(5) STABILITY CONDITIONS OF THE INSULATION 
THICKNESS 


(5.1) Stability Condition for Collapse Wrinkles not to Occur 


The results of Sections 3 and 4 can be easily applied in order 
to verify the stability of the cable insulation during bending. 

If the lapping is too loose or if the tapes are too large and too 
thick compared with the diameter on which they are wound, 
eqn. (20) does not hold everywhere and separation between con- 
tiguous rings may occur. In this case there is no mutual inter- 
action between adjacent rings, as the flexural length / may be of 


the order of L and also each ring with its edges facilitates th 
collapse of the inner adjacent ones at the point ha 0, 8 = 
(see Fig. 11). Then the collapse wrinkles described in Section ii: 
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Fig. 11.—Simplified representation of the effects transmitted by 
overlying rings for 6 = z. 


[Fig. 1(c)] may occur, and in order to avoid them it appeas 
necessary to assume as the first stability criterion that the cabk 
is lapped in such a way that, during bending with a radius 9 
curvature Ro, eqn. (20) holds everywhere.* 


(5.2) Stability Conditions for Collapse Creases or Butt-Space 
Creases not to Occur 


The results of Section 4.2 show as a further criterion that th 
axial stresses due to the bending and lapping pressures [se 
eqn. (17)] must satisfy the condition 


Nie GCP AS DS (22 


where Pp is the critical value obtained for given values of s, 7 
and /, while c is a suitable safety coefficient less than unit 
(c< 0-6 to 0°8). 

Recalling eqn. (18), the preceding equation may be written fo 
the case of 50% staggering as 


FL®o, < cPofs,r31) . (23 
: Cc 
1.€. Do, << FL 15 ) . . ° . (24 


With regard to the suitable flexural length to be used ix 
eqn. (23) or (24), it is worth observing that the rings belongin; 
to neighbouring elementary layers have an almost identica 
critical load and therefore they must collapse almost simu! 
taneously; thus, it is not a priori correct to assume that th 
considered ring is supported by the adjacent ones and tha 
collapse occurs only in the butt-space. Actually some suppor 
effects can only take place between those layers for which th 
critical conditions are quite different; obviously this support i 
more effective for small values of r/s, for which the variatior 
of Po versus r/s is very large. 

Strictly speaking, the stability of a ring with a flexural lengtl 
I = L, loaded with the distributed system S, should be considered 

The complete solution of this problem is quite cumbersome 
but following the simplifications introduced in Section 4.1, w 
will consider the stability of the ring assumed to be loaded wit! 

* In order to obtain this result it may be necessary to use tapes with a width whic 


decreases as 1 decreases, so that the ratio L/2r determining the bending pressur 
(Fig. 8) remains practically constant for the whole insulation thickness, 


) compressive distributed force N, 4, and having an equivalent 
exural length, /, which is unknown but in general is larger than h. 
{ Then two different cases may arise: 


| (@) If h/r is small (A/r < 0-1), since the critical load Po greatly 
| decreases when //r increases in the range of small values (see Fig. 10), 
| it follows that Po(s, r; 1) < Po(s, r; h). 

| If, moreover, r/s is large (e.g. r/s > 300), given that the above- 
| mentioned support effect is in this case negligible, then buckling 
) occurs in the whole length /, and, since a large number of rings is 
| loaded in a similar way, the collapse creases described in Section 1.3 
/ [Fig. 1(6)] eventually occur. ‘ 

(6) If h/r is not small (A/r > 0-1) then Po(s, r; h) is quite close 
to the value given by eqn. (21), which does not depend on /, and 
therefore Po(s, r; 1) ~ Po(s, r; h) also if 1 > h. 

If, furthermore, r/s is not large (e.g. r/s < 300), some support 
effect does take place between neighbouring layers, and then 
buckling occurs in the butt-space only and the butt-space creases 
| described in Section 1.3 are produced [Fig. 1(a)]. 


| In practical cases, if h/r is small but r/s is not large (or vice 
ersa) it has also been found that both occurrences hold at the 
‘ame time. 

As experiments show that collapse creases may occur in a 


q 
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length / ~ L/2, the preceding analysis proves that it is, in general, 

a risable to introduce in eqn. (23) either the value of the critical 
load corresponding to / = L/2 or its minimum value given by 
eqn. (21), which does not depend on /. In practice these two 
values are the same. 


bf 


(6) FINAL REMARKS AND NUMERICAL EXAMPLE 


Many important questions other than those considered in this 
paper are met in the mechanical design of paper-lapped cables. 
For example, lapping with paper tapes staggered in a general 
‘way is not fully considered in the preceding Sections although it 
is a very important topic. It has already been shown in 
Section 3 that the maximum compressive stress N, qx in the case 
of lapping with 30% staggering is 


| 2 
i Nz max = 3 fLPo, (25) 


| 
Consequently, the upper limit of the allowable radial pressure in 
this case becomes 


PiGsrs)): (26) 


3 
Do, < 2 418 
_ Also, for the sake of brevity, the drying operation is not 
treated here, although it has some important consequences, but 
reference is made to the more extensive work in course of 
publication! 

VoL. 108, Part C. 
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However, the topics outlined are sufficient to provide a 
quantitative basis on which to state the problem, giving methods 
for studying the questions which may arise. 

In order to show the application of the theory, an example 
of the design of the insulation of a very-high-voltage cable is 
now given. 

As the calculations of ®9, and Dog are very cumbersome, it is 
convenient to assume a known distribution of the lapping tension 
T and of the paper tapes; the corresponding distribution of ®o, 
will be calculated and its consistency with eqns. (24) and (20) 
will be checked. 

Experience of similar cases is useful in assuming a good 
starting distribution. The insulation is assumed to be by paper 
tapes of different thickness in order to satisfy electrical require- 
ments, and the distribution of T is correspondingly assumed to 
vary for the different layers. 

In Table 1 the values of the physical and geometrical para- 
meters characterizing the different layers are given; it is worth 
observing that the distribution of the radial and transverse 
pressures is independent of the actual value of rg but depends 


' Table 1 
LAYER PARAMETERS 


K a T/L %; 


ro = 1:9em. L = 2cm. 


only on the non-dimensional ratio, K,; therefore the distributions 
calculated are valid for all cables having geometrical and physical 
similarity in lapping. 

Fig. 12 shows Dp, and Dog plotted against the non-dimensional 
ratio K. It also shows the values of the allowable upper pressure 
given by 


1 
07; Teles Q (27) 
and the values of the allowable lower pressure given by 
®,, = DG. 0) ° ° . (28) 


Therefore eqns. (24) and (20) easily hold. 

It is interesting to observe that, if the conductor radius is 
increased from 1-9cm to 2-6cm, the distribution of ©, , and 
@,, changes as shown in Fig. 12; both ®,, and ®,, decrease, 
and for eqn. (24) to hold, lower values of T are necessary. The 
actual distribution of T may be kept unaltered if lapping is 
carried out with paper tapes staggered in a different way (for 
example by 30%). 

Lastly, observing that the distribution of Dy, depends only on 
T,|(LpSp)s Mp and Yp» the following considerations are useful in 
designing the insulation. 

If the pressure ®,, is too large for some values of radius, it 
may be decreased, without at the same time changing the dis- 
tribution of Do,, by reducing width or thickness of the paper 
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Fig. 12.—Distribution of Do, and Deg in a cable with six layers of insulation. 


—-—-— Upper and lower allowable pressure for ro = 1-9cm, 
oo Upper and lower allowable pressure for r9 = 2:6cm. 


As the first layer is made with carbon-paper tapes, the stability conditions do not apply to it, being outside the cable dielectric. 


tapes and by varying T in such a way that 7/Ls does not 
change. 

In a similar way, if the upper pressure ®, , is too small, it is 
possible to increase it by increasing the thickness of the paper 
tapes, taking into account that the electric strength of the paper 
generally decreases as s increases. On the other hand, it is not 
correct to rely upon a decrease of / in order to increase Po, 
because the flexural length of the paper ring is not rigidly 
defined (see Section 5). 

The paper has been prepared to illustrate the basis on which 
cable lapping can be established from the mechanical point of 
view, thus attempting to set on a scientific basis an operation 
which is normally carried out almost empirically. 

The theory has made possible the lapping of high-voltage 
cables which could be reeled on extremely small drums and 
which showed a very high electric strength particularly to 
impulse voltages. The theory has therefore had very good 
practical confirmation. 
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| SUMMARY 

_ The flexural vibrator, designed to vibrate at about 1 kc/s, basically 
/onsists of identical cantilever arms extending from a common area 
jo form a symmetrical element. Two distinct shapes have been 
/onsidered—the H and the ‘zigzag’. Some of the H elements have 
|tniform cross-section while others are arranged to have most of their 
jnass at the free ends in order to reduce the frequency for a specimen 
i 4 coool . 

of given length. The ‘zigzags’ have folded arms of any number of 
| ections (increasing the number of sections reduces the frequency). 
The theory of the various forms and their frequency equations are 
erived. Conditions for perfect balance of the reactions at the 
|‘upports are discussed. 

_ Measurements have been made on H and ‘zigzag’ forms made from 
yuartz slices ZYb®(® =0 — 10°) and on ‘zigzag’ form from 
3.d.t.XY/tl ®, 90°, 90°. Frequency, temperature behaviour, Q-factor 
land displacement patterns of the elements are compared with theory. 
‘Since some of the conventional driving methods proved unsatisfactory 
a short Section is included on circuits. 


| LIST OF SYMBOLS 
m7 = Frequency, c/s. 
1 = Length, cm. 
b = Breadth, cm. 
= Thickness, cm. 
a = Cross-sectional area, cm?. 
m= Mass per unit length of section, g/cm. 
E = Young’s modulus. 
p = Density. 
_ k = Radius of gyration. 
y = Lateral deflection. 
W,, = Kinetic energy. 
/W, = Potential energy. 
U = Unbalance factor of ‘zigzag’ arm. 


of one arm of H form, of one 
section of ‘zigzag’. 


fh (1) INTRODUCTION 


_ There is always a demand for piezo-electric crystals which 
‘will vibrate at frequencies of 1kc/s or less for oscillators and 
filters. Ideally the frequencies of these crystals should be 
‘unaffected by small changes in their ambient temperature. At 
present, specimens!~? designed to vibrate at these frequencies 
‘are large and uneconomical in material, and the best existing 
quartz elements have their minimum change of frequency with 
‘temperature at inconveniently low temperatures (below 17 ©): 
‘With these factors in mind, a new type of piezo-electric element* 
has been developed which has the added advantage of a large 
‘nodal area at which supports can be fixed. 

This new element can take various forms but basically consists 
of identical cantilever arms extending from a common area to 
form a symmetrical element. If the mountings are attached to 
the common area, all the reactions due to the vibrations of the 
arms can be substantially balanced out by choice of the number, 
arrangement and shape of the arms. 
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In one of these forms, a quartz element with overall dimensions 
26 x 9 x 2mm can vibrate at 800c/s, and an ethylene diamine 
tartrate element with dimensions 30 x 15 x 1-5mm, at 250c/s. 

Part 1 is devoted to the theory of these vibrators, while 
Part 2 covers the experimental work and includes tables com- 
paring measured frequencies with those calculated according to 
theory. 


PART 1.—THEORETICAL 


(2) H FORM 
The crystal element takes the form of an H with four identical 
cantilever arms extending from a central bar (see Fig. 1). Con- 


oe lo) | (C) 


Fig. 1.—Balanced cantilevers of H form. 
(a) Uniform. (6) Variable thickness. (c) Variable breadth, 


nection is normally made at the centre of gravity, but it can be 
made anywhere on this central bar. The element is excited in 
such a way that each arm vibrates in flexure as a mirror image 
of its adjacent arms. Thus all the reaction forces at the centre 
of the specimen are substantially balanced. Provided that the 
four arms are identical, the element vibrates as a whole at the 
same frequency as a single cantilever with the dimensions of one 
arm. The frequency, f, for an H form of uniform cross-section 
is given by 


ik” -} 4/8 
= 1 
A4n/3 1?'V p (1) 
where 6 and / = Breadth and length of one arm, respectively. 
p = Density. 
E = Young’s modulus for the element. 
x = A root of the equation 
COs COS Ki== — 1, .« » a « -< @) 


The first three roots are x = 1°8751, 4:6941, 7-855. The 
fundamental mode gives 


B/E: 
f = 0-1615475 vo ear ee (3) 


[35 ] 
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(2.1) Arms of Non-Uniform Cross-Section 


The natural frequency of an H form of given length can be 
lowered by concentrating the mass towards the free ends, e.g. 
by increasing the area of the cross-section as in Figs. 1(b) and (c). 
The frequency of such a specimen can be calculated approxi- 
mately using Rayleigh’s method® on a single cantilever shaped 
like one of the arms. A deflection curve is assumed which 
satisfies the end conditions, and the maximum kinetic and 
potential energies are then derived and equated. For any 
straight cantilever of non-uniform cross-section, satisfactory 
results can be obtained by expressing the lateral deflection y as 

y= 42x? —4b8 +t www #4 
where x is measured along the length from the fixed end. 

The maximum kinetic energy, W,, and potential energy, W,,, 
are given by 


I 
We = | sputa(wyrar 4S eet 


Wa [sean (S fo aimee Ss 


where w is the angular frequency. The cross-sectional area, 
a(x), and the radius of gyration, k(x), are expressed as func- 
tions of x. 


where the thickness, ¢(x), and breadth, b(x), are expressed as 
functions of x. The angular frequency, w, is then given by 


1 php? 
E| or) dx | 
Pe a 
12p | t(x)b(x)y*dx 
0 


which, when evaluated, can be expressed as 


COE 


a= oT aprinah salen esanadl All 


where C? is a shape constant and dg is the breadth at the clamped: 
end of the cantilever. C? for a uniform arm is 1-0385. ; 

Expressions for C? for different shapes with constant breadti: 
and variable thickness [see Fig. 1(5)] are given in Table 1. In 
each example, the thickness, t(x), increases from fg at the clamped 
end of an arm to a point y/ along the bar and then remains: 
constant at t, to the end of the arm at J. C? decreases para= 
bolically with increasing y, and its minimum value for each 
shape (giving the lowest frequency) and the corresponding value: 
of y are given in cols. 5 and 6. 

Although it is equally simple to calculate C? for various shapes: 
of an arm of constant thickness and variable breadth, only one 


Table 1 
C? FoR ARMS OF VARIABLE THICKNESS 


1@) x yl ih 
| 
Shape ty t(x) Cc Conn y for Contn 
108(2 — Sy + 10y2 — 10y3 + 5y4 — 5) 
I ae si age 208 — 3245 + 36075 — 180)7 + 4578 — 579 no fal ee 
252(12 — 1597-1 20) 2-215, ee 6 eee) 
2t ( aes } } ; 
2 2 ie aD (ee er 2912 — 75675 + 7120/6 — 31577 + 1098 — 7 0-633 a 
2 396(42 — 70y + 105y2 — 84y3 + 3594 — 65) 
2to | t (1 x ) d ) 
0|fol! + i2p)| T6016 — 712875 + 693076 — 308077 + 69378 — 70,9 | 05916) 0-7 
3 : oat (: zy 396(31-5 — 70y + 105y2 — 8473 4 3594 — 6y5) 
\ ia 0/0! + sap )) T2012 — 712875 + 693075 — 308077 + 69398 — 70,9 | 9°4338] 0-75 
ae 396(28 — 70y + 10572 — 84y3 + 35y4 — 6y5) 
4to | to( 1+ ee 
0 of ap) 10677-33 — 7128) + 6930) — 308077 + 69378 — 7079 | 93520) 0-75 


The above equations will now be applied to specific examples. 
For arms of rectangular cross-section the maximum energy 
equations can be written as 


1 
Wk dpar i tobe . 2... (D 
0 


W, = WE J 109840972) ax. i) ee ers) 


shape has been considered. In this the breadth increase 
parabolically from the clamped to the free end of the arm, . 


Le. bec) = (1 + aly and C? is given by | 


18(462 + 668 + 118? + B3) 


8008 + 53538 


C= 


C? decreases quite rapidly until 8 = 2 (C? = 0-621) and thet 


iflattens to a minimum of 0-585 at 8B = 3-45. Thus the major 
reduction in frequency occurs by the time B = 2, and little 
) further is achieved by increasing B beyond this point. 

a C* for other shapes can be easily derived in the same manner. 


| (3) ‘ZIGZAG’ FORM 
| The element has only two arms which are folded any desired 


jnumber of times in zigzag formation (Fig. 2). The central 


Fig. 2.—Balanced cantilevers of ‘zigzag’ form (four sections). 


_tongue extending from the common area does not affect the 
_frequency of vibration of the specimen and is included merely 
| so that the element can be mounted at its centre of gravity. 
The individual sections of an arm do not need to be the same 
size or length provided that one arm is an exact mirror image 
of the other. The frequency and balance of the reactions at 
| the centre can be varied by adjusting the number, size and 
length of the sections. 


(3.1) Frequency of Vibration of a ‘Zigzag’ with Arms of 
any Number of Sections 


If the two arms of a ‘zigzag’ are mirror images of each other, 
the specimen will vibrate as a whole at the same frequency as 
' one of the arms clamped at the junction with the central tongue. 
- The frequency equation is therefore derived by considering such 
an arm. Each section of the arm is considered as a vibrating 

beam and the boundary conditions at the ends and junctions are 

taken into account; the influence of the bridges between the 
sections is neglected. The simple differential equation for 
lateral vibration of a beam, neglecting shear and rotary inertia, 
is given by 


peo 
Ek? dt? 


dty 
ox4 


(12) 


Since only natural modes of vibrations are considered, the 

deflection at any point varies harmonically with time and can 

be represented by y = Ye/°!. The differential equation can then 

be written as : : 

ed cee PO? 

ee Pe) gt sn OES 

ox* = Ek => 

Let the displacement amplitudes Y,(x), (n= 1...N) for the 
N sections be 


Y, = A,€%* + B,e~™ + Cyel* + De I. (14) 
2 
7 abt mac 15 
where Vian (15) 
and the frequency is 
2 
mi porckly/B. (16) 
27 Vp 
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The value of a can be derived by equating to zero the deter- 
minant formed from the equations for the boundary conditions. 
The boundary conditions are: 


Fixed end 


: i -. «+ Displacement and slope are zero. 
Junction of adjacent sections 


Displacement and slopes of sections are 
equal and of same sign; bending 
moments and shearing forces are 
equal and of opposite sign. 

Bending moment and shearing force are 
zero. 


Free end 


For an arm of two sections and uniform cross-section the 
boundary equations are: 


At the fixed end, x = x,. 


Displacement Y; = 0: 
Aye + Bye~™ + Cel + DyeI™ =O. 
oY, 
I —=— = 0: 
Slope FE 0 


[Ae — Bye~™ + jCyei™ — jDieH™] = 0 


(17) 


(18) 
At the junction, x = Xp. 


Displacement Y, = Y>: 
Aye? + Bye~ 2 + Cyei*2 + Dieser 
= A,e2 + Boe~%2 + Crete 4+ D,e—ior 


emp iies 
Slope oy ee 

ofA ye%? — Bye + jCyeh2 — jD,e i] 

= af A,e™ — Bye + jCygi2 — jD,e-i] 
2 2 
Bending moment EP = — EI’: 
Ela?[ Ae + Bye — C62 — De Jo~2] 
= — Ela*[A,e”? + Bye~%2 — Cyei2 — Dye] 


(19) 


(20) 


(21) 


: P) CoG r) oY, 
Shearing force sx( 2 sxe ) a se, ) : 


Elo3[Aye%? = Bye — jC,eh + jD eI] 
= — Elo3[ A," = Bye~ 2 — jCyei%2 4- jD,g4] 


(22) 
At the free end, x = x3. 
: OE YS 
Bending moment El = (); 
EIa?[A,e™ ate Bye~ 3 = Cres**s = Dye—I3} == [9 (23) 


> /,02 V5 
: 2 (5) pale 
Shearing force 5 ( sx 


EIo3[ Ae = Bye~ 3 — jC EI + jD,¢—I3] a 0 ° (24) 


The boundary conditions for any number of sections can be 
expressed in a similar manner, and the determinant for up to 
four sections is given below. This determinant can be generalized 
to cover any number of sections, as shown in Appendix 10.1. 


(3.1.1) Arms of two Sections. 
The determinantal equation for an arm of two sections with 
lengths J, and J, is 


1 + cosh a/, cosh al, cos a(/; + 1) 


-++ sinh al, sinh aly COS « (I; = 1) = (0) (25) 
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EGX1 gg -OXY & UXy pares (0) 0 0 0 0 0 0 0 ° : 2 
Eex1 —e Oxy jfejex1 —jejexi} O 0 0 07 0 0 0 0 5 3 
EUX2 E7kX. —gjax2 —e—jax2z|—EA%x2 —E—Ax2 EIEX2 E IaX2 (0) (0) (0) 0 0 0 * i 
Etx2 —e-ax2 —jejex2  fej%x2|—e%x2 eax, jeitx.2 —jejox2 | O 0 0 0 0 0 
1 Section | eeeseecee ee encee cee nnn cnet nencceee nce ccneceeneesinee 
E0xX2 = Eg —AX2 eax Ee jex,! EX, | -ax2 ejax2 esax2 | 0 0 0 0 0 0 Q , 
eux, —e-ax2  fejix, —jejux.! eur, —e-ax, jejax2 —jejax2 | 0 0 Oo O~ 0 0 
(0) 0 0 0) i EUX3 E—OX8 — CIES) — SON 3) ||| 0X3 — OS EIULXZ e Jaxs 0 0 0 0 
0 0 0 0 eux; —e-ax3 —jejux3 je—jox3 | eux3 e-ax3 jelaxs —je—iax3 | O 0 0 0 
aii or ay er erm nr meee 
0 0 0) 0 E%x3 —E-Ox3 jejax; —jejox3; | eux3 —e-ax3 jejax3 —jeJjex3 | 0 On 0 0'"9 
0 0 0 0 0 0 0 (0) i 0X4 = BX, —efix4y —e—jaxs |—emxs —E-ax4 Jax = IO 
0 0 0 0 0 0 0 0 EXX4 —E—AX4 —JEJux4 jé —jax4 |— eax, E UX jEesexs —je~Jo. 
pe ee 0 0 0 0) 0 0) 0 0) ECXA eOrg EIOX4 Enjax4, | EUX4 EB -aX4 eFaxe é See 
0 0 0 0 0 0 0 0 E%x4 —E-ax4 —jejxe —jejaxs | etx4 —E—axX4  jelaxs — je fee 
0 0) 0 0 0 0 0) 0 0 0 0 0 gaxs Ee xs —eloxs —e om 
0 0 0 0) 0 0 0 0 0 0 0 0 E%%5 —E~AX5 —jEjaxs jefe 
4 Sections 
Determinant for ‘zigzag’ of up to four sections. ; 
Fig. 3.—‘Zigzag’ arm of four sections, 
This equation is unaltered by interchanging /, and I, and so 
the sections can be interchanged without affecting the natural 
flexural frequencies of the arm. For given values of /, and 1, 
the solutions |«| fall into two distinct sets which give displace- 
ment patterns of different character and different fundamental 
frequencies. Examples of the displacement patterns for one 
arm (the other being a mirror image) are given in Fig. 4. The 
finite cross-section and the bridges have been neglected so that 
the sections appear superposed. Curves of a/, are plotted as a 
function of /,/1, in Fig. 5. 
- ie} uy J 3 
{" Fig. 5.—Values of «/, for the fundamental flexural modes of a 
2-section ‘zigzag’ plotted as a function of /2/,. 
inves When /, = 1,, eqn. (25) becomes 
cosh? al, cos? al; =0. . (26)) 
: FL 2n — 
and the two sets of solutions coincide: ol, = + iy 
Sse 0 (n integral). se | 
When /, = 0, the equation reduces to that for a single: 
cantilever: 
cosh afcos'al; == —=1 = (27)} 
I The first root is al; = + 1-8751. 
; 5 (3.1.2) Arms of any Number of Sections. 
The determinantal equation for an arm of three sections is 
ou 1 =3-108 oot Gheses 1 + cosh al; cosh al, cosh al3 cos a(J,; + 1, + 13) 


(b) 


Fig. 4.—Calculated displacement patterns for the two fundamental 
flexural modes of “zigzags’ with arms of two unequal sections. 


(a) I, — 1°5h (b) 17) — 0:5h 


+ cosh e/; sinh al sinh al; cos a(J, + lL, — I) 
+ sinh od; cosh al, sinh al; cos a(I, — 1, + 1) 
+ sinh ol; sinh al, cosh al; Cos al; == lL, a 13) == Qin (28) 


| Increasing the number of sections considerably lengthens this 
j equation as can be seen from the expression for four sections 
¥ given in Appendix 10.1, which also describes a quick method of 
} solving the determinant and derives an empirical rule for writing 
| the equation for an arm of any number of sections. 
| The determinantal equations are considerably simplified for 
arms with sections of equal length, so that even the page-long 
j equation for six sections reduces to three terms. For any 
; number of sections, each of length /, the equation contains only 
j'terms of the form (cosh «/ cos al)". Expressing cosh «/ cos al 
i] as G, the general equation for n sections can be expressed by 


Ib 1 + Tn(G) = 0 

i where 7n(G) is a Chebyshev polynomial defined by 

Tn(G) = cosné where G=cos¢ 

! 2m +1 
n 


cosmé= —1 and ¢= 
2m + 1 


7 


a for Ae Rea as 


/ so cosh al cos al = cos 


| Though a ‘zigzag’ with arms of n unequal sections has, in 
general, n sets of modes, when the sections are of equal length 


| The case discussed in Section 3.1.1 is an example. 
_ For a ‘zigzag’ whose arms are of rectangular cross-section the 
frequency is given by 

. (al)? b JE 


Line mre R tated od 


(29) 


| mental modes are also given in Table 2. 
Calculated displacement patterns for the two fundamental 


Determinantal equation 


Number of sections (G = cosh al cos a) 


1+G=0 
G2=0 
1 —3G +4G3=0 
1 — 4G2 + 4G4=0 


1 + 5G — 20G3 + 16G5 = 0 


9G2 — 24G4 + 16G5= 0 


modes of an arm of three equal sections are plotted in Fig. 6. 
For the mode which has a/ = 1:8751, the displacement of the 
second section is the same as that for the first, while the displace- 

- ment of the third section is equal and opposite to that of the 
first. The displacement patterns for the two fundamental modes 
of an arm of four equal sections are shown in Fig. 7. 


(3.2) Balancing Reactions on the Supports 


For an arm in flexural vibration, the primary reactions on the 
‘supports are lateral, but there are also secondary reactions due 
to the longitudinal components of the acceleration. In tuning 

forks, for example, the lateral reactions but not the longitudinal 
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Values of G to satisfy 
equation 


++/4, +14 
0-809, 0-809 
—0-309, —0-309 


39 


Fig. 6.—Calculated displacement patterns for the two fundamental 
flexural modes of a ‘zigzag’ with arms of three equal sections. 
(a) af =1-3184 (6) af = 1-8751 


Fig. 7.—Calculated displacement patterns for the two fundamental 
flexural modes of a ‘zigzag’ with arms of four equal sections. 


(a) al = 11-1524 (6) al = 1-8003 


ones are balanced. For minimum damping by the supports 
both reactions should be balanced. This is achieved in the H 
elements by having four symmetrical arms. The ‘zigzag’ ele- 
ments have only two arms which, by virtue of their symmetry, 


Table 2 


SOLUTION FOR THE. DETERMINANT IN « FOR ‘ZIGZAGS’ WITH ARMS OF EQUAL SECTIONS 


(al)2/4 4/3 for the 
fundamental modes for 
rectangular arms 


First root of al 


0-161 54 
0-113 36 
0-079 86 
0-161 54 
0-061 01 
0-148 91 
0-049 25 
0-13000 
0-161 54 
0-041 23 
0-113 36 
0-155 87 


ee er ete etal tat ete tlt 
ee 


balance the lateral reactions, while the longitudinal reactions of 
the folded arms are smaller than for a simple tuning fork and 
can be made to vanish by choice of the dimensions or the number 
of sections. 

The longitudinal reaction for a single vibrating cantilever can 
be calculated as follows. Consider an element dx (Fig. 8) ata 
distance x from the support, where the lateral displacement is 
y(x, t) and the slope is dy/dx. Acting over the length dx, this 
slope contributes an amount 


gonads =) cinemas Seren 
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oe. 
dx (UNDEFLECTED) 


Fig. 8.—Element, dx, of single cantilever. 


to the longitudinal displacement of all subsequent regions of the 
cantilever. All other elements dx make similar contributions, 
so that at a distance x from the support the net longitudinal 


displacement is 
x 
dy\2 
= — ih SMe 7 


The longitudinal acceleration é of the element dx at this point 
creates a reaction at the support 


dF = mdxé . (32) 


where m is the mass per unit length. The total reaction on the 
support is therefore 


(31) 


1 
F() = m{ Eax (33) 
0 
This analysis is extended in Appendix 10.2 to cover a folded 
cantilever arm of several sections. It is shown that some 
sections can make negative contributions to the total reaction. 
To compare the degree of balance of the longitudinal forces 
for the different elements, an unbalance factor U has been 
formulated: 


MDF, = 3 Fs 


oe UF, + 2F_ 


(34) 


where XF, and XF_ are, respectively, the sums of the positive 
and negative contributions of all the sections to the longitudinal 
force at the support. This factor U is unity for a single cantilever 
arm (e.g. tuning fork) in the fundamental mode as there are no 
negative contributions, and it is zero for perfect balance. 

Values of U have been calculated for ‘zigzags’ with arms of 
uniform cross-section, neglecting the bridges between the sec- 
tions, to give a rough guide to the possibility of achieving 
longitudinal balance. Fig. 9 shows the results for the two modes 
of a 2-section element. For mode I a low natural frequency 
requires 1, >1,, but good balance is only obtained when 
l, ~ 0-21, and the natural frequency is then much higher. In 
mode II the frequency is almost independent of ln, and inter- 
mediate between the extremes of mode I, but for good balance 
I, needs to be approximately equal to 3/,, making an uneconomic 
shape. 

The only other case investigated is a ‘zigzag’ with four sections 
of equal length. The first mode, which has a very low natural 
frequency, also has the low unbalance factor of only 0-17, 
The calculations are approximate and tedious, and so no attempt 
has been made to seek a closer balance theoretically. A more 
favourable 2-section ‘zigzag’ could undoubtedly be realized by 
varying the cross-section of the arm along its length. 


ely 


Fig. 9.—Unbalance factor U for modes I and If of ‘zigzag’ with 
arms of two unequal-length sections. 


PART 2—EXPERIMENTAL 


(4) BALANCED CANTILEVER ELEMENTS OF QUARTZ 


H-elements with both uniform and variable cross-section and | 
‘zigzag’ elements with arms of up to four sections were made: 
from quartz slices ZYbD(® = 0 —- 10°)® by making 1mm saw) 
cuts parallel to the Y’-axis, as shown in the examples in Fig. 10. 
The H elements with non-uniform cross-section [Figs. 1(6) an¢| 
(c)|"were made by hollowing out the appropriate direction with) 
thefedge of a lapping wheel. The electrode arrangements: 


4 


Zz 


Fig. 10.—Electrode arrangement for quartz ZY b® balanced 
cantilevers. 


(a) Hform. (6) ‘Zigzag’ form. 

illustrated in Fig. 10 hold for all quartz elements used. The 
sides of the saw cuts of the H-elements carried no electrodes; 
but those of the ‘zigzag’ were silvered by rotating the specimens 
during evaporation. The directions of the electric field are 
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shown in the cross-sections under the Figures (components in 
the Z’-direction excite no piezo-electric effect). The arms are 
caused to flex in the H bars by the outer halves being excited to 
expand and contract along their length while the inner halves 
are not excited directly, and in the ‘zigzags’ by the two halves of 
' each section being excited in opposition. 

As the elements were only experimental, no special jigs were 
made for cutting them and no attempts at lapping for balance 
were made, with the result that some of the possible advantages 
of this type of vibrator were not achieved. Errors in locating 
| saw cuts gave deviations in the breadth of individual elements 
up to +5%, which in turn affected the natural frequencies and 
| spoiled the balance and thus the Q-factors of the elements. In 
' spite of this, measurements of frequency, temperature behaviour 
and Q-factor on 50 specimens satisfactorily confirmed the theory. 
Sample results are given in Tables 3-6. 


(4.1) Frequency Measurements 


The measured frequencies have been compared in the Tables 
with those calculated using the derived equations and Mason’s 
values’ for the elastic constants. With these elements, as with 
tuning forks, it is difficult to decide the effective length of the 
cantilever. For the H arm, the length has been taken as the 
distance from the free end to the head of the saw cut plus half 
the breadth. The length of a ‘zigzag’ section was measured as 
shown in Fig. 2. 

The theory of the non-uniform H elements was checked 
satisfactorily by measuring specimens with various values of 
y, ti/to and B (see Section 2.1). The predicted reduction in 
frequency of these elements over those of uniform H bars was 
confirmed. 

The existence of the distinct sets of modes for ‘zigzags’ of up 


Table 3 
QuarRTz ZYb 5° UNIFORM H ELEMENTS 


Temperature behaviour 


Average dimensions of arm 


Frequency at 50°C 


Envelope open to air 


Envelope evacuated 


Measured | Calculated 


% difference 


Tf 50°C 


kc/s ke/s 
0-933 0-927 Oil . 
2-678 2-694 : —2:-0 : 7000 
4-475 4-465 : : é 5.000 


x 10-6 
14000 
19000 
21000 


Ty = Temperature at peak of parabola. 
a = Parabolic constant. ‘ 
Tf50° c = First-order temperature coefficient at 50°C, 


Table 4 
Quartz ZYb 5° H ELEMENTS WITH VARIABLE THICKNESS 


Temperature behaviour 


é Frequency at 50°C 
Average dimension of arm q y 


Envelope open to air Envelope evacuated 


Measured 


Cal- He 
culated | difference 


Tfs50° C 


ke/s ke/s 
0-802. | 0-811 
1:931 | 1-962 


mii -52) 8-75 | 0-76 | 0-97 4-252 | 4-220 


Table 5 


10-6 

6 

‘4 
3 


Quartz ZYb 5° H ELEMENTS WITH VARIABLE BREADTH FOR y = 1 


Oo 
Average dimensions of arm Frequency at 50°C 


Temperature behaviour 


Tfs0° Cc 


x 10-6 
—8:-0 
—2°5 
—3-9 


Envelope open to air 


Envelope evacuated 


in vacuum 


mm 
2:00 
2:00 
2:00 


Measured 


ke/s 
1533 
2-099 
3-484 


Calculated egos 


Tfso°C 


ke/s 
1-667 
2:045 
3-428 


x 10-5 
Sr, 
=I 
=I) 
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Table 6 
Quartz ZYb 5° UNrFoRM ‘ZIGZAGS’ 


to four sections was confirmed and the frequencies agreed well 
with theory. Slight departures from the assumed condition of 
equal arms were, however, observed in some cases, in that when 
single modes were expected, two modes very close together were 
found, one much weaker than the other (marked W in the 
Tables). The two modes had distinct vibration patterns 
illustrated in Figs. 11 and 12 by the two components of the 


f#1-828ke/s F=2:O8kc/s 


Fig. 11.—Measured displacement patterns for two frequencies for 
the lower fundamental mode of an arm of three sections. 


1 
| 


' 
\ 
f=1-346kc/s fai-662kc/s 


Fig. 12.—Measured displacement patterns for the two frequencies 
for the lower fundamental mode of an arm of four sections. 


lower fundamental mode of a 3- and 4-section ‘zigzag’. The 
patterns resemble those calculated for two unequal-length 
sections in Fig. 4. The pattern for the stronger frequency is 
also similar to that calculated for a single mode (Figs. 6 and 7). 

Two frequencies close together would be undesirable in 
practical use and therefore, for production, either the accuracy 
of manufacture must be improved or the sections made of such 
different dimensions that adjacent frequencies are well separated. 


Temperature behaviour 
. . . 50°C 
Average dimensions of each section Frequency at wer a, ee a 
5 t Measured Calculated | °% difference Tu a Tfso°c Tu a Tfso°c 
mm mm mm ke/s ke/s °C x 10-6 x 10-6 °C <10=9 <10—6 
06 4 0-91 2-04 0-827 0-859 3-9 <20 —11-9 —15 —0-075 —10°8 
37°14 1:96 2:02 0-871 0-907 4-1 32 —0:072 | —2:-1 BS —0-039 ae hts | 
21-15 2:04 2:09 2°881 2:912 ile 26 —0-049 <— 
3 Sections 7 
: : . +850: 1-992 T-1 29 —5:6 <—20 —6:4 7000 |. 
io ea at a see —4:3 20 —5:4 —9 | —0-066| —6:9 | 12000 | 
4-085(W)| 4-029 | —1:4 | 
4-119 —2-2 
iat 1-94 2°01 1-650 1-492 —9-6 20 —2-0 10 —0-037 —3-2 32000 
3-544 3-641 Diy 
H 


(4.2) Frequency/Temperature Behaviour 


The frequency/temperature behaviour of all the elements 3s: 
parabolic. The large difference in turn-over temperature, Ty,,. 
in air and in vacuo would appear to be due to air loading.. 
Ty, although not greatly affected by small changes of angle @,, 
is highest for elements in vacuo when © = 5°. For a ae 
frequency, the highest value of 7), can be obtained by using a 
4-section ‘zigzag’ in vacuo. Using H elements in vacuo, the: 
highest value of Ty, for a given frequency is achieved when the: 
breadth increases towards the free end. 


(4.3) Q-Factor Measurements 


As previously mentioned, the Q-factors, measured by deca 
time, were lower than was expected, owing to inaccuracies ini 
dimensions spoiling the balance. 

In badly balanced H elements, each end acted independently; 
as a tuning fork vibrating at its own natural frequency, resultingy 
in two frequencies and a moderate Q-factor. In slightly better 
elements, each end again vibrated strongly at its natural fre-. 
quency but also drove the other end weakly (verified with 
stroboscope), causing a low Q-factor. A perfectly balanced 
specimen would have only one natural frequency and a very 
high Q-factor, but in order to attain this it would be necess 
to lap the element for perfect balance during manufacture. 

The Q-factors of the 4-section ‘zigzag’ are higher than tho: 
of the 2-section one, confirming the better longitudinal balan 
(see Section 3.2). 


(5) ‘ZIGZAG’ ELEMENTS OF ETHYLENE DIAMINE 
TARTRATE (E.D.T.) 

Unlike quartz, e.d.t. offers a large series of orientations’ 
with zero temperature coefficients of frequency above room 
temperature (see Fig. 13). Although the curve has been 
plotted for ‘ = 90°, it holds approximately for any valua 
of ‘ since the temperature behaviour is only slightly affectec 
by this angle. From such a large choice of orientations, it is 
possible to find cuts which have additional desirable properties 
such as low frequency for a given size of element and a large) 
piezo-electric reaction. The orientation XYI#I 4°, 90°, 90) 
meets these requirements and is also simple to cut. To raise 
the turn-over temperature above 20°C, specimens were cut at 
angles of © slightly larger than 4°. 


| patterns). 


| Fig. 13.—Orientations of e.d.t. 


“very compact specimens can be made. 


| P16 
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@,086 °= = 


bars XYI/tl, ®, ©, 90° with zero 
temperature coefficient of frequency for the flexural mode. 


An e.d.t. ‘zigzag’ can be cut from a parallel slice with a 
wet-string saw in a single set of operations since the saw 
can travel up or down. The finish is quite smooth and 
free from strains. Since the width of the cut is only 0:15mm 
The electrodes used on 
these ‘zigzags’ are illustrated in Fig. 14. The cuts were left free 
and the silver on the main faces was divided along the length of 


‘the central sections by gently applying the wet-string saw. 
‘The outer sections are disconnected since a field on them 


has little influence on the drive (deduced from displacement 
The electrodes are the same for a 2-section ‘zig- 


REVERSE SIDE 


Fig. 14.—Electrode arrangement for ethylene-diamine-tartrate 
“zigzags’. 


The e.d.t. ‘zigzags’ were held between spring contacts 
at their nodal areas during measurements. The breadths of the 
sections differed by as much as +3%. One cause was drift of 
the wet string due to different rates of solution in different 
directions. 

Agreement between measured and calculated frequencies is 
quite fair (see examples in Tables 7 and 8). The second sections 
of some of the 2-section ‘zigzags’ were made shorter than the 
first to confirm the two fundamental frequencies predicted by 
theory. As shown by the results on the few experimental 
elements, it is possible to design a cut with a turn-over point 
at any desired temperature. The frequency/temperature para- 


zag.’ 


Table 7 
E.D.T. XYItl, B°, 90°, 90° ‘Ziczacs’ (Two SECTIONS) 


Average dimensions of each section 


Frequency at 50°C 


Temperature behaviour 


In vacuum 


kc/s 
5° 1 1-122 
1-913 
3*392 
1-695 
3-025 
1-377 


10° 
| 14° 30’ 


Measured |Calculated pit lar 


kc/s 
1-099 
1-750 
3-188 
1-630 
2+889 
1-153 


Tfso°c 


Table 8 
E.D.T. XYItl, B°, 90°, 90° ‘Ziczacs’ (4 SECTIONS) 


Average dimensions of section 


Frequency at 50°C 


Temperature behaviour in air 


Measured 


ke/s 
0-374 
0-240 
0-560 


Calculated | % difference a Tfsoec 


x 10-6 


—18-0 
0 
--30°5 


x 10-6 
—1-039 
—1-045 
—1-068 


ke/s 
0-400 
0-252 
0-632 
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OUTPUT 
INPUT CATHODE Papell ah 
TUNED COUPLED PHASE CRYSTAL 250V 
POLCOREE AMPLIFIER LIMITER SPLITTER BRIDGE FOLLOWER Ge 


JL~ TO FREQUENCY 
COUNTER 


Fig. 15.—Crystal-maintaining circuit. 


bolas of the cuts tried were, unfortunately, steep compared with 
those of quartz, but from the large choice of cuts with zero 
temperature coefficients it should be possible to find one with 
a low parabola constant. 

From the dimensions given in the Tables it is clear that these 
crystals are very compact for low frequencies; for example, a 
4-section ‘zigzag’ with overall dimensions of 30 x 15 x 1-Smm 
vibrates at approximately 250c/s, and a 2-section ‘zigzag’ with 
overall dimensions of only 20 x 8 x 2mm vibrates at approxi- 
mately 1 ke/s. 


(6) CRYSTAL-MAINTAINING CIRCUIT 


The essentials of the crystal-maintaining circuit, omitting bias 
and decoupling components, are shown in Fig. 15. The circuit 
was designed to facilitate control of the crystal amplitude and 
investigation of minor frequency changes. A simpler version 
would suffice for normal use. The bridge incorporating the 
phase splitter, V4, is balanced at frequencies remote from the 
series resonance of the crystal. Near resonance, the bridge is 
unbalanced so that the output of V, is coupled to the input of V,. 
A complete loop is thus formed and oscillation takes place at the 
frequency at which the net phase shift is zero. > is tuned to 
favour the wanted mode, and V; acts as a cathode-coupled 
limiter absorbing the excess loop gain and at the same time 
defining the amplitude of the drive to the crystal. The square- 
wave output from V; is fed via the buffer valve V; to a frequency 
counter. 


(7) CONCLUSIONS 


Unfortunately the high Q-factors which should result from 
using these designs have not been attained owing to inaccuracies 
in dimensions and the unlapped surfaces of the experimental 
elements. However, it should be possible to remedy this if a 
suitable manufacturing process were developed. It is intended 
to investigate the possibilities of ultrasonic cutting. 

The final restriction on the size of a flexural element and thus 


on the minimum frequency is fixed by the size of the oriented 
slice of the natural crystal. Since balanced cantilevers are 
smaller than the usual form of flexural vibrator for a given 
frequency, it is practicable to make these elements at lower 
frequencies than those usually reached. Of the balanced canti- 
levers, the ‘zigzag’ shape is the most economical of materia!. 
In particular the e.d.t. ‘zigzags’ are very compact so that they 
can easily be made for frequencies down to 100c/s or even lower 
before the size becomes impracticable. 

Although for low-frequency balanced cantilevers of quartz the 
peak of the frequency/temperature parabola occurs at a higit 
temperature in air, it drops below room temperature in vacuo, 
With e.d.t. balanced cantilevers there is such a wide choice of 
cuts that the peak can be designed to occur at any desired tem- 
perature—this was illustrated by the few cuts chosen. However: 
the parabola constants of these few cuts were large compared 
with quartz, and for constant frequency over a wide range of 
temperature it would be necessary to investigate some of the 
other zero-coefficient cuts. 

The e.d.t. ‘zigzags’ would make very compact elements fos 
filters or resonators operating at about 200c/s. 
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(10) APPENDICES 


(10.1) Method of Solving the Determinant in « for a 
‘Zigzag’ Arm of any Number of Sections 


_ The full determinant for four sections set out earlier can be 
reduced by manipulation to the form shown in Table 9 which 
‘can be extended for any number of sections. 

The 2 x 2 sub-matrices at the beginning and end of the main 
diagonal, called the ‘initial’ and ‘terminal’ arrays, cover the 
effects of the first section and the free end, respectively. The 


L4 nh eleXm 0 
aN O —ge— Jem 
24 El%%m 0 
| — | ef m+1 Cosh o(Xn42 — Xmiy) —e 7% m+1 sinh 
( 
4 34 elem 0 
“soles EF m+ 1 sinh (Xm +2 ai Xm+ 7) E IX m+ 1 cosh (Xn +2 — Xm+ 1) 
, AL == 0 
Paar: = F bs ; 
| m —eltm+1 cosh (X42 —Xmiy) —e %m+1 sinh a(Xn42 — 
: 5 0 —g Jax 
An =|; : : 
se eon sinh OX m+2 eee v e/%m+t cosh O(Xm+2 — Xint 1) 
64 —elexm+1 cosh o(Xmi2—Xmii)  —e S%m+1 sinh om 4.2 — Xm+1) 
y eltm+s sinh (X19 — Xm+1) 


The minors for the first pair of columns are 
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—s5 —j&xm | 


€ J%%Xm+1 cosh (Xin 1-2 —< Xm+1) 
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influence of each of the other sections is expressed by two 
2 X 2 sub-matrices flanking the main diagonal as shown by the 
boxes. The determinant for an arm of two sections, in which 
x3 is the co-ordinate of the free end, is given by the array of 
elements in the top left-hand corner enclosed by the dotted line 
a when the sub-matrix of 0’s in the right corner is replaced by 
the terminal array in x3. Similarly the determinant for three 
sections (x4 at free end) is given by the array to the left of the 
dotted line b when the sub-matrix of 0’s in the extreme right- 
hand corner is replaced by the terminal array in x4. The 
determinant can be built up in the same manner for any number 
of sections. 

This determinant for any number of sections, m, can be 
expanded by the Laplace method, by partitioning the matrix 
into pairs of adjacent columns, denoted by m=1, 2,... 
numbered from the left-hand side, and by operating with minors 
of the order 2. With the exception of the first and mth pairs 
of columns, each pair yields six minors of the following form: 


== Il 


— g—Jeimt+1—%m) sinh O(Xim+2 ~ Xn 
(Xin 4-2 ao Xm+1) 


= EI m+ 1—%m) cosh Xn +2 _* Reed) 


— glam+1-—Xm) cosh O(Xin+-2 = Xd) 
Xm+ ) 


Jaime 1—*m) sinh oXm.2 — Xm—1) 


tp —eh cosh a(x, — x,) —e %™ sinh a(x, — x)! 1 
1" | ef sinh a(x, —x,) € 4 cosh a(x, — x4) 
ire = aps FH Silo) AO) — 3 ; : 
24, = en cosh o(x2 — *1) E Pig gout # : = e—JeGa—*) cosh a(x — x;) sinh «(x3 — x2) 
— gjax2 — —§E I¢%2 x3 — xX j : 
e/2 cosh a(x3 — X2) % Sie ee" 2 —ei*2—*) sinh a(x, — x1) cosh (x3 — x2) 
— elon in.e4oe —— oe —ele sinh a(x, — x4) SN ee 
dA pte aa sai C2 z : et ema ie a he _e—iaen— x1) cosh a(x, — x1) cosh «(x3 — x) 
eJexz sinh a(x; — X2 3 2 + ¢J02—x) sinh a(x, — x,) sinh «(x3 — x) 
jax oj = —Jox1 cosh a(x, — x F : : 
44, eS Ea XY] sinh aX x1) Pane ie i 2} + he —_ —ge—Jar2— x1) sinh a(x» i. x1) sinh a(X3 i, x) 
= s!2 cosh a(x, — x2) —e& 77? sinh ors — X2 +-¢/42—*) cosh a(x. — x;) cosh «(x3 — X2) 
- c = jax — A 5 
ayn ef sinh o(x2— 2%) 6 cosh a(x, — %1)| _ —jae—x) sinh a(x, — x1) cosh «(x3 — X2) 
= : : ‘5 —jax2 — ' : 
1 ei sinh o(x3 — x2)  € 72 cosh a(x3 — Xp) —gie2—x1) cosh a(x, — x1) sinh a(x3 — x2) 
. =* Jax2 cosh (x3 — X) —g Jax sinh a(x; == X) = ae 
AL =| pian sinh (x3 — x2) & 7%*2 cosh ae(x3 — x2) 
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Table 9 


REDUCED DETERMINANT FOR ‘ZIGZAG’ OF UP TO FOUR SECTIONS 


glox2 


—é/™1 cosh a(x — x4) —e 4 sinh «(x2 — x) 


— gE Jax2 


é—J*1 cosh a(x, — x)) 


elem sinh A(X — x) 
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glex3 


—eJ**2 cosh a(x3 — xX) —e/*2 sinh «(x3 — x) 


—gE Jax3 


é—/*2 cosh a(x3 — x2) 


eloxs 


€/%2 sinh a(x3 — X) 


0 
gE Jax 


—elx3 cosh a(x4 — x3) —é /*3 sinh o(x4 — x3) 


€J°%3 cosh a(x4 — X3) 


efex3 sinh a(x4 — X3) 


i) 
x 
3B 
s 
ce) 
| 


eluxg cosh a(x5 —_— x4) —e Saxe sinh a(x a X4) 


Ee Jaxs 


0 


éJ*4 cosh a(x5 — x4) 


efexa sinh a(x5 — X4) 


4 
The minors for the nth pair of columns are 
ese%n 0 
LA = } =-—1 
0 —E in 
estxn 0 
oP : = 6 
ue —gelern+1 0 
Jax, 
34. = ea 0 ' = g—Jexn41—Xn) 
n 0) E IeXn+1 ‘ 
—g Jax, 
44 = 0 é " — — glarn+1-%n) 
Ue —gloxn+1 0 
0 —Ese%n 
5A. = é =O 
n 0 EIOXn +1 
— glo%n+1 (0) | 
“= =—1 
0 E Jen+1 


The method of expansion is as follows: Take one minor 
from each pair of columns in such a way that each row of the: 
determinant enters once and once only, and form the product 
of these. The value of the determinant is the sum of all suc? 
products which are possible. 

The rules for selecting the minors for the products can be: 
found by inspecting the determinant. It can be seen that a: 
minor in any pair of columns can only influence the selection: 
of minors from the following two pairs of columns. In the 
lists given below, the different types of minors are set out, 
together with all the possible minors by which they can be 
multiplied. The same rules hold for all the pairs of columns: 
with the exception of the first and (7 — 1)th pairs; the rules for 
these are listed separately. The signs of the products must be: 
found by inspecting the determinant. 


Rules for selecting the minors for the products. 


Minor in pair 1 can be multiplied by and by minor in 


minor in pair 2 pair 3 

14, 6A, 14 — 64 
3 3 

Ay 4A), 5Ap, 6A, 4A;, 5A3, SA, 
3Ay 2> Ap, 6A, 2A3, 5A, °A, 
4A, Ad, 3A), 6A, 39 5A3, 6A; 
5A, 2A>, 3Az, A, 3, 2A3, 9A, 
6A, 14, —> Wye 3 


Minor in pair m can be multiplied by and by minor in 


minor in pair m+ 1 pair m + 2 

1 1 
Ae r Am+2 ra °Am42 
ae Am+2 Am+2 Am+3 

m 1 6 ? 
44 Amt = Ami 4 He 4 Cie Wee ks 
é m 2 m-+29 m-+2» m+: 
Am Am+2 m+2> Am+: 

Arn Am+2 


Minor in pair (x — 1) can be multiplied by minor in pair 


anak TAR 7A, As 4, CA. +A, are zero) 
ya ‘A, aA 
: n—1 TAG A, 


| As an example, the solution of the determinant for an arm 
pf four sections is given below. It is expressed in terms of the 
jengths /,, of the sections. When replacing the x co-ordinates 
ny |, the positive direction of x must be taken into account 
{see Fig. 3), €.2. X2 —-— xX, = is x4 X35 l, OG. =e Oey 1, 
i64— X5 = 14. 


)Solution of the determinant in « for an arm of four sections. 


! 
) 41°42" 43°Ag + 7A;442°A34Ay + 74157443344 — 34,44,3454A4 
P — °Ay?An?A33 Ay — 44y?A5AGtA, — 4413494453 Ay 
+ °Ay7A93A34A4 + 54 ,3452A53Ay + ©A,!4°4514, = 0 
=ob, Vicaswns oo) 


giving 
‘1 + cosh al, cosh al, cosh al; cosh al, cos «J, + 1, +1; + l,) 
+ cosh «/, cosh a/, sinh al; sinh al, cos «(/, + I, + 1, 
+ cosh «/, sinh «/, cosh al, sinh al, cos «(/, + 1, — L, + 14) 
+ sinh al, cosh al, sinh al; cosh al, cos a, — 1, + 1; + lL) 
| + cosh oly sinh aly sinh ol; cosh ol, cos al, a L, a l; = 14) 
+ sinh o/; cosh ay cosh «/3 sinh al, cos a(l; — 1, + 1, — l) 
+ sinh ol sinh al, sinh als sinh oly cos on(1; a l, a 1; —- 14) 
+ sinh «/, sinh «/, cosh al; cosh al, cos «(ly — lL, — 1, — I) 
Ot (36) 


| Empirical rule for writing directly the equation for « for an arm 
- of any number of sections. 

_ From inspection of the equations for « for arms of up to five 
| sections, the following rule has been deduced: 

Starting from 


. cosh al, cos a(l; + lh 


li 
1 + cosh a/; cosh al,...coshal,,.. 
F 28 ae oe ieee an) 


‘add all the similar terms derived from all the possible sign 
combinations of the /’s in cos a(/; +],...+],...+/,) multi- 
plied by their appropriate hyperbolic functions [the total possible 
number of combinations is halved since cos (—x) = cos x]. 
Whenever /,,, in the cosine term is negative, cosh «/,,_, cosh ol, + 
is replaced by sinh a/,,_, sinh a/,,,,, and when /, is negative, 
cosh «/,,_; cosh «/, is replaced by sinhal,_;sinha/,. If there 
are an even number of changes affecting any one cosh term it 
will remain unchanged. 
This rule was found to give the correct solution for an arm of 
six sections. 


(10.2) Step-Wise Computation of Longitudinal Forces on the 
Sections of an Arm of a ‘Zigzag’ when Vibrating Flexurally 

Consider an arm of a ‘zigzag’ with any number of sections 
whose lengths are parallel to the X-axis vibrating laterally in 
the Y-direction. 


First Section. 

_ Divide the length /, of the first section into N ce, 
each of length L, = 1,/N, labelling the sections 1, 2. peal) 
and calculate the x co-ordinates of the centre points oe the 
subsections, e.g. if the first subsection starts at x = 0 and the 
nth ends at x = 1, 


(37) 


‘Consider the First Subsection. 


The centre-point Q moves to Q” (Fig. 16), but the horizontal 
distance QQ’ is known and is the calculated lateral displacement 
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Fig. 16.—First sub-section. 


y(x, t) at this point, ie. y)(4). The longitudinal Sa ag 
Q’Q” = — &,, say, is given by 


230 G2 
where 0, = 6,(¢). 
2y\(t 
But 6(t) ~ ae a 
1 
t 
and so —&(@~ : pO = a (40) 
Now yO= fieior 
Thus —&,(0) Se J , (41) 
= 2 
E() = eer gtjot (42) 
rs Ae? 
E,(1) = oe . (43) 
This has a maximum value 
es 4q)” 
yee a) et Sai ate y (44) 


The longitudinal force required to give this first subsection this 
acceleration is 


4u? jot 2p 2e2jet 
FiO = ce aA JOt — Aq *mypredo! . (45) 


(positive value in — X direction) 
where m is the mass per unit length. 


This has a maximum value F, = 4w?myr. 
Second Subsection. 

The centre-point S of the second sub-section PR (Fig. 17) 
may be regarded as moving laterally by y,; and longitudinally 
by 2€,, to position S’, in addition to the longitudinal movement 
of €, due to its own rotation through 6). 

As the lateral movement of P is 2), 


6,(t) ~ 7 bx ~ 2,0] (46) 


48 


Now 


Now 


So 


and 
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— 


and 
Ee n=1 ,, ; 
Ee) mba Ed +2 x io | “yc ieeedert: hate. ae 


(‘Local’ contribution plus accrued contribution 
to acceleration) 


The total longitudinal force on support due to section is 
N w 
FO) = »y FA)” o. ese hea ae 
= 


At the end of the first section, i.e. the end of the Nth subsection, 
the lateral displacement is 


R Ye 


N 
Fig. 17.—Second sub-section. 2(—1)” x (=’y, where y, = y@) = j,2)>% 
= 


L, 63 Second Section. 
ff) == == 1, = COS U5) lag 0, = 040 
£2(0) 7‘ 2 4 ie 200] Consider now the second section, length J,, folded back. 
oe Divide it into M subsections each of length L, = /,/M and 
= re pb 2y,(O/P number the subsections from N + 1 to N + M, starting from 
1 ; s 
= pb = Dy)! me ck Pe co 
yo(t) = fre! and y,(t) = $,6/" = 


—E,() = £-G2 ~ 291)?" Ang >< oa sys) 


. Aus? eee 
Ex) = (Or rey eet ee 2) 
: NON r 
& 2(1) yp = 


Remembering that 


: 2 ig. 18.—Juncti i 
EW) m us s2e2iot ele heron Fig. 18.—Junction of first and second sections. 
1 
/ ; " : the subsection nearest the junction with the first section (Fig. 18). 
F(t) = 4w*m[297 + 2 — 29,)7Je#°". . .  (51) ‘If the beginning of the first section is fixed at x = 0, 
nth Subsection. ] 2(p — N) — 1 
Note: The lateral displacement at end of subsection 1 is 2). pa ae 2 Bp 
At the end of subsection 2 it is 
where N+1l<p<NiM 


At the end of subsection 3 it is 


So 


—&(4) 7 


2y, + 2(y2 — 24) = 2 y2 — Y;) 
and the values for y, can be calculated. 


AY2 — Vs) + 2[¥3 — Wy. — yD] = 23 — y2 +Y4) Gea abe 2) 45! > (eaans | ee ce 
At the end of subsection 1 it is - pi 
3 1 " N 2 ‘ 
21¥,. — Yn—1 + Inns. +] = 2— 1)" ay 1)’y, +Evii) = rabee =e ae >> 0%, erjor (5a) 
2 Aas? N 2 
n—1 ye ee Nee 282 re oy & 
Te i| — 2-1)! 2 (| ruarama r s Ee ae es Gan x oe 
where 0, y = (1), y(t) = Nie 
| Ss ae ma Eres +25 £0 | barnes 
r,\* = -185, | 
1 tie At the end of the (V + 1)th subsection the lateral displacement is 
1 n—1 2 
ee) Oe ea _1)\r4 Qjot N N 
rl mee v5, | SEH Wed Beato (S) AI" & (—Dy, + 2 yw S20 ety | 


a n=l 2 
£0 = | Fa AD" Cys, | etme. 54 = 1D" (Soy, 


{ 
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ind at the end of the pth subsection the lateral displacement is s 


= 3, 
i FAQ = ma &(0 4 22 é10| Pane cectnnete On) 
4-1" X (Dy, aE 


| 2 pol M 

aod «6, =—\y, — 2-17 * YY, |. .  .  . 62) and FO = >} FO Pee yt ae Po So ap 605) 
I, r=1 p=1 

E(t) epee meee 1-1’ (—1y9, * pit . (63) Ina similar manner the calculation can be continued to cover 
| Ly Taal any number of sections. 

| 

| 
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SUMMARY 


A type of binary digital code is described which is easily generated 
by computer circuits. The important properties of these codes are 
described, and various electronic applications enumerated. 


DEFINITIONS 


The operation ‘a and D’ is written ab. 

The operation ‘a or D’ is written av b. 

The operation ‘not @ is written a’. 

The operation ‘a not equivalent to b’ is written a @ b, and 
the corresponding Boolean function is ab’ v a’b. 

The symbols for the ‘and’ gate, ‘or’? gate and ‘not’ circuit, 
together with those used for the flip-flop circuit and its counter- 
connected version, are shown in Fig. 1. 


a 
edo __— (a v b) 
b 


‘AND GATE ‘OR GATE 


‘NOT CIRCUIT 


INPUT 


° ° 
BISTABLE CIRCUIT BINARY COUNTER 


Fig. 1.—Graphical symbols. 


When dealing with chain codes as a succession of digits it is 
most convenient to write them as a, b, c, d, etc., making a the 
oldest digit. When working on shift registers and code generators 
it is much better to make A the most recent digit, and this con- 
vention is adopted wherever suitable in the paper. 


(1) INTRODUCTION 


Digital methods are now being exploited in a wide range of 
applications. Apart from the most obvious example—digital 
computation—there are digital servo-mechanisms, data-pro- 
cessing equipments and data links, both line and radio. 

In many of these applications it is found that the basic binary 
number system of counting, where decimal digits 0, 1, 2, 3, 4, 5, 
etc., are represented as 0, 1, 10, 11, 100, 101, etc., is frequently 
not as appropriate as some other arrangement of digit patterns. 

Chain codes are one alternative to the normal binary code 
and have application in high-speed counters, error-correcting 
equipment and digital pick-offs. Their basic mathematical 
property is perhaps best illustrated by drawing a typical code 
round the periphery of a circle, as shown in Fig. 2. The follow- 
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Fig. 2.—Complete chain code, n = 4 (16 4-digit patterns). | 

: 

] 

ing facts will be observed: there are 16 binary digits in all; andi 

if adjacent digits are taken four at a time all possible patterns) 

are present (and, therefore, no pattern is duplicated), as showai 
in Table 1. 


Table 1 
COMPLETE 4-DiGcir CHAIN-CODE PATTERNS 
Step Pattern 
0 1111 
1 1110 
D 1101 
3 1010 
4 0101 
5 1011 
6 0110 
7 1100 
8 1001 
9 0010 
10 0100 
11 1000 
12 0000 
13 0001 
14 0011 
15 0111 


It follows that the sequence shown in Fig. 2 may be used for: 
counting from 0 to 15, exactly as with binary numbers.!> 2 
Most of the special properties of chain codes arise from the 
fact that the change of pattern is accomplished by a shift to the 
left and the generation of one new digit. As the number of 
digits in the pattern is increased, so the number of different 
codes obtainable increases enormously. It can be shown by: 
elimination that there are two complete chains for n = 3 and 
sixteen for n = 4 (a complete chain has 2” patterns). It has: 
been proved? that there are 2 to the power (2”—! — n) complete: 
chains for any 2: many more incomplete chains exist which are 
useful in electronic applications. 

Although chain codes have many fascinating mathematica} 
properties, they would be of little use if it were not for the fact 
that the sequential patterns can be easily generated using com- 
puter-type circuits. Section 7.1 shows that all possible chain 
codes can be classified and generated by using the ideas and 
elements of Boolean algebra. 

A simple example of a rule which generates a chain code is as 
follows. 

Fig. 3(a) represents some form of binary store, with four 
elements each capable of assuming two states corresponding to 
‘0’ and ‘1’. The initial state is defined as abcd. The next 
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(a) (B) 


Fig. 3.—Typical step in a chain code. 


(a) Initial state. 
(6) First pattern. 


jyattern is generated by moving b, ¢ and d one place to the 
eft and introducing a new digit in the right-hand space, which in 
this case is constrained to be the opposite of d if a = 1 and the 
same as dif a=0. This has the logical form ad’ v ad, the 
»peration of half-adding or not-equivalence, i.e. a @ d. Fig. 3(d) 
hows the next pattern. 

| Applying this rule repeatedly to the pattern 1111 we obtain 
1110, 1101, 1010, 0101, 1011, 0110, 1100, 1001, 0010, 0100, 1000, 
001, 0011, 0111, which is drawn as a chain in Fig. 4, pattern 0000 
/yeing absent. 

' A.useful property of chain codes, which can be seen from this 
-xample, is that fifteen different 4-digit patterns can be defined 
‘n order using only fifteen binary symbols. If the normal binary 
‘node were used, sixty binary symbols would be necessary. This 
‘roperty was used by Baudot for his telegraph decoding disc, 
‘presumably to ease the manufacturing problem. 


Fig. 4.—15-digit chain code generated by a @ 4,1 = 4. 


It can be seen from Fig. 4 that a chain code need not be 
complete, i.c. have 2” patterns: in fact, all lengths can be 
generated by suitable techniques as described in Sections 2 and 3. 

The digits adjacent to a pattern bear a fixed relationship to 
that pattern, a property which makes it possible to use chain 
codes directly in error-detecting or -correcting equipment. The 
virtue of chain codes compared with other binary codes in this 
type of application lies in the small amount of apparatus which 
is needed to generate the complete code sequence. 

Quite apart from any technical merits, chain codes are very 
good for teaching the elements of Boolean algebra and 
thoroughly testing high-speed computing elements. These 
rather unexpected benefits stem from the self-contained nature 
of the code generation and the easily recognized output 
waveform. 


' 2) ELECTRONIC GENERATION OF CHAIN CODES 


It can be seen from Fig. 3 that a shift register is the obvious 
device for moving the digits one place to the left when a new 
pattern is generated. Any form of shift register may be used, 
but here only shift registers composed of a series of bistable 
elements will be discussed. A 4-stage shift register is required 
to generate the chain shown in Fig. 4, since only a circuit which 
provides the new input digit is needed. 

It would be possible to generate the next digit, n, by a logic 
circuit which satisfied the relationship n = ad’va'‘d. In this 
particular case, however, it is more convenient to generate a 
‘change’ signal for the first stage (the X method of Section 7.1), 
since the first stage already has d stored in it. The ‘change’ 
signal is merely a, so that the code can be generated by making 
stage A a counter and applying a signal derived from stage D 
to its input. The block diagram is shown in Fig. 5. The 
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Fig. 5.—Chain-code generator for 15-digit code. 


normal convention of signal input at the left has been reversed 
so that the new digit appears at the right in the circuit as well as 
in the written code. 

Any other 4-digit code progression may be generated by using 
a 4-stage shift register and adding appropriate logic to generate 
the new digit. Longer codes are obtained by adding stages to 
the shift register. 


(3) GENERATION OF SHORT CHAIN CODES 


The method described above is adequate for complete chain 
codes and for arrangements where the starting pattern is injected 
into the shift-register stages initially: in other cases additional 
precautions are necessary for the following reason. 

It frequently happens that a particular Boolean function for 
n digits gives a sequence which has less than 2” digits. This 
means that certain patterns of digits are missing in the code, 
and if one of these is impressed upon the register before starting 
code generation, then a second sequence of digits will be pro- 
duced having no common patterns with the first. If the total 
number of digits in both sequences is less than 2”, this process 
can be repeated by impressing on the register a starting pattern 
which is not present in either sequence. The total number of 
digits in all sequences produced by a given Boolean function of 
order 7 is always 2”. 

For example, the arrangement shown in Fig. 3 normally 
generates the chain shown in Fig. 4, but if the starting pattern 
happens to be 0000, then 0’s will be generated indefinitely, 
since 0) 0=0. A less trivial example is provided by this 
same rule for nm = 5. Four chains are generated, with 21, 7, 3 
and 1 patterns, totalling 2°. This effect is a nuisance in equip- 
ment where short codes are being used, since it is necessary 
either to control the starting pattern or use extra logic to 
suppress the unwanted chains. 

It was partly this effect and partly the difficulty of finding chain 
codes with a stated number of patterns which led to the develop- 
ment of a method for shortening a chain code by jumping over 
some of the patterns. 

If it is desired to shorten the code of Fig. 4 to ten patterns, 


Fig. 6.—15-digit code shortened to ten patterns. 


for example, the pattern 1101 is replaced by 1100. This gives 
the sequence 1111, 1110, 1100, 1001, 0010, 0100, 1000, 0001, 
0011, 0111, shown as a chain in Fig. 6. 

The merit of this method can be seen by imagining that an 
equipment using the code of Fig. 6 is switched on and for- 
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tuitously assumes one of the forbidden patterns, say 1010. 
Then the rule ‘next = first @ last’ will take the pattern succes- 
sively through 0101, 1011, 0110, 1100, at which point normal 
operation occurs. The effect is shown pictorially in Fig. 7. 


FORBIDDEN 
PATTERNS 


SHORT- 
CIRCUIT 


Fig. 7.—Method of chain code-shortening. 


Section 7.2 gives codes and shortening methods for generating 
all code lengths from 128 to 3. 

This technique does not lessen the risk of the all 0’s pattern 
starting and continuing. Any method which injects a ‘1’ at 
switch-on will overcome this effect. A transient signal from one 
supply line to a ‘1’ input is the simplest solution, while at the 
other extreme an n-way ‘and’ gate connected to the ‘0’ outputs 
and injecting a ‘1’ is acertain remedy. Many useful chain codes 
have the all 0’s (or all 1’s) pattern missing, so that this precaution 
is frequently needed. 

Taking the example already quoted—the generation of the 
ten-pattern code shown in Fig. 6—the shortening circuit must 
recognize the pattern 1110 (as preceding 1101) and modify the 
basic generator by causing 1100 to appear next. The circuit is 
shown in Fig. 8, the extra components being mainly crystal 
diodes. 


FEEDBACK 


CODE SHORTENER 


Fig. 8.—Schematic of 10-pattern-code generator. 


If some simple device cannot be used to insure against the all 
0’s condition, the logical diagram of the correction circuit shown 
in Fig. 9 must be used, again composed mainly of diodes. Since 
four 0’s does not appear in the code only three inputs to the ‘and’ 
gate are needed, arranged so that when B, C and D are all ‘0’ 
the first stage is constrained to be ‘1’. 


Fig. 9.—AII-0’s inhibitor. 


(4) TYPICAL APPLICATIONS OF CHAIN CODES 


(4.1) Counting and Frequency Division 


There are many counting applications, both in computing and 
general electronics, where the use of the binary number sequence 


gives no direct advantage. For instance, a counter which is 
being used for selecting certain counts and providing output 
signals from them can use any progression of binary digits which 
is unique, since the coincidence detectors can be connected to 
recognize the appropriate patterns. 4 

If the chain code of Fig. 2 is used, the application of shift 
pulses to the generator will provide the sequences of Table J, 
and if 1111 is taken as the start, 1010 is the third pattern and 
0010 is the ninth. Suitable diode coincidence detectors can 
recognize these patterns, and the whole arrangement divides the 
input pulses by 16, giving output pulses at the third and ninth 
count. 


Fig. 10.—16-pattern generator (i.e. divide-by-16 counter or selector}. | 


Fig. 10 shows the equipment, which generates the code ef 
Fig. 4, having only 15 digits. An additional circuit detects 
1000 and adds an extra ‘0’, giving 0000. 0000 is then detected and 
a ‘1’ inserted giving 0001, after which the simple rulen = A @ & 
is adequate. 

The advantage of this kind of counter is that the count opera+ 
tion is completed in the shift time of one element. The equip- 
ment is therefore comparable in performance with a gated 
counter (which is prodigal in components), rather than th« 
simpler form of binary counter where each stage triggers the 
next, giving rise to ‘propagated carry’. A chain-code counter 
realizes, with economy of components, the maximum counting: 
speed of the basic valve or transistor circuits used. 

A general electronic application of this arrangement is the 
frequency division of variable-frequency input pulses. Here 
again it is immaterial in what order the binary digit patterns 
are generated, and chain-code methods are useful. The circuit 
of Fig. 10 can be directly used as a divide-by-16 device, since 
the pulse at X will occur only once per 16 shift pulses. When: 
ever the shortening method is used, the appropriate dividec 
output is automatically present in the circuit which gives the 
shortening effect. An n-stage chain-code generator giving <: 
ratio of less than (2” — 1) can therefore be immediately usec 
as a frequency divider. 

We have used chain codes in many applications along the line: 
described, always with complete success. The list include: 
selection counters in a digital computer, digital data-link equip: 
ment, frequency dividers and a random-number generator. 


(4.2) Error Detection and Correction 


The normal method of error detection and correction fo: 
messages composed of binary digits is to add extra digits whict 
are related in special ways to the message digits.4 In a chait 
code the digits in the chain which follow any particular patterr 
are generated in precisely this way, and so chain codes can be 
applied directly to error detection and correction.> 

For example, if the simple code of Fig. 4 is written verticall: 
with each digit written in terms of the first four, a, b, c and a 
Table 2 is obtained. 


Table 2 
CODE OF FIG. 4 RELATED TO STARTING Dicits 
Code Derivation 
1 a 
1 b 
1 c 
1 d 
0 a@®d 
ii -a@®b@d 
0 aW®b@®cQd 
1 a@®b@®e 
ile bOc@d 
0 a@e 
0 b@d 
i* a@®c@d 
0 a@b 
0 b@e 
0 c@d 
* In form of error-correcting digits proposed by Hamming.+ 
_ The modulo 2 expressions for the various digits are true 
whatever phase of the code is written in the left-hand column. 


It is normally economic to use the immediately adjacent digits 
when chain codes are employed for this purpose, and an example 
is to add four extra digits to each pattern of Fig. 4. This gives 
P series of fifteen 8-digit patterns, as shown in Table 3. 


i Table 3 


CHAIN OF FIG. 4 LENGTHENED FOR ERROR CORRECTION OR 
: DETECTION 


==. 


Pattern 


11110101 
11101011 
11010110 
10101100 
01011001 
10110010 
01100100 
11001000 
10010001 
00100011 
10 01000111 
11 10001111 
12 00011110 
13 00111101 
14 01111010 
11110101 


n 
ot 
oO 
ue} 


WOANMARWNH © 


An exhaustive check of error in these patterns shows that one 
error can always be corrected, two can sometimes be corrected 
but always detected, while three errors, unfortunately distributed, 
can pass undetected. 

It is not possible to give general encoding and decoding circuits 
for chain-code error-detecting and -correcting equipment unless 
Other characteristics of the data link are specified, e.g. whether 
the link is binary or ternary, etc. In general, however, the 
appropriate number of digits would be added at the transmitter. 
At the receiver the received pattern would be compared with 
every possible lengthened pattern in the code using a coincidence 
detector which counts the number of digits by which coincidence 
was missed. (This process, which can be carried out very 
rapidly with electronic devices, corresponds in essence to the 
complete rotation of a telegraph printing wheel for every received 
character.) According to the design of the system it is known 
how many digits may be ignored, while still preserving a unique 
decoded signal, 
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(4.3) Special Applications 


There are applications for binary digital methods where a 
chain code may be used because of its unique property that the 
last (n — 1) digits of one pattern become the first (n — 1) digits 
of the next. Baudot’s telegraph decoder!® has already been 
mentioned, where the use of a chain code enabled the code 
wheel to have one-fifth of the contacts which would be needed 
for any other binary-code system. 

A chain-code device does not, in general, possess the freedom 
from commutation errors of a cyclic permuted code, and one of 
the reading methods developed for normal binary code must be 
used.© Many digital decoding methods (mechanical and elec- 
tronic) use a high-speed rotating decoder, in which case com- 
mutation errors cause only transient effects which are shorter 
than the resolving time of the detecting circuit. In such cases 
chain codes can be used as simply as any other binary code. 

If the magnetic drum of a digital computer were to be coded 
for angle (instead of using an incremental counting method) and 
1024 positions were to be identified on each track, a chain-code 
method would need only one track for satisfactory identification, 
whereas simple binary-counting orcyclic-permitted-code methods 
would need ten tracks. 

Also, a complete chain code of order n contains every com- 
bination of n 0’s and 1’s, and can be used for testing purposes on 
magnetic drums and tape stores. 
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(7) APPENDICES 


(7.1) Mathematical Properties 
(7.1.1) Application of Boolean Algebra. 
Each place in a chain of 2” digits can be occupied in two ways; 
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either by an ‘0’ or by a ‘1’, so that there are 22” ways in which a 
sequence of 2” 0’s and 1’s may be written. Only some of these 
arrangements will have the properties of chain codes, however. 

There are 22” Boolean functions of n variables, so that each of 
the code sequences can be specified in terms of a Boolean 
function of n variables. 

In general, any digit in the chain may be specified as a Boolean 
function of n other digits anywhere in the chain but whose 
position relative to the specified digit is fixed. However, this 
fact does not enable a chain code to be generated unless two 
further conditions are met, namely: the pattern of n digits must 
occur somewhere in the chain it is required to generate; and 
sufficient information must be available to generate the next 
digit in the sequence. These requirements are automatically 
met if the (n + 1)th digit is specified as a Boolean function of 
the m previous consecutive digits. 

It is possible, if part of a chain code of, say, n + p digits is 
known to specify the (7 + p + 1)th digit as another Boolean 
function of any n of the n + p digits. However, such rules are 
ambiguous, since they may generate chains which are charac- 
teristic of either n or n + p digits. 

It is of interest to consider what types of Boolean function 
generate chain codes, for only relatively few of the 2?” Boolean 
functions of 1 variables do so. 

If we start with m consecutive digits a, b, c, d,...n, where n 
is the nth digit, and let the (x + 1)th digit be s, then s must be 
some Boolean function of a, b, c,...n. Moreover it must be 
a function involving the first digit, a, since otherwise the chain 
code produced would be characteristic not of n digits but of some 
number of digits less than n. 

If s is a Boolean function of a and is never independent of a, 


we can write 
s=abvad 


where ¢ and w# are functions of the other n — 1 variables 5, 


c,...n. Fors never to be independent of a, we can never have 
s=ay 


i.e. a particular pattern of b, c, d, ...n which gives s with a 
must give s’ with a’, and vice versa. Let % be the Boolean 
function of b, c, d, . . . n which represents all the patterns of 


b,c, d,...nfor which s = 1 when a = 1. 
Then ay =0 

and if s=apvad 

then sx =abvad 

but s’ = (abva'dy 


=(avPbj)av $’/) 
= ap’ va’ 

ap’ v ad’ = abva'ts 

or, simplifying, p=¢' 

so that s=ad'vad 


This is a function of the remaining n — 1 variables, so that 
there are 2?""' such functions. However, half of these will 
be the inverse function ¢’, so that the number of different 
functions is 22”"'—-!,_ This, then, is the number of rules which 
can give rise to chain codes characteristic of n. 

Since the number of complete chains has been shown by 
de Bruijn? to be 22"~'—”, only 1 in 2"—! of the rules generate 
complete chains. The characteristics of the functions ¢ which 
generate complete chains are not fully known. However, it 
seems that ¢ must be a Boolean function of all the other n — 1 


Therefore 


digits, although s must be at some time independent of each o 
the n — 1 digits. 
The simplest function of the form s = ad’ V a’¢ which is n 
ambiguous is 
s=an'van 


This rule gives chains 2” — 1 digits long for n = 2, 3, 4, 6, 7! 
The n 0’s pattern is missing, since this generates an infinite 
string of 0’s. - 

Any chain of 2” — 1 digits must have only one group missing, 
and this must be either the group of 1 0’s or the group of n 1’s: 
For, if abcd... n is the group which is to be missing, wher 
a, b, c, etc., can each be ‘0’ or ‘1’, the group abcd... n’m 
be written instead, since only the last digit can be altered, t 
first n — 1 digits being already determined. 

The next group would ordinarily be bed. . . ns, so that | 
only one group is to be missing abc... (n — 1)n’ = bed... ns} 
Thusa=b,b=cc=d,...n—1=n,W =s | 


=(n7—1)=n i 


i.e. A) 6-0 — 


Thus the missing group must be either the group of x 1’s on 
the group of 2 0’s. 

There are, in addition, certain types of rule which will generaté 
chains of 2” — 2 digits and have two missing groups. Th# 
missing groups can either be separate, when they must be tha 
group of 7 0’s and the group of 7 1’s, as already proved, or elsé 
they must be adjacent groups. 

In the latter case, let the missing groups be 


abc...(n — 1)n and bcd... ns 


and let the group be written abc... n’ instead of abc... n. 
Then 
abc...(n — 2)(n — 1)n’ = cde... nst 


hus: a) — cb —"d eet — 2 — an lr 
1.€; @ =) Ce Cl Oneware 


and id 


This is true whether or not a = b. 

Therefore the missing groups are either n 1’s or n 0’s or tho 
adjacent groups 10101010 .. . and 01010101... The missing 
groups form a minor chain 


1010101010101010... 
Let the rule which generates this be | 
Sh Oi Caeenrt) 


where f is some Boolean function of abc. . 
the nature of the minor chain, we also have 


ge £0 BO See 
Now s = f(a, b, c, .. . n) must be of the form 
= ag'(b, c,...n)va'd(b, c,... 7) 

where ¢ is a Boolean function of b, c, d,...n. It follows tha 

s’ = ag(b, c,...n)va'b'(b, c,...n) 

DC TIE 

=a'¢'(b',c’,...n)vadlb’, c’,...7’) 

so that, equating coefficients of a, 


Gb; ¢; 2 ay SGOpey Vw 


The simplest function of this form is a function of two variables 
say 6 and c. 


.n. Then, from 


If we put $(b, c) = (bev b’c’) 
en clearly $(b’, c’) = (b’c’ v bc) 
= $'(b, 0 


‘hain codes generated from rules of the above form have com- 
oy. ra og for, ‘since s'= fla, b, «, . mn) and 
ba f(a’, whe)’ for every group of n for which s = 1, 


3 Bcc Ne s=0. Starting with the group of n 1’s, the 
j mop of n 0’s occurs half-way through the chain, the second 


| 1.2) ran donmatiqn of Rules to generate Inverted or Reversed Chain 
‘odes 

| Every basic chain code can be inverted (i.e. 0’s and 1’s inter- 
i ‘aanged) or reversed to form three others, so that, unless these 
)perations leave the sequence unchanged, or are equivalent, as 
1 the complete chains for n = 2 and n = 3 respectively, the 
troup of all possible chain codes is split into subgroups of four, 
| which are interrelated by the operations of inversion and reversal. 
he group of chains exhibiting complementary symmetry is split 
ito subgroups of two only, since the operation of inversion 
vaves the sequence unchanged. There are also completely 
‘ymmetrical chain codes which remain the same whether reversed 
br inverted. 


7.1.2.1) Inversion of Chain Codes. 
If the generating rule for the chain code is 


s=ad’va'd 
n), the inverted series is generated by the 
sx =apbvas 
n) = f(b’, c’,...) 
s= as Vv ay’ 


ie, to invert the chain code we replace every term in d by its 
inverse. 


fioere d= $6, 6... 


bb, c,... 


where 


Therefore 


If, as before, the generating rule is 
s=ap' vad 

then s’ =adva?¢’ 

It follows that sp’ = ap’ 

and sh =ah 

so that a=s¢'vs‘h 


Thus, to reverse the chain code, a is written as the same function 
of s.as s was of a. However, because the sequence is written in 
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the reverse order, in the function ¢, b becomes n, c becomes 
(1 — 1), etc. 


(7.1.3) Other Transformations of Rules. 


Instead of expressing s, the next digit in the sequence, directly 
as a Boolean function, it may be represented as a change of one 
of the digits in the group. The ‘change operator’ X will be a 
different Boolean function of the digits. 

Let X signify ‘change’; then X’ will mean ‘not change’. 
Further, a suffix will indicate which digit is changed to give s. 
For instance, X,, means that the last digit is changed, whilst X, 
means that the first digit is changed to give s. Thus, X, = 1 
means s and n are not equivalent, i.e. 


s@n X,=1 

s=n X,= 
Le: X, =sn'v s'n 
In general Xj = sf V sj 


where s is one of the m digits in a group. All rules which 
generate chain codes must be of the form 


Now 


For rules of the type 


X,, is of practical interest, since when a rule is put into this form 
it enables the last stage of a shift register to be a counter, which 
often results in some simplification of the logic. 


(7.2) Design Data for Chain Codes of Length 128 and Less 


This Section gives the information which makes it possible to 
design chain-code frequency dividing or counting equipment to 
give division ratios between 3 and 128. The method to be 
employed is described in Section 3. Tables may be prepared 
for numbers greater than 128, but it is usually best to work out 
each particular case for long chains. Typical ratios that have 
been found are 1000, 625 and 405: in no case did the code take 
longer than two hours to discover. 


(7.2.1) Ratios 128 Downwards. 

Ratios of 128 and less can be realized by using the simple 
7-digit rule, n = a’ g Vv ag’ (or X, = g), which generates the code 
shown in Table 4. The code is divided into groups of 10 merely 
for convenience of reading. 


Table 4 
SIMPLE CHAIN CODE, 7” = 7 


Og El 
1 


OF Onl" OO teteOnOet 


21 
Val O=bel-1-0-160-0 


3 even 
10> 120,000,150 


Ol ac 
LOO Os i Oo 


41 
eth bO@aik Ode 


71 
Ono me ast O70 


Sl 
iL HO) Ah eat ew 


81 
1010111001 


Ores. 
1eOMeOrORO RL Ole! 


101 
flO OLOMeOmMEO 


111 
0001100000 


IVA Le 56.4 
10000 0 0 and repeats 


56 
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Table 5.—CHAIN Copgs FoR RATIOS 126-64 


To produce 
a chain code of | 


pattern length | 


jump from 


Pattern 
number 


Pattern 
number 


Table 5 shows how to realize any number between 128 ¢ 
64 by a suitable jump from one pattern to another. Num 
below 64 will normally be obtained from a shorter chain cod 
but can be obtained by reversing the direction of the jump, ; 
which case the two code lengths obtained total 128, i.e. the co 


126 O111111 127 1111110 2 jump which gives 100 patterns will, if reversed, give 28. 
125 1101010 6 1010100 9 A code of length 128 can be derived by adding an extra 0 
124 1100100 54 1001000 38 the 000000 pattern, as described in Section 4.1, while 127 patte: 
123 0011101 18 0111010 23 rs ‘ 
122 1101101 43 1011011 49 are given by the unmodified code. 
121 1100000 114 1000000 121 | 
120 1000001 115 0000011 123 (7.2.2) Ratios 63 downwards. 
ae ean A Ee a Ratios of 63 and less can be realized by using the simp 
117 0100010 92 1000101 103 6-digit rule, n = a’fv af’ (or X, =f), which generates the c 
116 0010111 70 0101110 82 shown in Table 6. 
115 1010000 107 0100000 120 Table 7 
114 0011011 36 0110110 50 
113 1000011 109 0000111 124 
112 0101001 10 1010010 % CHAIN CODES FOR RATIOS 63-32 
111 ant 90 1010000 107 ah 
110 111011 20 1101111 38 re 
109 0010110 29 0101101 48 a chain code of | jump from Roated to ranbal 
108 1111010 4 1110100 24 pattern length } 
107 0011100 63 0111001 84 = 
ee Caton 30 1011001 52 aes ie a. 
105 0111011 19 1110110 42 
104 0110010 53 1100101 71 ee tea F 
103 1000100 93 0001000 118 101001 010011 28 
102 1111100 74 1111000 100 011011 110110 20 
101 1001010 78 0010100 105 110000 100000 58 
100 1100011 33 1000111 61 100001 000011 60 
99 1001111 97 0011111 126 001101 011010 aD 
98 0001100 111 0011001 14 000101 001010 44 
97 1010010 26 0100100 57 011100 111001 41 
96 0010100 105 0101001 10 101000 010000 57 
95 0010001 59 0100010 92 010110 101101 71 
94 1101111 38 1011111 WD 100011 000111 61 
93 1101011 46 1010111 81 101110 011100 31 
92 0000101 68 0001010 104 110001 100011 48 
91 0111000 64 1110001 101 111101 111011 19 
90 1111101 3 1111011 41 110011 100111 29 
89 0011001 14 0110010 53 010010 100101 43 
88 1001001 55 0010011 95 110101 110100 23 
87 1110101 5 1101011 46 111000 110000 52 
86 1001011 28 0010111 70 100010 000100 55 
85 1100001 66 1000011 109 110111 101111 38 
84 0010011 95 0100110 12 110100 101000 46 4 
83 1011010 44 0110100 89 001100 011001 ee ti 
82 1001110 17 0011100 63 101111 O11111 63 
81 0011000 112 0110001 32 001010 010101 z 
a EN Ze 1001110 17 011110 111101 3 Bi 
79 1110000 65 1100000 114 000110 001101 14 9) 
78 1000010 67 0000100 117 101011 010111 37 
77 0100101 27 1001010 78 100100 001000 56 
76 0000110 110 0001101 35 011001 110010 42 
75 0001101 35 0011010 88 000111 001110 | 
74 1100110 86 1001100 13 = 
is rt 1? 0111111 127 
101 79 0 ; 
7 0111110 3 EON : Table Ji shows how to realize any number between 63 and. 
70 1110011 85 1100111 16 by a suitable jump from one pattern to another. Chains of le 
110001 101 1100011 33 than 32 patterns can be generated by reversi i j | 
68 1011110 39 0111100 99 jump = 2 ersine the dite | 
| em | | 
1011100 83 . 
65 0110100 89 1101001 25 (7.2.3) Ratios 31 Downwards. 
64 1000111 61 0001111 125 Ratios of 31 and less can be realized using the 5-digit ru) 
n = c’eV ce’, which generates the code shown in Table 8. 
Table 6.—SIMPLE CHAIN Copg, n = 6 
Pattern number 
[22445678 Odor I 21 
PA 110 1.0 (Oa 020 atone LOA 1 ON 1010 150 
31 


Ould 440.0 O41 00 


41 51 
11d 001 0100) OM OLOL0tOI0.0 


Olne 


0 0 O and repeats 
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Table 8 
SIMPLE CHAIN Cops, n = 5 


Pattern number 

1A By ash Flowetnt eal On ou 

PALF 1 eR OL0L 04 10nd 110110 0 6 
Die ee 31 


0010010110 = Oand repeats 


|| Table 9 shows how to realize ratios between 31 and 16. 
jj.atios less than 16 are given by the reversed jump.) 


Table 9 
CHAIN CODES FOR RATIOS 31-16 


Pattern 
number 


Pattern 
number 


| ule, n = a’dv ad’ (or X, = d), which generates the code shown 
'n Table 10. , 


e Table 10 
SIMPLE CHAIN CODE, 1 = 4 


Pattern number 
123456 


7 Gee alee ba 
et Or Or 71 1 


0 0 0 O O and repeats 
Table 11 shows how to realize ratios between 15 and 8. 


Table 11 
CHAIN CODES FOR RATIos 15-8 


To produce a 
chain code of 
Pattern length 


Pattern 
number 


5 
3 
8 
9 
2, 
4 
4 


(7.2.5) Ratios 7 Downwards. 


‘Ratios of 7 and less can be realized using the 3-digit rule, 
n = a'cv ac'(X,=c), which generates the code shown in Table 12. 


Table 12 
SIMPLE CHAIN CODE, 1 = 3 


Pattern number 1 2 3 4567 
Code 1 1101 00 and repeats 


Table 13 shows how to realize ratios between 7 and 4. 


Table 13 
CHAIN CODES FOR RATIos 7—4 


To produce a 
chain code 
of length 


Pattern 
number 


Pattern 


jump from anaes 


(7.2.6) Ratio of 3. 
The ratio of 3 is given by the simple 2-digit rule, n = a’b v ab’. 


(7.3) The Baudot Telegraph System 


Emil Baudot organized the French alphabetic telegraph 
system in the last century. Although this work involved much 
more than the telegraph code he employed, his published articles 
were always mainly concerned with codes and associated 
apparatus. 

In 1877 his first paper was published? which gives a general 
survey of binary and ternary telegraph codes but no mention 
of chain codes. In 1895 he published a survey paper!® in which 
he stated that the chain code employed was discovered by 
systematic trial and error, in order to reduce the decoding wheel 
complexity. The original code is shown below, and is thought 
to be the first engineering application of a chain code. 


Table 14 
THE ORIGINAL BAUDOT CHAIN CODE 

Letters Figures, etc. feue yee ‘od Chain 
A 1 10000 1 
E Dy 01000 0 
Y 3 00100 0 
J 6 OO. th O 1 
x A 01001 0 
U 4 OA eOR0 1 
G 7 01010 0 
T ! iL ih Onl 1 
H - il OA. 1 
WwW ? a) Th al @) ol 0 
C 9 iL OF ab a @ 1 
M ) OFITO Ris 0 
S R 00101 0 
Figure space 00010 0 
t 10001 1 
QE’ & 11000 1 
I 0 Ow tO} 0 
B 8 1.0 Mi @ 0 
K ( 1 O.@ th Al 1 
Z LT OROM: 1] 
O 5 11100 1 
D 0 1) a e@ 1 
P oA et tiedaal 1 
N No ete . 

{ Ori a 
: th PHAM OtIel 1 
V ‘ oie leon! 1 
F E OmieiiainO 0) 
R — OOo 111 0 
Y x 00011 0 
00001 0 


Letter space 
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FREQUENCY RESPONSE ANALYSIS OF THE STABILIZING EFFECT OF A 
SYNCHRONOUS MACHINE DAMPER 


By A. S. ALDRED, M.Sc., Ph.D., Associate Member, and G. SHACKSHAFT, B.Eng., Ph.D., Graduate, 


(The paper was first received 11th December, 1959, and in ETA od 1960. Jt was published as an INSTITUTION MONOGRAPH ~ 
in July, B 


SUMMARY 


The paper describes the application of frequency-response concepts 
to the analysis of a synchronous machine damper in so far as it affects 
the stability of the machine. The analysis of damper effects is based 
on Park’s equations. Small-displacement theory is introduced to 
organize the equations into the correct form for frequency-response 
computation. 

Nyquist diagrams are used to show the stabilizing effect of a damper 
and to illustrate the method of optimizing damper parameters. 


LIST OF SYMBOLS 


5 = Rotor angle. 
f, w = Frequency. 
H = Inertia constant. 
M = H/180f. 
T; = Torque input. 
T,, = Torque output. 
pO = Speed. 
Upq = Field voltage. 
Ryq = Field resistance. 
ig = Field current. 
Xa = Field reactance. 
Xyq = Mutual reactance between generator field and direct-axis 
armature winding. 
X,1q = Mutual reactance between direct-axis armature winding 
and direct-axis damper. 
X\1q = Direct-axis damper reactance. 


v Soe : 
Vig = a afd = Open-circuit terminal voltage at normal speed. 


Yq = Field flux linkage. 

wg = Direct-axis armature flux linkage. 

vq = Quadrature-axis armature flux linkage. 

v = Busbar voltage. 

Vq = Direct-axis terminal voltage. 

vz = Quadrature-axis terminal voltage. 

iz = Direct-axis armature current. 
ig = Quadrature-axis armature current. 

ijq = Direct-axis damper current. 

ijg = Quadrature-axis damper current. 

X, = Direct-axis synchronous reactance. 

X, = Quadrature-axis synchronous reactance. 
X11q¢ = Quadrature-axis damper reactance. 
Xqiq = Mutual reactance between quadrature-axis armature and 

quadrature-axis damper. 


D6 ; : 
Ta) = 24 = Field time-constant. 
Ryg 
X ; : : 
Tid = 4 = Direct-axis damper time-constant. 
ld 
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Lae R= 


a 


= xX, 11g 
parr: 
Iq : 
tq = Direct-axis damper flux linkage. 
Yq = Quadrature-axis damper flux linkage. 
R = Armature resistance. 
Riq = Direct-axis damper resistance. 
Rjq = Quadrature-axis damper resistance. 


= Quadrature-axis damper time-constant. 


(1) INTRODUCTION 


The primary function of a synchronous-machine damper is ¢ 
assist in suppressing rotor oscillations and to aid in synche¢ 
nizing the machine by generating positive damping and synchr¢ 
nizing torques,! both of which influence the stability of 7h 
machine. Ina recent paper? the authors developed a frequeney 
response method for assessing the stability of synchroney 
machines. In the concluding remarks of that paper referens 
was made to the possibility of using frequency-response concep? 
to determine the influence of a damper on stability; this com 
panion paper is concerned with this problem. 

The frequency-response method is based on a rigorous analys: 
of synchronous-machine dynamics, both electrical and mec? 
anical. By the application of small-displacement theory to tr 
dynamical equations it is possible to construct the small-displace 
ment equation of motion of the machine. The form of t 
equation, combined with the visualization of the sychronod 
machine as a closed-loop system, suggests a basic single-loc 
configuration. The final step is the derivation of the Nyqui’ 
diagram, which is a frequency-response plot in polar form ¢ 
the open-loop transfer function of this basic single-loop cop 
figuration. The Nyquist? criterion of stability is concerned witi 
the location of the Nyquist diagram relative to the critical poiii 
(—1, 0). Consequently the effect of a damper on stability ma’ 
be deduced by observing how the position of the Nyquil 
diagram, in the vicinity of the critical point, changes as a resul 
of introducing a damper. Optimum values of damper part 
meters may be determined by observing the movement of tt 
Nyquist diagram throughout a range of parameters. In thi 
manner the frequency-response method goes some way toware 
solving the problem of a rigorous design of damper windings. , 


(2) ANALYSIS OF A SYNCHRONOUS MACHINE WITH 
A DAMPER 

Modern analysis of synchronous machines is based alma 
entirely on Park’s* equations, which are obtained by analysiii 
the machine in a reference frame fixed to the field structur 
The direct and quadrature axes of this reference frame are alop 
and at right angles to the pole axis respectively, and in tt 
frame the synchronous-machine equations apply equally well 
the d.c. machine shown in Fig. 1. This analogy? is well know 
and is reproduced here as a convenient illustration of the quan: 
ties used in the following analysis. The object of this analyy 
is to develop an equation of motion of the machine in which tt 
only dependent variable is a small displacement of rotor ang? 


DIRECT AXIS 
QUADRATURE 
AXIS 
= DIRECT—AXIS 


Sid by DAMPER 


|.—An interpretation of Park’s equations for a synchronous 
machine with damper windings. 


Fig. 1 
| 
(2.1) Analysis of Synchronous-Machine Dynemics 

The synchronous machine is directly 
mnected to an infinite system and has constant excitation. 
‘he equations, in per-unit notation, are 


irmature. v4 = p}qg—y,p0 —Rig=vsind. . . . 

0, = Pig + Yap0 — Ri, =veosd6. . . . (2) 
menich hy = — Xjig + Xygija + Xda - - - - @) 
nd Ne ae gw eyipry ised <4) 
jield. Pee Pian Oy) Med Baath yl: 3) G) 
i bya = — Xagaia + Xyaija + Xpaia TES (53) 
damper. erie Ry hoe es > > = os _ (7) 

Oe eR tighia ee e  e  e 18) 
a Which dig = — Xara t Xpaiat+ Xiuaia - . - OM 
ind tig = — Xatalg + Xighig (10) 


f the field current, 4, and the damper currents, ij, and ‘4, 
ire eliminated from the above equations, the expressions for 


ind, become 
: ba = G(p)%a — Xa(pia (11) 
$b, = — X,()iq- (12) 


The quantities X,(p) and X,(p) are the operational reactances 
and G(p) is an operational transfer function given by 
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Eqns. (1) and (2) become 


Vg = — Wp? — ZA p)izg = v sin 6 (16) 
U_ = Wp) — Z,(p)i, = v cos 6 (17) 
in which Zip) = Xi(p)p + R (18) 
and Z,(p) = X(p)p + R (19) 


The quantities Z,(p) and Z,(p) are the operational impedances’ 
and eqns. (11)-(19) are the operational equations for a synchro- 
nous machine. 

For dynamical studies it is necessary to derive the equation 
of motion; this is 


d2 
T; = M es + T,, (20) 
in which the machine electrical torque is 
Ty = aig — gia (21) 


(2.2) Small-Displacement Theory 


Frequency-response analysis is based on the linearization of 
the machine equations using the technique of small displace- 
ments. Consequently small-displacement equations describe the 
behaviour of the machine for small changes about some initial 
condition state. Initial conditions of the variables are denoted 
by the suffix zero. 

From eqns. (20) and (21) the equation of motion for small 
displacements is 


d7A8 


AT, = M—- Wi ight + haoAi, — iA, — YbgoAig . (22) 


In eqn. (22) the initial condition values of iz9 and i,9 are obtained 
by solving eqns. (16) and (17) for known values ee 0, Oo P%, OF 
and the machine parameters. The expressions for ig and igo are 


= Vax, D9)” — ViCOSs 60, D9 — Rv sin 8o (23) 
R? + XX PA)” 
roae VjaRp9 — Rv cos do + Xv sin boPA% (24) 
cs R? + X4X,( p00) 
in which V;, is given by 
v 
Via = Rott . (25) 
fd 


and is the generated voltage on open-circuit at normal speed. 
The initial condition values yb 9 and 49 may now be determined 


from 
bao = (26) 
boo = (27) 


It remains to determine Ai,, Ai,, Avg and Ays,; but since, from 


Via — Xalgo _- 
> Xgigo 


eqns. (11) and (12), 


— XaX bya — 2X p1aXaraXapa + XaX2ia)p? + (XeaRia + XeraRia)P 


(13) 


a Xe (X1aX ga — XF1aP? + XiraRea + XppaRiaP + RyaRra 
; Xe igP 
Xe Se gee (14) 
oP) 2. Angra Big 
ee yD x aR 
ap) a (XaX ya — XpiaXaraP + XapaRia 


(XtaXpa — XP 1aP? + XiraRea + XpaRia)P + RiaRya 
(15) 


Ags = — Xp) Siz (28) 
and Ad, = — X,(pAi, (29) 
it will suffice to obtain expressions for Ai, and Ai,. These 


quantities are derived as follows: 
From egns. (16) and (17), 
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j lected 
», = — Ad pO) — Z,(p)Aiz — A@ = v cos b9A8 (30) It is interesting to note that when armature resistance is neg | 
aa ue Blas a ‘ : the same expression for f(p) is obtained irrespective of the inch . 
= Aifap8y — Z{p) Aig + baoPAP = —vsin 8943 . G1) sion or exclusion of the pq and py, terms and speed variation ir 

But since 8 = 0 — (pOo)t, pA@ = pAS. the original equations. 

Therefore (3) FREQUENCY-RESPONSE ANALYSIS | 
Avg = — Ayia p Oo — Za(p) Aig = (& cos 8p + Yq0p)AS (32) (3.1) The Synchronous Machine as a Closed-Loop System — 
: a : F ; : s The dynamical equation of motion of a synchronous generator 
Av, = Apaphy — Z,(p)Aig = — (vsin dy + faop)Ad (33) for small displacements has been shown to be 


Substituting from eqns. (28) and (29) into eqns. (32) and (33) 
and solving the resulting equations gives 
— [p0oX( pv sin 89 + YaoP) — Z(P)@ cos 89 + YqoP)|AS 
Xa(P)XqP)(P9)* + Za P)Z(P) 


(34) 


[pAoX.( pv cos do + PoP) + Zi pv sin 8o +- bao P)|AS 
Xa(D)XfP)P9)? + Za PZ AP) 


Ai, = 
(35) 
Hence eqn. (22) becomes 
AT, = Mp*A6 — ioX4(P) 
[ p8X,(p)v sin 89 + aop) — Z,(p)(v cos 89 + Yqop)]Ad 
Xf D)XfP)\(P%)* + Za(P)Z,(P) 
at [PAoX (pv cos 89 + Yao?) + Za p)(wsin 89 + %aop) JAS 
0 Xi D)X4(P\(p9)? + Za(P)Z(P) 
[ p8oX4(p)(vcosdy + i990 P) + Za(p)(wsindy + Yo p)JAS 
XA D)X PD) P90)? + Za P)Z,(P) 
x [POoX,( pv sin 8p + HaoP) — Z,(p)(v cos So + qo p)|AS 
z Xa(P)X(p)( P90)? + ZZ?) 


+ taoXq(P) 


(36) 
Thus the equation of motion is of the form 


AT, = Mp?A8 + f(p)A8 (37) 


(2.3) Approximating to the Function f(p) 


It is apparent that, when the function f(p) in eqn. (37) is 
obtained by the procedure outlined in Section 2.2, the computa- 
tion of this function is a formidable task, particularly when the 
expressions for X,(p) and X,(p) are included. The function 
S(p) may be simplified considerably if it is assumed that armature 
resistance can be neglected. For the majority of synchronous 
machines this assumption is valid and is in doubt only in the 
case of small machines in which the magnitude of armature 
resistance may be comparable with the synchronous reactance. 
However, the analysis up to this point is rigorous for the reasons 
that before intelligent approximations are made we must know 
what we are omitting and also that the exact form of f(p) is 
available if required. 

Neglecting armature resistance and considering the initial 
condition of speed to be rated speed (i.e. py) = 1), the expression 
for f(p) reduces to 


_ | Wav cos dy) , (Ka — X,) 
i(p) = | x, Pee x, cos 28 
a eee d) 
7‘ E sin OLX) ”) 


a 


AT, = Mp?A8 + AT, = Mp?A8 +f()AS «GY 


For a synchronous machine to exhibit instability it must be 
capable of representation in a closed-loop manner, since feeé 
back, in some form, is an inherent part of any unstable system, 
Examination of eqn. (39) shows that the machine tends %& 
accelerate as a result of a small difference between the torqué 
input and the electro-mechanical generated torque, namet 
AT; — AT,. The small change in rotor angle, A6d, arises as 4 
result of a double integration of this acceleration. This argw 
ment suggests that the correct closed-loop interpretation < it 
eqn. (39) is that shown in Fig. 2. The Nyquist diagram may 7 


AT;-f(p)S 4 


Fig. 2.—A basic closed-loop representation of a synchronous — 
machine for small displacements. 


be constructed by plotting the open-loop transfer function 
Fig. 2, ie. f(p)/Mp’, for p = jw over a range of w. Plotting 
for values of p between —joo and +700 results in a diagram 0 
the form shown in Fig. 3. Since there are no poles of f(p)/Mpi 
in the right-hand half of the p-plane, the Nyquist criteriop 
reduces to the statement that for stability the closed curve 
Fig. 3 must not encircle the point (—1, 0), which it clearly does 


1,0) 
2 


LESS STABLE 


MORE STABLE) 


Fig. 3.—Typical open-loop frequency-response characteristic of 
circuit shown in Fig. 2. 


. The nearer the curve approaches the point (—1, 0), the 
§%s stable the machine becomes, and vice versa. Hunting will 
| scur when the curve just passes through the critical point. It 
mtherefore necessary to examine only the position of that part 
§ the curve for p = + jw in the neighbourhood of the critical 
sint. The effect of a damper can be determined by observing 
change in the position of the curve in this vicinity. 


(3.2) Frequency-Response Characteristics 


: To illustrate the frequency-response method a salient-pole 
yernator whose parameters have the values shown in Table 1 


Table 1 

Kage i? Rea = 0-001 1 

Xq = 0°8 Rig = 0°02 

Xfq = 1:1 Rig = 0-04 
AXy1igd = 1:1 H = 5kWs/kVA 
Xafaq = 1 yes 
Xaid = 1 Power factor = 1 
Xid= dy = 45° 

Xaiq = 0°6 
Vpqg = 1-75 


i considered. These values are expressed in per-unit notation, 

/ r direct substitution into the per-unit equations, and are taken 

om Reference 6. 

| For purposes of computation it is convenient to develop 
’ and : 

Xu(p) Xa 

»>rm, as shown in the Appendix. 


i ieee 

>= — = In time-constant 
X{pP) Xq 
These expressions are 


i<pressions for 


[Ky ++ Ky — 2\/(K,KyK3)|ta0T1aP? + (Kot1a + Kit a0)P 
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(-1,0) 


x . 
aa faa 
1 
\ 
| 
! 
ij t 
\ 
, 
-0:2: 
w=8 RAD/SEC 
-0:3 


Fig. 4.—Nyquist diagrams for a synchronous machine, showing the 
effect of the damper on stability. 


(a) No damper. 

(b) Direct-axis damper. 

(c) Quadrature-axis damper. 

(d) Locus of point A as tig is varied. 
(ec) Locus of point A as tig is varied. 


point. The locus of this point as either 7,4 or Tg is varied 
demonstrates the effect of these two parameters on the position 
of the open-loop transfer function. The quadrature-axis damper 


time-constant is given the following range of values, commencing. 


Jsing the parameters of Table 1, the values of K,, K,, K, and 
A, are 

C ag a at ee 
Bi fo Tap Ss Parag 


K, = 0-563 


From examination of eqn. (38) it is seen that its second and 

hird bracketed terms are the only terms which can make a 
sontribution to the imaginary component of the open-loop 
ransfer function, i.e. f(jw)/M(jw)*. The second term contains 
mnly direct-axis parameters and the third term only quadrature- 
axis parameters, so that the contribution from each axis to 
the damping and synchronizing torques may be considered 
separately. The second term, of course, contains the contribu- 
tions from both the field winding and the direct-axis damper. 
- Curve (a) of Fig. 4 shows the open-loop transfer function for 
4 machine having the parameters given in Table 1 with the 
sxception that no damper is present. The effect of the addition 
of the direct-axis damper is shown by curve (b) and the effect of 
the quadrature-axis damper by curve (c). Clearly curves (5) 
and (c) indicate that the quadrature-axis damper has the greater 
sffect on stability, since curve (c) is further from the critical 
point than curve (b). However, it is seen that the total con- 
tibution from the direct-axis windings to the damping torque is 
sreater than that of the quadrature axis windings. 

The method used for selecting optimum values for the direct- 
wid quadrature-axis damper time-constants is also shown in 
Fig. 4. Point A (w = 10rad/sec) on curve (a) is selected as 
yeing a convenient one to consider since it is near the critical 


(40) 


1 1 
Xp) Xa X,A[1 — Ky — Ky — Ky + 2V(K,K2K3) rao ab? + [tia — Kota + Tao — Kita)? + LT Pe 

1 i K471qP (41) with 71, = 0 at point A: 71, = 0, 0:053, 0-1, 0-15, 0-2, 0:3, 
EC) eG X,[1 +d — K4)719P] 0:4sec and 747 =0. As 71, is varied between 0 and 0:4sec 


the locus of point A is shown by curve (d). The optimum value 
of 71, may be estimated by mentally drawing a series of curves, 
similar in shape to curves (a)-(c), through points on curve (d); 
the curve which is furthest away from the critical point corre- 
sponds to the optimum value of 7,,. In the example this value 
is Tyg = 0-15sec. 

In a similar way the direct-axis damper time-constant is givem 


mie (-1,0) 


-0-4 


(C)“w =9 RAD/SEC 


Fig. 5.—Comparison of Nyquist diagrams showing effect of 
optimized time-constants. 
(a) No damper. 


(6) Damper with Table 1 time-constants. 
(c) Damper with optimized time-constants. 
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the following values, commencing with 71, = 0 at point A: 
T1q = 0, 0:15, 0-2, 0-3, 0-5, 1-0, 2-Osec and 7,;, = 0. The 
locus of point A is now curve (e). Again an optimum of 71 
for maximum stabilizing effect is selected in a similar manner 
to that described for 7,,; this value is T,q = 0° 15sec. 

From examination of the loci of point A as 7,4 and 7,, are 
varied it is seen that, when the optimum values of these two 
parameters are used, the contributions to the damping torque 
from both the direct- and quadrature-axis windings are approxi- 
mately equal. Eqn. (38) therefore reveals that the choice of 
operating point will not significantly affect the optimum values 
of 7,4 and 7,, and that the damping torque will remain very 
nearly constant as the operating point is changed. 

Finally, in Fig. 5 a comparison is made of the frequency- 
response characteristics for the conditions: (a) no damper; 
(b) a damper with the values of time-constants of Table 1; and 
(c) a damper with the optimized values of time-constants obtained 
from Figs. 4(d) and (e). 


(4) CONCLUSIONS 


The frequency-response method illustrates the influence of a 
damper on the stability of a synchronous machine. It allows a 
comparison of different damper windings to be made in a con- 
venient manner, and indicates that optimum values for the 
quadrature- and direct-axis damper time-constants can be 
deduced. 

It enables synchronizing and damping-torque coefficients to be 
considered simultaneously and not separately as hitherto. 
Furthermore it goes some way towards providing a rigorous 
basis for the design of dampers, but the problem of constructing 
dampers to have the necessary parameters for optimum stability 
still remains. The solution of this problem is outside the scope 
of the paper. 

Because the frequency-response method is essentially graphical 
in application, it is ideally suited to the analysis of machines for 
which data concerning the operational reactances are available 
in the form of frequency-response loci. A particular example 
of this occurs in the analysis of permanent-magnet alternators. 
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(7) APPENDIX 


Derivation of Xz(p) and X,(p) in a Form Suitable for 
Frequency-Response Analysis 


In order to compute the f(p) function derived in Section 2.3 
it is necessary to obtain convenient expressions for X,(p) anc 
X,(p). Since the paper is concerned with damper windings, < 
convenient form would be one in which only the damper tims: 
constants appear as variables in f(p) itself. This condition is 
realized by developing expressions for X,(p) and X,(p) in the 
following manner. The conventional expressions for X,(p) anc 
X,(p) have been developed elsewhere,’ and are 


(XiiaXpa — X%1a)P* + (XyaRa + XpaRiadp + RyaRia 
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Introduce the following relationships between self and mutuz: 
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Bow = = T go, the field time-constant, and ae = 71, the direct-axis damper time-constant. 
Sd 1d 


Eqn. (49) becomes 
‘ 


Ys .2 X AIK + Ky = 2/(K1 KK3) |p? ta0T1g + (Kot1a + K,ta0)P} 


Xq(p) = 50) 
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Also for convenience in subsequent equations, 
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THE MAGNETIC FIELD AND CENTRING FORCE OF DISPLACED VENTILATING 
DUCTS IN MACHINE CORES 


By K. J. BINNS, B.Sc., Graduate. 


(The paper was first received 17th February, and in revised form 10th as 1960. It was published as an INSTITUTION MONOGRAPH in 
August, : 


SUMMARY 


This paper examines analytically the field between equal stator and 
rotor ducts when displaced from each other and evaluates, for any 
relative position, the total flux crossing the air-gap and the amount 
entering the sides of each duct. The flux entering the sides of the 
stator ducts in a.c. machines varies at supply frequency and produces 
eddy currents the path of which is not restricted by the direction of 
the laminations and which consequently give rise to considerable loss. 
With relative displacement of the ducts the fluxes entering the two 
sides of a duct become unequal and produce an axial magnetic force of 
engineering importance. 

Numerical values are given for the variation of gap permeance and 
magnetic centring force, and are plotted in curves directly applicable 
to design calculation for ratios of duct to gap width varying from 4 
to 5 and for any relative displacement. 


LIST OF SYMBOLS 
w = Complex magnetic potential function. 
¢ = Magnetic flux function. 
% = Scalar magnetic potential function. 
t, z = Complex variables of position. 
Ko, Cos C1» C25 C3, C4, Ky = Constants. 
[do = Permeability of free space. 
B = Flux density. 
H = Field strength. 
g = Air-gap width. 
p = Peripheral length of core. 
s = Slot width. 
F(x, k) = Elliptic integral of the first kind. 
E(«, k) = Elliptic integral of the second kind. 
II(x, ky, k) = Legendre’s third elliptic integral. 
II ,(u, «) = Jacobi’s third elliptic integral. 

K(k) = First complete elliptic integral. 

E(k) = Second complete elliptic integral. 

K(k) = First complete elliptic integral to the comple- 

mentary modulus. 
©(«) = Principal Jacobian theta function. 
Z(a«) = Jacobian zeta function. 


(1) INTRODUCTION 


Radial ventilating ducts are nearly always of equal width on 
the two sides of the air-gap and that condition is assumed in 
the paper; the case of unequal displaced ducts presents greater 
analytical and computational complexity. Since ventilating 
‘ducts are widely spaced, a pair of them can be considered in 
isolation and unaffected by the ends of the core. 

There are two limiting relative positions of ducts: they can be 
exactly opposite to each other, and they can be entirely remote. 
In the remote position the field of each duct is the same as that 
of an isolated deep slot opposite to a plane surface—the subject 
of Carter’s original paper! of 1901. In the opposite position 
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there is a plane of symmetry midway between the two sides of | 
the gap and, again, the case is that of an isolated deep slot | 
opposite to a plane (the plane of symmetry) for each pair of | 
ducts. In both the opposite and the remote positions the flux 

is divided equally between the two sides of each duct and there 

is no resultant axial magnetic force. The general case is with | 
the ducts displaced by a finite amount, and it is this case which — 
has not previously been calculated accurately. 

As the ducts are displaced from each other the total flux 
between the surfaces decreases; the flux entering each side of a. 
duct becomes different and a centring force occurs, tending te 
align them. The permeance variation with displacement is very 
small compared with the permeance of a typical machine air-gap | 
and it is difficult to find with accuracy the resulting centring 
force. | 

The problem is treated as a 2-dimensional one, i.e. the varia 
tion of the field in a peripheral direction is assumed to be very 
small over distances comparable with the duct and gap widths. 
The analysis of the field is achieved by conformal transformation, 
assuming the iron to be infinitely permeable; this involves. 
negligible error if the relative permeability of the iron is greater 
than 25, a condition normally realized in practice. Carter? alse ' 
examined this problem by conformal transformation, but, because - 
of the limitations of calculation at that time, he represented the : 
core surfaces by pairs of thin plates, each pair separated by a. 
distance equal to the slot width. 

This approximation gives an estimate of the general shape: 
of the centring-force curves, but clearly underestimates the: 
quantity of flux entering the sides of ducts and consequently ’ 
the gap permeance. Moreover, the centring force in this; 
approximate model would occur entirely at the tips of the plates, , 
a condition very different from the practical case. 

Using a resistance-network analogue Liebmann? determined | 
the shape of the permeance curve, and earlier, Blake ini 
unpublished work used an electrolytic tank for the same end! 
but with no great accuracy. These experimental methods} 
involve deducing the centring force from the slope of the: 
permeance curve, a method which is not accurate and which is; 
discussed later. 


(2) ANALYSIS BY THE SCHWARZ-CHRISTOFFEL 
EQUATION 

Consider first a plane extending to infinity with the real axis: 

as a boundary below which there is iron of infinite permeability. | 

This plane will be designated the t-plane (Fig. 1). Let w denote 

the complex magnetic ‘potential’ at any point ¢, where ¢ is thes 

complex variable of position; i.e. if @ is the flux function and 
i is the scalar potential function, 


Wb tj 4 wlan = oie 
Let a line current at ¢ = 0 be perpendicular to this plane; its: 
magnetic field may be expressed as 


w lie t 
T Ze . . . 
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Fig. 1.—The field in the ¢-plane. 


) On the iron boundary, where ¢ > 0, log ¢ is real and so xs = 0; 
'where t<0, logt = log |r| + ja and so %=1. Hence, a 
| magnetic potential difference equal to unity exists between the 
| two parts of the iron boundary on either side of the conductor 


and is maintained by the line current of unit magnitude.* The 


‘flux lines, given by ¢ = constant, are semicircles with centre at 
't = 0, and the equipotential lines, given by % = constant, are 


radial lines passing through ¢ = 0. 
Consider now a pair of displaced ducts in iron boundaries 
These boundaries and the region between them will be 


t=+C, 


Fig. 2.—The z-plane boundary. 


designated the z-plane. 


- boundary shape in the z-plane in such a way that the point r = 0, 


where the current is, corresponds to a point infinitely far down 


the air-gap from the ducts, and points t = — co, —C), Cz and c3 
correspond to the right-angled corners in the z-plane. 


surfaces containing the ducts. 


The relation between z and ¢ to meet the above conditions is 


given by 


dz kov/[(t + cot 4 c(t — cy) 


‘dt ie 1h =e) 


¢3)] 


This equation connects the complex co-ordinates of correspond- 
ing points, ie. points of identical complex potential. Before the 
transformation can be usefully employed it is necessary to express 


* In the rationalized M.K.S. system of units a current of lamp gives rise to unit 


potential difference between the two parts of the iron boundary on either side of the 


conductor. 
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By means of the Schwarz—Christoffel 
equation,* the real axis in the ¢-plane is transformed into the 


The field 
in the ¢-plane is then transformed into the field between the iron 


(3) 
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the constants ko, co, C1, C2, C3 and cy in terms of the boundary 
dimensions in the z-plane. 

To set the scale in the z-plane, the gap width is made equal to 
unity. Then, by evaluating the residues at the poles of dz/dt, it 
can be shown that 

Ko = War (4) 
and that 


S(C4 +- 1) = vale! — Co(cy 


where s is the width of the ducts. 
The boundary has skew-symmetry, i.e. at points A, and A, in 
Fig. 2, equidistant from their respective corners, the field is the 


I + (1 + ¢;)] (5) 


same. From this it can be shown that 
(Spy a cal cy . (6) 
and (Cp == c4lco . (7) 


It is this feature which makes this case more simple to calculate 
than the case of unequal ducts, which contains an additional 
variable. It remains to find a relationship between the f-plane 
constants which makes the iron surfaces on either side of the 
ducts co-linear. This necessitates evaluating the integral derived 
from eqn. (3), namely 

Cot + cy)(t — cy)(t 


| 
at(t + I(t — c4) 


It is important to realize that, while z can be found for a given 
value of ft, ¢ cannot be found for a given value of z except by 
iteration or interpolation. The integral is elliptic and difficult 
to handle; its analytical treatment is described in Section 7.1, 
where it is shown how the integral may be expressed in Jacobian 
form. 

For practical purposes, however, it is more convenient to 
evaluate the integral numerically using Simpson’s quadratic and 
cubic rules, and this was done with high accuracy on a digital 
computer. This procedure of numerical integration, described 
in Section 7.2, was used to determine accurately the ¢-plane 
constants for a wide range of values of duct width and 
displacement. 


C3) |dt 


(8) 


(3) DETERMINATION OF FLUX DISTRIBUTION 


The constants having been found, the field in the z-plane 
configuration can now be calculated from eqns. (2) and (8). 

(a) Total Flux.—The flux crosses the gap in straight lines 
when remote from the ducts and these are represented by con- 
centric semicircles in the f-plane. Since flux is conserved in the 
transformation its quantity between two corresponding flux lines 
can be calculated readily in the simple t-plane field. Comparing 
the air-gap flux thus calculated with its value between two smooth 
boundaries shows the effect of the ducts on the total flux; this 
is shown diagrammatically in Fig. 3 for the two limiting positions 
and one intermediate position. For unit flux density in the gap,* 
the variation, with displacement, of the change in permeance due 
to the presence of the ducts, divided by the duct width is shown 
in Fig. 4 for a range of duct widths. 

It can also be shown that, for unit gap density, the total flux 
entering the sides of each duct is given by —(1/7) log, cg and 
(1/7) log. c;. This flux is of importance, since it alternates on 
the stator at supply frequency and produces considerable loss 
there, the eddy currents being produced in the plane of the 
laminations. The variation of this flux with duct displacement 
is shown in Fig. 5. 

(b) Flux Density—The flux density in the air-gap is repre- 


* In the rationalized M.K.S. system of units a gap current of 1/19 amperes gives 
rise to unit flux density in the air-gap remote from the ducts. 
3 
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if 
sented as unity at all points remote from the ducts; its value of the duct is shown in Fig. (6) and along part of the gap in 


dw 


we dw 
anywhere is given by S 
2 


: Eth ee f Fig. (7) for particular examples of duct width and displacement. 
and its direction is the argument o (c) Field Map.—It has been shown that the complex potential 
function in the r-plane is logarithmic, and for given values of d 


—. Now 

dz and 7 is easily found. By a process of numerical integration 
dw _ dw dt _ 1 of complex numbers, described in Section 7.3, the point in the 
dz dt dz _ mt(dz/dt) z-plane corresponding to any particular point in the t-plane is 


and, since dz/dt is given 


distribution can be evaluated. The distribution down the sides 


Using Simpson’s rule with complex step size to integrate between 
two values of t, the complex ordinates of dz/dt are evaluated and 
weeeees then the real and imaginary parts of the integral are calculated | 
pee separately. While the physical interpretation as the area under 
a single curve does not exist, the method is none the less valid. 
Two field maps for s/g = 1 and 2 are shown in Figs. 8 and 9 
respectively. 
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found, and hence the points of intersection of a system of flux 
and equipotential lines are found. The author is not aware ol 
any published work involving the numerical integration of a 
function of a complex variable, but the method is very useful. 


by eqn. (3) and z by eqn. (8), the density 
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Fig. 5.—The flux entering the sides of a duct. 
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Fig. 6.—Flux density variation down the side of a duct, s/g = 5. 
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Fig. 7.—Flux density variation along the gap surface. 


s/g = 2. Duct displacement = 2:5 x (duct width). 


Fig. 8.—Field map, g = 1,5 = 1,d = 0°25. 
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(4) DETERMINATION OF AXIAL CENTRING FORCE 
(4.1) General Expression 


The axial restoring force in any position is equal to the rate 
of diminution of the total stored energy of the magnetic field 
with further axial displacement of the ducts. Since the iron is 
assumed to be infinitely permeable, the field strength in it is 
zero and all the energy is stored in the air space. The centring 
force is calculated per unit peripheral length and this quantity 
can be calculated in two ways. In the first method, the force is 
given by half the product of the magnetic potential difference 
and the rate of change of total flux with displacement, and this 
is the cne which has been employed by Carter and Liebmann. 
The change in total flux is a very small quantity and it is 
very difficult to find with accuracy, and its variation with dis- 
placement having been obtained approximately, the numerical 
differentiation of this curve greatly increases the inaccuracy. 
The second method calculates the force directly by integrating 
B*dz/2p19 down the sides of a duct. The method is based on 
the fact that the restoring force is the rate of change of the 
stored energy in the gap, which is 4+,ff BHdxdy. But for an 
infinitely small change in the duct displacement there will be 
no change in the field, except in the volume element swept out 
by the sides of the displaced duct. The change in stored energy 
in this element becomes = J B?dz per unit displacement per unit 

0 
periphery and the resultant force is the difference between these 
two integrals over the two sides of the duct. This integral can 
be solved more simply as a function of ¢ rather than of z, and 
since, for unit gap density, B = dw/dz, 
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Fig. 9.—Field map, g = 1,5=2,d=1. 


From egn. (2), dw/dt = 1/mt, and dz/dt is given in terms of f 
by eqn. (3). Hence, by numerical integration of this function 
of t, performed in the same way as the integration of the Schwarz— 
Christoffel equation, the force on each side of the duct is 
evaluated accurately and the centring force is given by the 
difference of the two quantities. 


(4.2) Numerical Values 


A calculation is made of the centring force for unit gap, unit : 
gap density, per unit periphery and per duct pair. A graph is; 
plotted dividing the centring force by the ratio s/g to fit all the: 
curves on one sheet, and the displacement is given in units of ' 
gap width. It is interesting to note that the product of gap) 
width and peripheral length is the cross-sectional area of the; 
gap, and that the reading from the graph, K,, is for a gap density 
of 1 Wb/m? for 1m? gap cross-section for one duct pair and! 
divided by s/g. Thus, for practical purposes, if the gap density 
is BWb/m?, the periphery is pin and the gap width is gin, thed 
centring force per duct pair is 


1-45 x 10~-*K,(s/g)B2gp pounds 


For values of s/g of 4, 1, 2 and 5, curves are plotted for K, irr 
Fig. 10. Considering a typical induction motor for which 


B=1Wb/m* fei 0-175in 
jp NOnin Kye save! 


and for 14 ducts per side, the force is 22801b for a displacement 
of 0-175 in. 

Comparison of the present results with those published by, 
Liebmann show differences of force up to 30%; the difference is 
believed to be due to the inaccuracy of his measurement of tha 
slope of a curve, on which the points have been obtained by 
measurement with an analogue. The method of numerica: 
integration used in this paper was, however, applied on a digita: 
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Fig. 10.—Magnetic centring force. 


computer and employed a very small step size which was further 
decreased when the gradient became appreciable. Further, by 
halving the step size and by testing for any change in the result, 
the accuracy of the method was continually checked and, indeed, 
the error was shown to be never greater than 0:5°% and mostly 
less than 0:1°%. It is interesting to note that Carter’s estimate 
of the general shape of these curves agrees quite well with those 
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(7) APPENDICES 
(7.1) Expression in Jacobian Form 


The integral can be expressed in the form 


(t + eo)(t + c(t — ot — ¢3) dt 
mt(t + 1)(t — c4) 4/Q 
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where Q = (t + cot + c1)\(t — o)(t — 3), and Q may be 
expressed in terms of even powers only of the variable by using 
the transformation t = (p + qt’)/(1 + 1’). Then dt/,/Q becomes 
of the form 

cdt’ 


VC? CR) 


and the rational part of the integral can be expressed in partial 
fractions of the form 


” At’ B 
r (1 + pra + ha 2) 


Hence, the whole integral becomes of the form 


f A’dx 
J Vid = x0 — xy] 
B’dx 
* | (1 — kex*}V/[1 — x’) — k2x?)] 
c’xdx 
a z| @ — wld — Dd — Pe] 


The first term is an elliptic integral of the first kind to modulus 
k and equals A’F(x, k). 

The second term is an elliptic integral of the third kind to 
modulus k and equals XB’II(x, ky, k). 

The third term can be integrated in terms of elementary func- 
tions by substituting y = x?, which makes the term under the 
root sign a quadratic, and then y — (a constant) = 1/v, which 
turns the integral into the form 


as: 
= arc sinh 


i dv 
Vie — sr +P] 
Hence, the integral reduces to standard elliptic integrals together 
with an elementary function. 

The numerical evaluation of the third elliptic integral is most 
easily performed in Jacobian notation, by putting x = sn u and 
k, =ksne. 

The Jacobian form of the third elliptic integral, II), is given by 


Ila,ky,bH =ut+ Tye, ot) 
and it can be shown that 
ae) aoe ee eee 
‘ @O(u + a) 


The theta function can be evaluated from a Fourier series 
foe) 
O(a) = 1 + 2 > (—1)"¢" cos Eee 
n=1 K 


in which gq = e—**/K, 

Also, Z(«) is defined as E(«) — F(a)E/K. 
In this way, the integral as a whole can be expressed in terms of 
elliptic integrals of the first and second kind which have been 
tabulated or which can be evaluated from well-known series. 


(7.2) Determination of Constants 


In order to find a relationship between the t-plane constants 
which will make the iron surfaces on either side of the ducts 
co-linear, it is necessary to consider points on either side of 


t = — 1 and very close to it, remembering that when ¢ ae il, 
z=o, Let t=—1+6 and t=—1-—6 be points on 
either side of ¢ = — 1, where 6 is very small but not zero. 


dz[dt is the same in magnitude though not in sign at these 
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The actual duct displacement is found by subtracting the two 


points, i.e. when ¢ is very close to —1, z approaches infinity 
at the same rate, whichever way t approaches —1. 
For the iron surface to be co-linear, 


t=—1+5 carat S| 


| G@a--] Ga 


t——¢€y sik 35 


This expresses the remaining relationship between the constants, 
and these integrals are evaluated numerically on a digital 
computer. 

The value of c; is chosen bearing in mind that duct displace- 
ment is approximately proportional to log c,. Next, a value 
of c; is taken from an estimate of the total flux entering the duct 
side. Eqns. (4)-(7) are solved and the two integrals are 
evaluated. Depending on which is the larger and by what 
amount, c, is modified and the process is repeated until the two 
integrals differ by less than 0-001. The whole of this process is 
programmed to occur automatically in the computer and takes 
about 2 minutes. 

Fitting either a cubic or a quadratic equation to groups of 
points on the curve and using a small step size, reducing it where 
the gradient is steep, the integrals are evaluated with high 
accuracy. The accuracy was determined by comparison with 
values for the limiting cases (evaluated correct to 1 part in 10°) 
and by repeated reduction of step size to see if any appreciable 
change resulted, this method being used to determine the most 
desirable step size. 


integrals 
aes 


c2 
| (Z) dt and | i dt 
=) +8 


and suitable values for 5 were found to lie between 0-001 and 
0-005. 


(7.3) Numerical Integration of a Function of a Complex 
Variable to Obtain a Field Map 


Since ¢ + jx = (1/7) log, t, the positions in the t-plane of 
points Of intersection of flux and equipotential lines are given by 


t = enti) = et?(cos7p +jsinmp) . . () 


Hence, in order to follow an equipotential line and locate the 
points of intersection of flux lines on it, it is required to select a 
potential, 4, and to calculate from eqn. (9) the values of ¢ for 
any chosen step in flux function, ¢. If two such points in the 
t-plane are ft, and f, it is necessary to calculate the change in z 
by numerically integrating eqn. (8). Then, if 2 steps are taken 
in Simpson’s rule, the complex step size is h = (t, — t,)/n, 
where nisanevennumber. The complex ordinates are evaluated 
from eqn. (3), and taking the ordinates f,, in groups of three in 
the usual way, Simpson’s rule is applied. Taking an arbitrary 
origin in the z-plane at the point of intersection of a flux line 
and an equipotential line, the other points of intersection can be 
plotted and a field map constructed. 
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SUMMARY 


_ Over the past decade and a half there have been proposed three 
schemes of control for electricity supply systems interconnected through 
tie lines. In chronological order they are the speed-governed system 
with frequency biasing, the time-governed system and the load-phase 
energy control. 

The paper describes computer studies which compare the three 


» systems using a performance index of the integral square error. 


Certain conclusions are drawn by applying this criterion both to the 
frequency error of the isolated system and to the tie power-flow error 
of the interconnected system. 


LIST OF SYMBOLS 
D = Damping coefficient, p.u./rad/time-rad. 
K = Gain of time-error loop, p.u./rad. 
K, = Stabilizing feedback gain. 
K, = Integral of time-error gain, p.u./time-rad/rad. 
K, = Tie-line controller gain, p.u./time-rad/p.u. error. 
M, = Load torque, p.u.* 
M, = Prime-mover torque, p.u. 
M, = Tie-line torque, p.u. 
AM, = Deviation from scheduled value, M,. 
d 
oo Pal 
6 = P.U. regulation of speed controller.t 
7’ = Steam-header time-constant, time-rad. 
7’ = Servo-motor time-constant, time-rad. 
T, = Acceleration time of machine or area, time-rad. 
7, 71, Tz = Stabilizing feedback time-constants. 
T,1. = Tie-line synchronizing coefficient, p.u./rad. 
(2 = Machine or area speed, rad/time-rad. 
w = Speed signals within controller, rad/time-rad. 
Aw = Deviation from scheduled value, 92. 
¢ = Machine or area angle, rad. 
@ = Standard time, rad. 
@ = Angle signals within controller, rad. 
A@ = Deviation of 6 from scheduled value, 9. 


Per-unit values are used throughout. 


(1) INTRODUCTION 
The analysis and control of power flow in interconnected elec- 
tricity supply systems is somewhat complex. It might be said 
that, traditionally, power flow has been separated into two con- 


_ ceptions with a possible mode of oscillation associated with each. 


* The system is synchronous and therefore p.u. power = p.u. torque. : F 

+ Time measured in radians swept by the rotor of a 4-pole 50c/s machine: Time 
in radians = 157 x time in seconds. ) F 

t The p.u. gain of the speed controller = 1/5; e.g. a speed governor having 5% 


tegulation has a gain of 1/0-O0Sp.u. 


Correspondence on Monographs is invited for consideration with a view to 


publication. : A ‘ 
Prof. Broadbent is Associate Professor of Electrical Engineering, and Mr. Stanton 


First, electrical power flow takes place between points in the 
system and the term stability, when used in relation to a syn- 
chronous power network, refers to the property of the system 
which allows it to develop restoring forces greater than the dis- 
turbing forces affecting synchronism between two parts of the 
system. After a disturbance in which the stability limit is not 
exceeded, i.e. synchronism is not lost, the two parts will oscillate 
with respect to each other in a manner which is determined by 
the system parameters, inertia, damping and synchronizing 
coefficients. This oscillatory system may be modified by feed- 
back controls such as voltage regulators and tie-line controllers. 
Secondly, power flow is controlled at the turbine throttle by the 
governor feedback signal, and mechanical power oscillations 
due to governor action have been investigated; the term stability 
has been used in its mathematical or servo-mechanism sense in 
connection with these oscillations. This second mode of 
oscillation is influenced by the same factors that affect electrical 
synchronism, together with others associated with the governor, 
to an extent depending upon the nature of the system. For 
example, in a simple system which is closely coupled electrically, 
the natural frequency of possible governor oscillations is remote 
from that of the natural frequency of the synchronous system 
and the analyses are quite separate. On the other hand, in a 
loosely coupled system with tie-line power controllers acting 
through the turbine governors, the two analyses can no longer 
be separated; the change in electrical angle across a tie line, 
measured as a function of time, becomes comparable in mag- 
nitude and frequency to the integral of the change in speed of 
the turbine. It is with this latter problem that the paper is 
concerned. 

To make the system more amenable to analysis, certain 
approximations are made. First, the synchronous generators 
and their associated transformers are considered to be elec- 
trically stiff compared with the tie line and the controllers, i.e. 
the electrical angle between rotor and output voltage is neg- 
lected in comparison with tie-line angle and time-error angle. 
Secondly, the damping coefficients associated with the turbines, 
electrical apparatus and loads are made constants by con- 
sidering small departures only from normal working conditions. 
This treatment also allows the tie-line synchronizing coefficients, 
which are sinusoidal functions, to be linearized. 

The four schemes of control dealt with in this paper are: 

(a) The speed governor (with integral of speed error and tie power 
control); this method of control is referred to!,3 as ‘speed governing 
with frequency-biased tie-line control’. 

(b) Integral of speed governing (with tie-line control), referred to 
elsewhere as ‘load-phase tie-line energy control’.4 3 

(c) Time-error governing (with integral of time-error and tie-line 
power control)2, 5, 6; a time-error governor has also been referred to 
as a synchronous governor. Mathematically, the integral of speed 
governor as described in Reference 4 performs the same function as 
a time-error governor; however, they differ physically in that devia- 
tions in speed are measured and integrated to provide a feedback 
signal in the former, while actual angle or time error is measured in 
the latter. In addition, the gains of described time-error governors 
are greater by a factor of approximately 100 than the gains of 
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described ‘load-phase’ controllers which appear to be the normal 
supplementary system time controllers. ; 

(d) Integral of time-error (with tie-line control); this method of 
control has not been suggested previously and is included in the 
paper for the sake of completeness. 


It is proposed first to describe these schemes, and the signal 
flow diagram (see Section 8.1) has been chosen as the medium 
to do this; by having the controlling signals specifically repre- 
sented, the similarities and differences will be apparent. Similar 
control loops may be identified in the diagrams of the various 
schemes. 

Secondly a quantitative comparison is drawn between these 
schemes as they could be applied to an actual power system, the 
basis of comparison being the integral square error of certain 
variables within the system. These variables are the tie-line 
power transfer, the speed or frequency of the system and the 
electrical time of the system. The errors in these quantities are 
the amounts by which they depart from the scheduled or correct 
values. The integral square error is frequently used to describe 
the quality of a servo mechanism and is obtained by squaring 
the error and integrating with respect to time over a long period. 
For example, the integral square error of the power flow through 
a tie-line is 


+0 
LS.E. = | (AM,)adt, 


where AM, is the instantaneous error in tie-line flow from the 
scheduled value, M,. 

There are a few properties of the integral square error which 
are worthy of note and which have a bearing on the results of 
Section 4: 


(i) The error itself, AM,(t), a function of time, must eventually 
go to zero, otherwise the integral square error is infinite. 

(ii) The value of the integral depends on the length of time the 
error is not zero. 

(iii) Because of the squared term the value of the integral is 
sensitive to large errors. 

(iv) Minimization of the integral square error as a design criterion 
does tend to give a somewhat oscillatory response; in consequence, 
the degree of stability of the system must be checked when applying 
this criterion. 


The signal flow diagram is drawn from the system equations; 
for example, eqn. (1) is the p.u. torque equation of a machine 
coupled to others by tie-lines (Section 8.2): 


Tp’ + Doo + M,+M,+M,=0 . . (1) 


This equation could equally well represent a closely coupled 
area, in which case the coefficients would be composite ones 
describing the area as viewed from the outside. The tie-line and 
load contributions, M, and M, respectively, are considered to 
be frequency-invariant, and damping torques from these sources 
are included in the general damping coefficient, D. 

The prime-mover contribution, M,, may itself consist of 


several components; a speed-error governor will provide a. 


component Aw/é; a time-error governor gives KAQ; tie-line and 
integral of time error controllers have their effect on M, when 
fitted. These are introduced at the input node A (Fig. 1), which 
has the units of equivalent p.u. torque. In addition to these 
signals from outside sources, the prime-mover torque is influenced 
dynamically by any energy-storage elements in its tributaries; 
the steam-header lag and the servo-motor lag are represented 
by the transmittance 1/[(r’p + 1)(7’p + 1)]; in addition, there 
may be feedback signals inserted for stabilizing purposes. 

It will be seen that Fig. 1 represents the area torque signals 
for any configuration of governor and controller; it is the 
basic diagram to which will be added the feedback-signal flow 
paths depending on the controlling system used. 


11 


1 4 i 
(Tp +1)(T"p+1) 


p(Tgp+D) _$, 
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Fig. 1.—Basic signal flow diagram of a machine set or compact area 
showing the various torques acting. 


(2) SCHEMES OF CONTROL FOR THE SYSTEM 


(2.1) Speed Governor (with Integral of Speed Error and 
Tie Power Control)!:4 


This is the conventional frequency-biased tie-line control; 
eqn. (2) gives the component parts of an increment in M,, 
[see eqn. (1)] for one of two speed-governed areas connected 
by a tie-line (small departures from normal load conditions are 
taken): 


1 1 K; K, 
oat ek eat ea 
AM eye ml Gre + Fhe, +3 AM,) ) 
where AM, = “H4(A0, AOL ee 


Fig. 2 is the signal flow diagram of area 1 when controlled 
according to eqns. (1), (2) and (3). It includes the reference 
levels of frequency, 92, scheduled load setting, M,, and scheduled 
tie-line power setting, M,, the first and the last being common 
to the two areas considered. 

A negative-feedback path results in the speed error of area ? 
being identified at the node w,. This is used by the speed-. 
governor transmittance, 1/5,, and the integral of speed trans-. 
mittance, K,/p, to produce a contribution to the throttle com-. 
mand at node A. The integral loop will ensure that there is no 
frequency error of the area in the steady state, but there will be a: 
time error depending on the area load and the value of K,.. 
This time error could become excessive owing either to inac-: 
curacies in the controller or to a low value of K,, or for both) 
reasons, in which case a supplementary integral of time-error! 
loop is required, manual or automatic, not shown in Fig. 2. 

The tie-line controller detects the error in M, from its scheduled: 
value, M,, and applies integral-type correction through the: 
transmittance K,,/p so that there is no steady-state error in: 
tie-line power flow. It is assumed there are no essential times 
lags in these control paths comparable to the header and servo: 
motor lags 7’ and 7”. 


(2.2) Integral of Speed Governor (with Tie-Line Control)4 


Eqn. (4) gives the component parts of an increment in Mi 
of eqn. (1) for this scheme of control. Again the equatio 
refers to small departures in order that the coefficients may be 
considered constants, and the subscript 1 denotes parameters’ 
and variables associated with the first of two areas connecte 
by a tie-line. 


1 
AM,, = 
PL (rp -I)G’p +1 


Fig. 3 is the signal flow diagram of one area which as shown does 
not correct for an error between electrical and standard time. 
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Fig. 2.—Flow diagram of a speed-governed set or area with integral of speed and tie-line controllers. 


(2.3) Time-Error Governor (with Integral of Time Error 
and Tie Power Control): 5:6 


This is a complete scheme of control for an interconnected 
system, and while, when designed for a particular situation, 
certain simplifications and approximations can be made, as 
will be seen later, it is felt that the correct starting-point should 
be the complete control. Eqn. (5) is the expression for an incre- 
ment in the prime-mover torque of ean. (1). 


1 
RG pn iG pl) 
AM, io Ady - A¢>) 
== 12912 . . ° . . ° (6) 


The signal flow diagram is shown in Fig. 4 where it will be 
seen that there are four reference quantities in each area; 
standard time, @, and the tie-line setting, M,, are common to 
both areas; the area setting, M@,; the area time-angle reference, 
0,, is related to the other area time-angle reference by the 
_ scheduled tie power and the effective tie-line constant at that 

level, T;,». The significance of these reference levels is seen in 
Fig. 5, which is a diagram of equivalent time angles traced out 
as the machine rotates. OB, OA, OC and OC’ rotate anti- 


K. K, 
AM,, (KG, ie ~SA8, te “AM, ) _ (5) 
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Fig. 3.—Flow diagram of a set with integral of speed and tie-line 
controllers. 


coupled area of the system. OB represents the correction exerted 
by the controller in that signal, 6; radians, appears at node B 
of Fig. 4 such that 
K,, A@ 
(Seo pea at 
1 ‘ica Sp 
In the steady state, because of the integrating term, 0; > 0, > 9, 
and OB coincides with OA. 
Referring to Fig. 4, the path involving K,,/p ensures that 


Fig. 4.—Flow diagram of a time-governed set or area with integral of time-error and tie-line controllers. 


clockwise and indicate the angles at the various nodes of 
Fig. 4. OA is standard time and traces out @ from the 
datum. OC’ indicates the actual rotors’ position of the tightly 
‘coupled area while 0, is the time error. OC is the scheduled 
rotor position and could coincide with OA for one tightly 


there is no steady-state error, A0Q,, i.e. no supplementary time 
control is necessary. The tie power deviation is zero in the 
steady state owing to the path K,,;/p, while the operation is 
stabilized under transient conditions by the feedback with 
transmittance K,p*/(7,p + 1). 
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STANDARD 
TIME 


Fig. 5.—Angle or electrical time diagram indicating node values of 
Fig. 4 


(2.4) Integral of Time-Error Governor (with Tie-Line 
Control) 
This configuration of control (Fig. 6) gives the correct steady- 


state conditions for the interconnected system; it remains to 
discover if they are ever reached owing to the dynamic errors 
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Fig. 6.—Flow diagram of a set with integral of time-error and 
tie-line controllers. 


being considerable in magnitude and duration for normal 
power-system parameters. 

The optimum form of stabilizing for this system is a series 
transmittance of (7,p + 1)?/(73p? + 2f7,p + 1) where, ~ T,/D. 


(3) COMPARISON OF CONTROLLERS 


It was mentioned earlier that this analysis is mainly directed 
at optimizing the control of tie-line power transfer, which must 
be done consistently with satisfactory operation of the areas as 
individual units. This involves, first, choosing the type of system 
(proportional, integral, etc.) controlling the variables which 
affect the tie-line power transfer in any way, and secondly, 
obtaining the correct values of the parameters of these con- 
trolling systems to give optimum control on the criterion of 
minimum integral square error of tie-line power transfer, fre- 
quency and system angle with respect to the time standard. 

It is clear that, as a steady-state value of zero is required for 
the tie-line power deviation from its scheduled value, an integral 
type of controller is necessary. This is common to all modern 
systems?-+,> and can be identified as the feedback loop including 
K,|p from M, to M, in Figs. 2, 3, 4 and 6. 

Depending on the parameters, a control of this nature, 
in the absence of any other feedback control, can produce 
incorrect operation in a system consisting of areas coupled by 
tie-lines. Consider the two-area case; a load increase in area 1 
involves a contribution by the machines in both areas, the 
contribution from area 2 causing a tie-power deviation in the 


direction towards area 1. Suppose the tie controller, as a result — 
of the signal received, throttles-up the prime movers in area 1; 

it must, by the same token, throttle-down those in area 2. This 
last action is incorrect as the load has not changed in area 2. 
The tie controller’s action is identical in the case of a load | 
decrease in area 2 except that now the act of throttling-up area 1 
is incorrect. The final result could be hunting between the 
areas through the tie-line. 

The feedback loops involving frequency-biasing (the K/p path 
of Fig. 2), load-phase control (the K/p path of Fig. 3) or time- 
error governing (the K path of Fig. 4), assist correct operation. 
The action of each of these paths is identical in that they detect 
the increment in time error consequent upon a load increase 
and generate a signal tending to throttle-up the machines of 
both areas. 

For the above example of a load increase in area 1, this con- 
troller (or time-error governor) produces, in the steady state, a 
signal directing throttling-up action in area 2 in opposition to 
the signal directing throttling-down action received from the 
tie-line controller. Thus the tie-line deviation is allowed to 
decrease to zero in a relatively short time. 

It is commonly held that, for a speed-governed system; 
optimum values of K, K, and § are given by 


ie pS ) 
eM aaer . . . : . . (7) 


This is a steady-state relationship relating to a possible state 
of affairs at the node A of Fig. 2; for the system parameters 
investigated here, the dynamic equivalence of signals from 
speed governor and tie-line controller is not given by the above 
relationship. The same remarks apply to the postulation that K 
should be equal numerically to the ratio K,/K, of Fig. 4. 

In comparing the systems of Figs. 2, 3 and 4 it can be seen 
that they have certain similarities. First, although for practical 
accuracy reasons the angle is measured in the time-error system 
while the frequency is. integrated in the other two systems, 
mathematically the results are identical. Secondly, the speed- 
governor signal of Fig. 2 which can be considered as a feedback 
stabilizing signal, is replaced in Fig. 4 by more efficient stabilizing 
feedback, K,p7/(7,p + 1), while the system of Fig. 3 operates 
without stabilizing but at a reduced gain. Thirdly, all three 
systems basically require time correction in the nature of a 
contribution to M, of the form K,Aw/p? or K,A6/p. However, 
if K can be kept reasonably high, the time error will be 
tolerable enough for most purposes, particularly if a drift- 
free type of pick-off for time error is used, as in the case of 
Fig. 4. Alternatively, if a low value of K, is used in Fig. 4 (and 
there does not seem much point practically in making it high) 
then the reference 6, can be the same as standard time, an 
arrangement which makes the practical circuits much simpler. 


(4) RESULTS OF QUANTITATIVE STUDY 


In this Section the effectiveness of the various control schemes 
for interconnected systems will be compared by considering the 
integral square errors of the controlled variables following a 
step load impact of 0-1 p.u. in one area. These errors have 
been evaluated by analogue computer, the system being linearized 
by taking small departures about full load. The extent of inter- 
connection has been limited to two areas, and to simplify the: 
problem further, these have been chosen as identical since this 
represents the most critical case. 


(4.1) Operation of One Area in Isolation 


The operation of one area in isolation is not presented in detail | 
but the results are summarized in Table 1. The parameters for: 
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Table 1 
OPTIMUM ISOLATED SYSTEMS 


(1) ' (2) 
Speed governor with Int lof 
integral of frequency ntegral of speed 
loop operative control 


Type of control 


G3) (4) 


Time-error governor Integral of time-error control 


Variable 
parameters 


K = 0:01 p.u./rad 


LS.E. of speed for 


0-011 5 rad2/time-rad 
0-1 p.u. step load 


0-259 


Sam 


Hou ll 


-1p.u./rad K, = 0:00004p.u./rad x time-rad 
400 p.u./rad/time-rad2 | t; = T,/D time-rad 

14 time-rad Tz = 15-7 time-rad 

sec = 0-1 sec 

C—O 


0 
7 
3 
2 


0:0107 


Invariable 
parameters 


a = 1050 time-rad = 6-7sec 
t’ =t” = 65 time-rad = 0-42sec 


each area have been optimized by using as a criterion the degree 
of stability of the governor response to a step load disturbance 

combined with low integral square errors of speed for the area 

when isolated. These values form a basis for setting up the 
interconnected study. 


(4.2) Interconnected Operation 


Curves Ii(a), 2(a) and 3(a) of Fig. 7 are for interconnected 
Operation of systems 1, 2 and 3 of Table 1 and show integral 
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Fig. 7.—Effect of governors on tie-line power flow. 


Ta = 6:7sec, D = 3p.u./rad/time-rad 

a’ = 7’ = 0-42sec, [512 = 0-Sp.u./rad 
Curve 1(a).—Speed governor. K = 0-05p.u./rad 5 = 0-043 
Curve 2(a).—Integral of speed governor. K = 0-01 p.u./rad 


iS Curve 3(a).—Time-error governor. K = 0-1p.u./rad, Kp = iL p.u./rad/time-rad? 
of I RES 


Curve 3(b).—K = 0:06p.u./rad, Ks = 8 600, t» = 4sec 
Curve 3(c).—K = 0:02, Ky = 8600, t = 8sec 
Curve 3(d).—K = 0-1, Ky = 8600, ts = 4sec 


square error of the tie-line power flow plotted against tie-line 
controller gain, K,, for a tie-line synchronizing torque coefficient 
of 0-5 p.u./rad. The interesting result is that system 2, integral 
of speed control, allows the lowest integral square error for 
the tie power despite the large frequency and time errors due to 
low governor gain. Curves 1(a) and 3(a) show that high-gain 
speed and time-error governors behave very similarly as regards 


D = 3p.u./rad/time-rad 


tie power errors, and the minimum integral square error obtain- 
able from each system is almost the same and about 50% greater 
than for system 2. It would appear that increasing governor 
gain adversely affects tie power errors. This view is further 
confirmed by considering curves 3(a), 3(b) and 3(c) which show 
that reducing the time-error governor gain does reduce the tie 
power errors. However, it should be noted that for each value 
of governor gain the feedback stabilizing has been adjusted to 
give suitably stable governor responses. 

In order to separate the effect of governor and stabilizing 
loops on tie power, curve 3(d) was obtained for a system having 
the same governor gain as 3(a), but with feedback stabilizing 
identical to that used for curve 3(b). The minimum error for 
3(d) is greater than for 3(b), indicating that increasing the gain 
of the time-error loop does increase tie power errors, but less 
than for 3(a) which indicates that a reduced time-constant in the 
feedback stabilizing loop also adversely affects control of tie 
power. The important point is that both time-error and 
stabilizing loops affect the integral square error for tie-line 
power flow. By making either of these loops more responsive 
the tie power errors are increased. 

Curves 1(a) and 3(b) enable speed and time-error governors of 
approximately equal gains (K = 0-05 and 0-06 respectively) to 
be compared and they show that the latter system is superior in 
controlling tie power errors. The conclusion here is that the 
K,p’|(t,p + 1) loop of the time-error governor does not adversely 
affect the tie-line power swings as much as does the speed 
feedback loop of the speed governor. 

Comparison of curves 3(a), 3(c) and 3(6) shows that, by intro- 
ducing stabilizing feedback, K,p?/(t,p + 1), into system 2 
(thereby obtaining a time-error system) the governor gain can 
be increased by a factor of 2 or 3 with very little adverse effect 
on tie power errors and considerable improvement in frequency 
and time control. 

To compare speed and time-error systems further and to 
study the effect of strength of tie between areas the results 
shown in Fig. 8 were obtained. The similarity between the two 
systems already observed for T,,. = 0-5 is equally apparent for 
T,12 = 1 and 0-1 p.u./rad. 

More important is the variation of the integral square errors 
of tie power with 7,;5. For T,,. equal to 0-5 p.u./rad these 
errors have a maximum, which means that interaction between 
area control loops and power transfer between areas is most 
critical in this range. Therefore its choice for the results of 
Fig. 7 emphasized the characteristics dependent on interaction 
between governor and tie power loops which were observed in 
this Figure. 
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LS.E. OF TIE-LINE POWER FLOW 


ie) 0:01 0-02 
TIE-LINE CONTROLLER GAIN 


Fig. 8.—Effect of Js12 on tie-line power flow. 


Speed governor. 
——-—-— Time-error governor. 


Parameters as listed for respective governors in Table 1. 


Table 2 


EFFECT OF K, ON INTEGRAL SQUARE ERROR OF TYE-LINE 
POWER FLOw 


L.S.E. for 


LS.E. for Ke=9 | ~~ 9:00013 


226 
1-82 
23 


Ts12 = 0:5p.u./rad. Other parameters as listed in Table 1, column 3. 


I.S.E. OF SPEED 


LS.E. OF TIME 


(@) O11 
INTEGRAL TIME- CONTROLLER GAIN, Ke x10" 


Ore 


Fig. 9.—Effect of integral of time controller on time-error governor 
of an isolated system. 
Parameters as listed for time-error governor in Table 1. 
Ts12 = 0, Kp = 0 


AN ANALYTICAL REVIEW OF 


It has been pointed out that a continuously acting integral-of- 
time controller can be added to the time-error governor, and 
tests indicate that a comparatively high gain is feasible. Table 2 
shows that a value of K, equal to 0:00013 p.u./rad time-rad 
does not seriously affect the integral square errors of tie power 
flow. Fig. 9 shows first, that K, does increase integral square 
errors of speed in an isolated area but not very rapidly; secondly, 
that K, can be chosen so as to minimize integral square errors of 
time. These two results are also true in an interconnected 
system. 


(5) CONCLUSIONS 


In an interconnected system there are three controlled variables 
to be considered—frequency, time, and tie-line power flow—and 
results show that only one of these can be optimized by suitably 
adjusting whatever control system is chosen. The choice of 
system determines the minimum errors obtainable, one system 
being best suited for small tie-line errors, another giving the 
lowest frequency errors. 

To keep accurate frequency and time, high-gain governors 
such as system 1 or 3 are required, and these systems give tie- 
line errors greater than those obtained when using system 2. 

Comparing systems 1 and 3, the time-error governor can be 
designed with the higher gain and has the lower integral square 
errors for frequency and time. When each system is designed 
for maximum gain (K =0-05 and 0-1 p.u./rad, respectively:, 
they each have approximately equal integral square errors for 
tie-line power flow. If the gain of the time-error system is 
reduced to equal that of the speed governor (K = 0-05 p.u./rad) 
it gives similar frequency and time errors, but the integral squars 
errors of tie power are now about 75% of those for the speed 
system. 

System 2, integral of speed control, gives the lowest integral 
square error for tie-line power but has the disadvantage of large 
frequency errors. A low-gain time-error governor having much 
lower frequency and time error can be designed to give tie-line 
power errors almost as low as those for system 2. 

A time-error system with a gain of 0:06p.u./rad gives a 
minimum integral square error for tie-line power which is only 
about 10% greater than that for system 2 and has frequency and 
time errors as low as those obtainable with the best possible 
speed governor. Such a system appears to offer the best com: 
promise for frequency and tie-line control. If desirable, a low: 
gain integral of time-error loop can be added to this system: 
causing a small increase in frequency error (about 10%) bu: 
without any serious increase in tie-line power error. 


(6) ACKNOWLEDGMENTS 


The authors are indebted to Mr. C. P. Gilbert, Officer 1i 
Charge of Utac, the analogue computer at the School of Elec’ 
trical Engineering, University of New South Wales, for hi 
assistance in this study. 


(7) REFERENCES 


(1) KeLier, R.: ‘Operating Results with New Method of Fr 
quency—Biased Tie-Line Control’, Brown Boveri Reviey 
1945, 32, p. 223. 

(2) BROADBENT, D.: ‘Integral Governing of Turbo-Alternators 
Electrical Engineer (Melbourne), 1953, 29, p. 354. 

(3) ConcorpiA, C., and KIRCHMAYER, L. K.: ‘Tie-Line Pows 
and Frequency Control of Electric Power System 
Transactions of the American I.E.E., 1953, 72, Part I 
p. 562. 


} (4) Cauen, F., and CHEvatuirr, A.: ‘Le réglage puissance-phase. 


Nouvelle méthode pour le réglage automatique de la 
fréquence d’un réseau comportant de multiples usines 
génératrices’, Bulletin de la Société Francaise des 
Electriciens, 1953, 3 (VID), No. 34. 


| (5) BRoADBENT, D.: ‘Governing in Power Systems by Time- 


Error’, Proceedings I.E.E., Monograph No. 200, Sep- 
tember, 1956 (104 C, p. 130). 


(6) BROoADBENT, D.: ‘Time-Error Control for Interconnected 


Synchronous Electric Power Systems’, Transactions of the 
American I.E.E., 1958, 77, Part III, p. 1554. 

(7) TRuUxAL, J. G.: ‘Automatic Feedback Control System 
Synthesis’ (McGraw-Hill, 1955). 


7 (8) BRoaDBENT, D.: Discussion contribution, Proceedings MWB) Bop 


1960, 107 A, p. 399. 


(8) APPENDICES 


(8.1) Signal Flow Diagram 


The signal flow diagram is an alternative to the block diagram 
in the representation of an interconnected system and its reduc- 
tion in a systematic form. The values of system variables are 
indicated by the values of the nodes connected to each other by 
transmittances, the independent variables being the input nodes, 

shown as hatched semicircles. The diagram has a particular 
advantage when considering complex interconnected systems, 

in that the variables are immediately available for inspection 
and the factors influencing their values are clearly discernible 
if the incoming paths to the respective nodes are inspected. 

The signal flow diagram is drawn from the n simultaneous 
equations of the system; these are written in terms of the n 
‘dependent variables and their coefficients which contain the 
system parameters and the operator p. The compilation of the 
diagram involves simply multiplying a node value by the out- 
going transmittance to obtain the contribution to the adjacent 
node; naturally the dimensions of the nodes and transmittance 
must be correct. 

For example, if the per-unit torque equations of two machines 
coupled by a tie are written for small departures from the steady 
state we get 


AM a. AM, + T,,,pAw, + D,Aw, + AM, = (i) (8) 


AM, + T.,.pAwy, + D,Aw, + AM, == (0) (9) 


We may rewrite eqn. (8) for the dependent variable, Aw,, 
and choosing its sign for convenience, 


Aw, =5 = AM ae AM, =: AM,1) 


ip 


1 
aL 10 
or AG, (T, pam + AM, AM,) (10) 


The torque from the prime mover, AM,,, can only be con- 


trolled through the throttle servo motor and the steam header, 


each of which can be considered to have a time-constant. Let 
the torque deviation in the absence of these two elements be 


AM,;. Then egn. (10) becomes 
pee | . (1) 
(7p + 1)(r"p + 1) 


1 

A@ =a OM + AM, 4 
ripe DE" 

This is the equation representing small departures from the 


node values given in Fig. 1. ; 
A similar diagram may be obtained for the second machine 
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through eqn. (9), and the two diagrams may be connected by 
using eqn. (12): 


T. The 
AM = S52 Aq LLIN, 1) 
t 7 1 B 2 (12) 


This leads to the interconnection shown in Figs. 2 and 4 and 
implied in Figs. 3 and 6. It will be seen from Fig. 2 that the 
signal flow diagram allows the steady-state quantities, e.g. M,, 
and the scheduled quantities, e.g. M,, to be explicitly shown, as 
well as the incremental quantities or errors. 


(8.2) Derivation of the Per-Unit Torque Equation of a 
Closely Coupled Area 


Let w, be the base speed of rotation of the machine, from 
which time may be measured in time radians, the angle swept 
out by a vector rotating at w, for the period concerned. Then 
1 sec equals w, time-rad. If 


D = p.u. damping torque/p.u. slip 
= p.u. damping torque/p.u. departure from w, 
= p.u. damping torque/rad angular displacement/time- 
rad, 
then D7, = damping in torque units/rad/time-rad 
where 7; = base torque in torque units. 


For a change in speed of pAd rad/sec the damping torque 


equals DT,pA¢/w, torque units, where the units of p are sec” !. 
The torque equation is then 


(13) 


Ip-Ad 4 pr, | AT, + AT, =0 


where J is the moment of inertia of the rotating parts, AT is the 
prime-mover torque change and AT; is the load torque change. 
If we define the starting time as Jw,/T, sec, then T, = Jw}/T, 
time-rad. 

Substituting for J in eqn. (13), 


2 Ad 
p ; P me 
To Aoi Dm, as + AT, + AT, =0 


2A A 
or Are py PNA AMO 
we Wp P 


Changing the units of p from sec™! to rad~!, we get 


T,p’Ad + DpAd + AM, + AM, = 0 (14) 


(8.3) Derivation of Controller Equations 


This Section is concerned with the way in which the feedback 
paths of the several controllers and governors influence the 
value of M,, in Figs. 1, 2, 3, 4 and 6. The node M, has the 
units of per-unit torque, whence gain constants will be contained 
in the incoming transmittances. 

Between M,,, the torque at the turbine if there were no 
throttle servo-motor time lag, 7’, or steam-header time lag, 7’, 
and M,,, the actual torque at the turbine, is the transmittance 
1/(7’p + 1)(7’p + 1). This may be explained physically if we 
say that M,, is the torque equivalent of the input movement of 
the servo motor (the flyball collar movement of a speed governor) 
and M,, is the torque equivalent of the actual movement of 
the throttle. The transmittance between M,, and M,; is then 
I/(r’p + 1). The torque equivalent of the actual steam available 
is M,,, and hence the transmittance between M,, and M,, is 
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1/(7’p + 1). It will be seen that this is an approximation and 
only justified if small departures are taken. 


(8.3.1) Speed Governor. 


The per-unit regulation of a speed governor is defined as the 
per-unit change in speed for 1-O0p.u. change in torque. The 
incremental value, 5, has the same basis, and hence the incre- 
mental gain of the governor is 1/6 p.u. change in torque/p.u. 
change in speed. For a simple speed governor, therefore, 


(15) 


(8.3.2) Integral-of-Speed Governor.4 


The mechanism of the integral-of-speed governor integrates 
the speed change over a period measured from a certain point in 
time. It therefore produces a signal depending on the angle 
associated with this speed change. For small increments the 
mathematical treatment is the same as that of the time-error 


governor. For a simple integral-of-speed governor, 
: Aw 


(8.3.3) Time-Error Governor.5 

The time-error governor measures the actual angle between 
the machine rotor and standard time, the torque of the prime 
mover being made proportional to this angle: 


t 
M, = KAO ee sce (17) 


There is no steady-state speed error with this system. 


(8.3.4) Integral-of-Time-Error Controller. 


The integral-of-time-error controller integrates the angle by — 
which the machine rotor lags on standard time, and applies a 
corrective torque at the turbine proportional to the integral. In_ 
a miniature system on which References 5 and 6 were based, this 
function was performed by an electrical circuit involving opera- 
tional amplifiers. In conventional power systems, it is often 
done by a throttle inching control on the speed-setting screw 
operated from a time clock. This component to turbine 
torque is 


e Ad 1 
"PD ATP TANG Dial) 


(8.3.5) Integral-of-Tie-Power-Error Controller. 

The tie-power-error controller measures the deviation in tie 
power from its scheduled value and provides a correcting torque 
at the prime mover proportional to the time integral of this 
deviation, i.e. 

AM, 1 
EMD (2p pee) 


It can work in conjunction with the controller of Section 8.3.4 
and can, with advantage, employ the same control circuits. 
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SUMMARY 
An expression for the magnetic excitation inside a cylindrical thin- 


/film ferromagnet is derived, and a Table of computed values is given. 
| The results are considered to be relevant to work on thin ferromagnetic 


films for digital-storage applications. 


LIST OF PRINCIPAL SYMBOLS 


_ B= Magnetic field strength, Wb/m2. 


H = Magnetic excitation, A/m. 


_ M = Magnetization, A/m. 
_ u& = Magnetostatic potential, A. 
| Bo = 47 X 1077 henry/m. 


Mean radius of the cylindrical thin film, m. 
a = Half length of the cylindrical thin film, m. 
© = Thickness of the cylindrical thin film, m. 


(1) INTRODUCTION 


When the direction of magnetization in a very thin film of 
ferromagnetic material is reversed, by the application of a strong 


reversing field, the formation and movement of domain walls 


in the film should be prohibited by energy considerations,! and 
the magnetic reversal should take place as a uniform procession 
of magnetization throughout the entire volume of the film. 

This effect, which should occur in films about 0:2, thick, 
has been discussed by several authors and has been demonstrated 
experimentally.2;3 Because the magnetic reversal should take 


place very rapidly under these conditions, the use of a thin film 
as the element of a high-speed digital store has been proposed. 


Fig. 1 shows one of the forms that a thin-film storage element 


Fig. 1.—A thin-film storage element. 


could have. The film is deposited round a cylindrical substrate, 
and the store is built up from several of these elements, used in a 
similar way to the familiar ferrite toroids. As the direction of 
Mg is reversed in an element, the vector M will rotate. Energy 
considerations, however, will prevent any considerable com- 
ponent of magnetization being produced in the radial direction 
during this rotation, so that a component M, must be produced 
that rises to a maximum value, nearly equal to the saturation 
magnetization, and falls to near zero again as the reversal is 


- Correspondence on Monographs is invited for consideration with a view to 


ublication. : 
4 Mr. O’Dell is at the U.K.A.E.A. Atomic Energy Research Establishment. 


completed. Unless the film is infinitely long this will mean that 
a component of excitation H,, in opposition to M,, will be 
produced inside the film during reversal. This so-called ‘demag- 
netizing excitation’ will have a considerable effect on the mag- 
netic reversal> unless it is negligible in comparison with the 
applied excitation H,. 

An alternative arrangement for a cylindrical storage element 
has been proposed,* where the cylindrical elements are normally 
magnetized in the axial direction and the reversing field is 
produced by solenoidal windings around the film. In this case 
the demagnetizing excitation affects both the static and dynamic 
behaviour of the film. 

In this paper a general expression is obtained for the magnetic 
excitation inside a thin cylindrical film, and a Table of computed 
values is given for a range of length/diameter ratios. The 
calculation is a magnetostatic one, so that any application to 
the dynamic problem of magnetic reversal must be under 
quasi-static conditions. 


(2) THEORETICAL CONSIDERATIONS 
The equations of the magnetostatic field are® 


Curl EE =. OF ee 2a oe Ss El) 
div B= 0 GSe-.ae. (2) 
B= pi MO we eee) 

so that, from eqns. (2) and (3), 
dive = div Ms sa, ome oe ce 4) 

In view of eqn. (1), H may be described by 

H=-—grad’. . (5) 

so that, from eqns. (4) and (5), 
Vb ee Cie pearutlle ae tieger 6) 


is obtained as the equation of the magnetostatic field. Given 
a complete description of M within a ferromagnetic body, 
eqn. (6) may be integrated as follows. 

Consider a ferromagnetic body in any state of magnetization. 
Let n and n’ be unit vectors normal to the surface of the body, 
n pointing out of the body and n’ into it. In view of eqn. (2) 
the normal component of B must be continuous across the 
surface of the ferromagnet, so that eqn. (3) gives 


os 


== (7) 


es ae, Ti pase ag Se 
On 


Egn. (6) can now be integrated using the boundary condition ) 
and the condition that ys vanishes sufficiently strongly at infinity, 
by the usual application of Green’s theorem.’ The result is 

a paaile — OSesmn tiles 


An v Vik 


(8) 


i= 


ee 
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where the volume integral is taken throughout the entire volume 
of the ferromagnet, the surface integral over its entire inside 
surface, and rj, is the distance from the point of integration, /, 
to the point k at which % is to be evaluated. The point &k can 
be either inside or outside the ferromagnet. ' ' 

Having determined ¢s at any point, the excitation H is found 
by using eqn. (5). 


(3) THE INTERNAL EXCITATION OF A THIN 
CYLINDRICAL FILM 


Consider the cylindrical thin film shown in Pig. 2, serain 
cylindrical co-ordinates (r, 9, z). 
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Fig. 2.—A cylindrical thin film. 
It will be assumed that the film is uniformly magnetized, so that 
iva V1 Oe ante meee) ee enn) 


which implies that the film is a single ferromagnetic domain. 
It will also be assumed that the film is extremely thin, so that 


5<b 

6 <a 
and that ¢& is to be evaluated only at points where r = b and z 
is such that 


(10) 


(a —|z|)> 6 (11) 
Under these conditions, if 
a—@ 
= ( ; ) ' (12) 


rx and rj, (Fig. 2), occurring in eqn. (8), can be written approxi- 
mately as 
(7)? = (a — z)? + 462(1 — sin? a) 
(r4)? = (a + z)* + 46°01 — sin? «) te) 


because, provided condition (11) is satisfied, the variation in rz 
with r can be neglected. Similarly ds is simply 


ds = 2bddu (14) 

Bat (2b]a)? 
Now if (k,) Ghigaaey (15) 
and (k,)? = Cals (16) 


(2bja)? + + zfa)? ” 
substitution of eqns. (9), (13), (14), (15) and (16) into eqn. (8) 
gives 


Mor { k, k> 
es [ [1 — (k,)? sin? ia} 


27 Jo 1 — (k,)* sin? o]!/2 
: (17) 
M, 
so that ob — oe [k, K(k) = k,K(k>)| (18) 


where K(k) is the complete elliptic integral of the first kind. 
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Eqn. (18) is the required solution for ys, subject to the condi- 
tion (11) that restricts the permissible range of z. Eqn. (5) is* 
now used to find H,: 


M,6 | dk, 
Qn | Kc, : 


1 dKtky) d(k,)? 
Vd(k,)? dz 


H, = 


dk dK(k,) Oe Fs 
See koa? dz (1) 
The identity® 
dK(k) _ E(k) — (1 — k*) K(k) (20) 
d(k)? ss 2k? — ke) 1/2 
t/2 
where fat (1 — 2 sin? a)'Pden. (21) 
0 
and the derivatives of eqns. (15) and (16), 
d(k,)? ‘e (k,)°[1 ote (k1)°]'? (22) 
dz b ; 
dk, _ — (e[ = &)I!? On 
dz b 
can all be used to simplify eqn. (19) to 
o we 2 ' 
y, M5 f_ Eyre), PE) | ony 


4mb | [1 — (7/2 © LL = ea) 
Eqn. (24) is the required result for the internal excitation as a 
function of z/a, b/a and 6/b. The result depends upon condi- 
tion (11) being satisfied, however, so that eqn. (24) cannot be 
used to calculate H, at the very ends of the cylinder, where 
z= + a, because the integrand of eqn. (17) has a singularity at 
z = +a due to the use of eqn. (13) as an approximation for rj. 
In order to calculate H, when 
0< (a— |z|))~d (25) 
it is assumed, in view of eqns. (10) and (25), that one end of the 
cylinder can be approximately represented by the flat infinite 
half-film shown in Fig. 3. The effect of the other end of the 
film is therefore neglected, and ys is evaluated at points on the 
linese—tO ess! 


Fig. 3.—The flat infinite half-film representing one end of the 
cylinder. 
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Table 1 
VALUES OF D(z/a, b/a) 
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Here (riz)? = (a — |z|)? + x2 + y? (26) 

and ds —- dxdy ae (27) 

50 that, from eqns. (9), (26) and (27), eqn. (8) becomes 
| ok — (28) 

i Beep a — (2) exe ey? |" 

‘From eqn. (5), 

| aos Del als +8/2 (a — |z|)dydx sy 

| 2 Ea aa ze ay |e 

q 7, 

Hence a ae are cot ee (30) 

; 7 .) 

| Eqn. (30) gives the value of H, at the ends of the cylinder, 

where z = + a, and at distances of the order of 6 away from 


the ends. Combined with eqn. (30), eqn. (24) now gives an 
‘almost complete description of the excitation inside the film. 

At z= + a, eqn. (30) gives H, = — M,/2, which is a typical 
result for any uniformly magnetized body that has plane end 
faces.° In a real film, however, small reverse domains, of 
volume of the order of 5°, would be formed round the edges of the 
cylinder to relieve this high value of excitation. The formation of 
these domains would have a negligible effect on the values of H, 
well inside the cylinder, that had been calculated using eqn. (24), 
subject to eqn. (11), because the initial assumption of uniform 
magnetization is still valid over almost the entire film, div M 
being non-zero within a volume of the order of 27bS? at either 
end. In addition, the real edge of any evaporated or electro- 
deposited film is unlikely to be perfectly plane; a ragged edge will 
also reduce the value of H, from the high value given by eqn. (30) 
at z = +a because the term M.n’, that occurs in eqn. (8), 
will be reduced. 


(4) COMPUTED VALUES OF EXCITATION 
In practice, 5 will usually be less than one micron, while a and 
b will be not less than one millimetre. Condition (11) should 
therefore be well satisfied within the range 0 < |z| < 0-95a. 
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The ratio H,/M, is of primary interest, corresponding as it 
does to the demagnetizing factor often attributed to ellipsoidal 


bodies. Eqn. (24) is rewritten as 
H,|M, = = [Delay bla)] . (31) 
where D(z/a, b/a) = i Ne NE CE . (22) 


[a Se}? * [1 r" 


Table 1 gives the computed values for D(z/a, b/a) over the 
range, 0< z/a< 0:95 and 0:05 < bla< 3-0. 

As an example of using the Table, consider a film of 80/20 
nickel-iron alloy for which 6 = 0:24, a=1-0mm and 5 = 
1-Omm. Using egn. (31) and the tabulated values of D(z/a, b/a), 
it follows that the values of H,/M, are 


—0-671 x 10-4, atz =0 
—1-783 x 10-4, at z = 0-80mm 
—6-530 x 10-4, at z = 0-95mm 


If the film were magnetized to saturation in the z-direction, 
M, would be of the order of 8 x 10°A/m for this particular 
alloy so that the actual values of H, would be 


—55A/m, at z =0 
—140A/m, at z = 0-80mm 
—520A/m, at z = 0:95mm 


(5) CONCLUSIONS 


The above calculations show that the magnetic excitation 
inside a uniformly magnetized cylindrical thin film depends very 
strongly upon position. When there is a component of mag- 
netization, M,, in the axial direction the excitation can rise to 
such a high value, as the edge of the film is approached, that the 
initial assumption of uniform magnetization, i.e. that the film is 
a single ferromagnetic domain, can no longer be justified. 

The effect of this axial demagnetizing excitation will have to 
be considered in any theoretical discussions of magnetic reversal 
in thin ferromagnetic films. 
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DISCUSSION ON 


‘FLUX DISTRIBUTION IN A PERMEABLE SHEET WITH A HOLE NEAR 
AN EDGE’* 


Mr. W. E. Thomson (communicated): The author says that the 
flux on the circumference of the hole may also be approximately 
calculated as 


Wiican Ocarina eee) 


This equation is in fact exact, which may be shown as follows. 

Transform from the z-plane to the ¢-plane (€ = € + jn) 
by the transformation z =a tanh 2, where a = »/(b* — R?). 
This transforms the first quadrant of the z-plane, excluding the 
hole, into the rectangle in the ¢-plane bounded by the lines 
f= 0; € =, where 'secir 2¢;, — R/b), 4 = 0, y= a2. Bie 
line from (0,0) to (&.,0) corresponds to the x-axis from the 
origin to the edge of the hole; the line from (€,, 0) to (&., 7/2) 
corresponds to the upper semi-perimeter of the hole; the line 
from (€., 7/2) to (0, 7/2), to the remainder of the x-axis; and 
the line from (0, 0) to (0, 7/2), to the y-axis. 

In the ¢-plane, the required complex potential function is 
readily determined as 


w=d+ jh = >> ja tanh (€ — 2n€,) 


which is obtained by the multiple-image technique; its applica- 
tion is easier in the ¢-plane because the curves with respect to 
which Poe are required are the two parallel straight lines 
f=0. f= €.. 


* JAYAWANT, B. V.: Proceedings I.E.E., Monograph No. 368 M, March, 1960 
(see 107 C, p. 238). etap arch, 


The flux at the edge of the hole is now determined as 


te=A[ ¥ atanh€, + jn — 2b) 


n=—©o 
~ £& atanh[@ = 2) ¢,\0 5 fans) 
n2~o 1 + tanh? [(1 — 2n)€,] tan? y 

This is best considered as 


N 
% = lim >) (same summand as previously) 
N>o n=—N 
tee tanh [(1 + 2N)€,]( + tan? ) 

now f +'tanh? [2 )e, | tan 
since the term for n = 0 cancels that for n = 1, that forn = —? 
cancels that for n = 2, and so on, leaving only the term fo: 
i — Ne ence 


Ye= a= V(b? — RY 
as required. 


Dr. B. V. Jayawant (in reply): I am most indebted to Mr 
Thomson for providing the proof that the value of the stream 
function as calculated by eqn. (3) of my paper is in fact exact 
It was by a coincidence that I noticed the relationship of ¥) 
in some of the cases, as computed to the square roots of nature 
numbers. I was, however, unable to prove this result fron 
the imaginary part of eqn. (1). There was just a slight divers 
ence of the computed value of ys, from the square roots of naturz 
numbers in mathematical tables, no doubt due to taking accour: 
of the first five terms only of eqn. (1), to prevent me from drawim 
any definite conclusions. Incidentally, Mr. Thomson’s proc 
means that eqn. (4) also is exact. 


SUMMARY 


/ The thermo-electric power of an oxide cathode has been examined 
)-ently by J. R. Young, who finds it to be a complex function of 
/ nperature, dependent on the dual nature of oxide-cathode con- 
yctivity. By an experimental artifice the present authors show that 
| apparently complex form of behaviour is, in fact, the result of the 
/perposition of two quite simple phenomena. Two parallel-acting 
/2rmo-electric power functions are involved, and each of these is 
jvariant with temperature and temperature gradient. The two 
ljnctions are physically separated and each is measured over an 
propriate temperature range. The larger function, of magnitude 
0 — 3-0mV/degC, is associated with the vacuum movement of 
¢ctrons through the hollow pores of the oxide matrix; the smaller 
ie, of magnitude 0-5mV/degC, occurs in the chains of contiguous 
‘lid particles of the matrix. Owing to the parallel connection and 
‘equality of these functions, it is concluded that a temperature 
i adient through an oxide matrix leads to a continuous.circulation of 
iitrent, vacuum-wise in one direction and solid-wise in the other. 
(nce the larger function is essentially one involving thermionic emis- 
on of electrons in a vacuum, it can be satisfactorily explained in terms 
|’ Richardson’s law. 


| 
| 
| 
| 
| 


(1) INTRODUCTION 


Relatively little attention has so far been given to the thermo- 
lectric properties of oxide cathodes. Measurements of thermo- 
lectric power (t.e.p.) have been made by Becker and Sears,! 
llewett and Lovett, who find a value of about 2mV/degC 
ver a restricted range of temperature. A much more detailed 
xperimental study was made in 1952 by Young,* who measured 
.€.p. Over a wide temperature range and attempted to relate its 
omplex variation to the pore model of the oxide cathode 
atroduced by Loosjes and Vink.° 

In Young’s experiment a flat circular disc of barium strontium 

xide of the usual density was pressed between two flat electrodes 
if active nickel. The electrodes were provided with individual 
hermocouples and insulated heaters. After high-vacuum pro- 
‘essing and activation, the thermo-electric power, V/AT milli- 
rolts per degree, was measured between 300 and 1100°K. A 
esult taken from Young’s paper is set out in Fig. 1. 
The object of the present Part is to confirm and considerably 
xtend the work of Young, to develop a more adequate theoretical 
‘xplanation of the experimental observations, and to see whether 
he overall thermo-electric picture has any significant bearing on 
he operation of common receiving valves. 


The paper is a continuation of Monographs Nos. 221 R and 243 R, published in 
‘ebruary and June, 1957 (see 104 C, pp. 316 and 496), Nos. 268 R, 269 R and 289 R, 
ublished in December, 1957, and February, 1958 (see 105 C, pp. 183, 189 and 374), 
No. 317 R, published in November, 1958 (see 106 C, p. 55), No. 347 E, published in 
oo 1959 (see 107 C, p. 91), and No. 357, published in February, 1960 (see 

C). 
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Fig. 1.—Typical characteristic of V/AT, from Young. 


(2) EXPERIMENTAL OBSERVATIONS 
(2.1) Description of Experimental Valves 


The several forms of valve used in the experimental work are 
all based on the standard S-type assembly* and are shown 
diagrammatically in Fig. 2. Case (a) shows the standard S-type 
assembly with its flat plate of activated barium strontium oxide 
of density 1-0 sandwiched between the two rectangular box cores 
of active nickel. It is seen to be provided with insulated heaters 
H, and H, which are brought out of the evacuated envelope 
separately, and with individual thermocouples of platinum and 
platinum-rhodium. The system between the working core faces 
is thus a barium strontium oxide matrix only and the device is 
symmetrical. Case (6) is identical to case (a), except that it is 
provided with a vacuum gap separating the matrix into two 
halves. Case (c) has core 1 coated with barium strontium 
oxide matrix while core 2 has only a thin film of alkaline 
earth oxide which is deposited on it by evaporation during the 
activation of core 1. Case (c) is therefore asymmetrical and 
can be tested in the two possible directions of temperature 
gradient, ic. T, > T, or T, > T;. Itcan moreover be examined 
with the film in an activated or passive state. 

The valves differ slightly in respect of mechanical construction. 
Case (a) is self-supporting, with its light tungsten springs pressing 

: Specification of the standard S-type assembly: 

Cores: Active nickel or pure platinum. 

Matrix: Co-precipitated equimolar barium strontium oxide. 

Matrix density: About 1-0. 

Matrix thickness: 

Matrix area: 0: 
The assemblies are vacuum-processed to the standard schedule detailed in Table 1 
of Part 1. 
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Fig. 2.—Schematic representation of experimental valves. 
(a) Solid matrix. 
(6) Matrix-gap-matrix. 
(c) Matrix-gap-film. 


on the outer surfaces of box cores. The vacuum-gapped cases (b) 
and (c) require mechanical separators, and these take the form 
of thin slips of sapphire ground to a standard thickness of 250. 
These slips are inserted between the uncoated ends of the core 
pieces as shown at xx in case (c). 

The dimensions of the sections of matrix in cases (6) and (c) 
care largely unimportant and considerable variations have little 
effect on measurements of V/AT. 


(2.2) Measurement of Thermo-Electric Power by Integral and 
Differential Methods 


The actual measurement of t.e.p. is a very simple procedure. 
‘The two core heaters are supplied individually with power from 
‘separate d.c. stabilized power packs which are adjusted to give 
the two required core temperatures T; and J>. These tempera- 
tures are measured with sufficient accuracy on a wide-scale 
moving-coil instrument which is switched at will between the 
two core thermocouples. The thermo-electric voltage, V, is 
measured between the two cores by means of a vibrating-reed 
electrometer of effectively infinite impedance. The instrument 
has switched ranges with full-scale deflections of 10, 30, 100, 300 
and 1000 mV, which give a suitable accuracy of reading over an 
adequate voltage range. 

There are two conventional ways of measuring a t.e.p. charac- 
teristic of V/AT versus T and both will be used. In the integral 
method the two cores are, for example, set initially at 
T,; = T, = 700°C, where V should have some value approxi- 
mating to zero. Core 1 is now maintained at 700°C, while 


Vv, mV 


tan 6 = THERMO-ELECTRIC POWER 


—— > To DECREASING 
INTEGRAL METHOD AT CONSTANT T, 
(a) 


V/(Ti-T2),mv/ DEG 


eS Se oh 
DIFFERENTIAL METHOD AT CONSTANT AT 
(6) 


Fig. 3.—Integral (a) and differential (6) methods of measuring therra 
electric power. 


In (a), tan 9 = thermo-electric power. 


core 2 is steadily reduced in temperature to give a characterist 
of V/T, at constant T;. The integral method, shown in Fig. 3% 
is particularly useful and accurate if the t.e.p. happens to | 
constant over a wide temperature range. 

The second technique, known as the differential metho 
involves the direct measurement of t.e.p. at small temperatu 
gaps (T,; — T>) of about 30° over a wide range of mean tez 
perature JT = 4(T, + T>). The characteristic is then drawn 
V/(T,; — T>) against T. 

Each method has its own advantages and both will be used 
the present work. 


(2.3) Matrix-Gap-Matrix System 


It is proposed to start with case (b) of Fig. 2, since it prov 
from experience to be the least complicated of the three pos 
bilities. In this symmetrical matrix-gap-matrix system the ele 
trons can pass freely in either direction across the vacuum g; 
and the complications introduced by a solid electronic ser 
conduction path between the electrodes, present in case ( 
are avoided. 

The principal evidence results from measurements using f 
integral method. In a typical test a valve is set up wi 
T, = T, = 850°C and the electrometer reading of V is obserw 
to be less than +5mV. With 7, maintained at exactly 850° 
the temperature T, is reduced to 825°C and the voltage 
again observed. This procedure is repeated until a characteris 
of V/T, at constant 7, has been obtained over an adequ: 
range of 7. The whole experiment is then restarted w 
T, = T, = 800°C, and so on to assemble such a typical fam 
of characteristics as are set out in Fig. 4. If the image fam 
of V/T, at constant T, is next measured, it is found to be sensi! 
identical. 

The lines drawn through the experimental points are strai/ 
and the slope of a line is the t.e.p.; it will be obvious from Fig 
that not only is this constant over the temperature range a 
single characteristic but it is very nearly constant over the whi 
family of characteristics. The mean value is 2:23 mV/degC: 
the observed variation between individual characteristics 
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Fig. 4.—Characteristics of V/T2 at constant 7}. 


probably random—it shows no systematic trend amongst dif- 
ferent valve samples. 

Conclusions drawn at this stage for case (b) can thus be 
/ written: 


(a) V « (T; — T>2) at constant 7}. 
(6) V/(1; — T2) at constant T; is independent of T;. 
(c) By symmetry, the image relationships hold. 


This constancy of t.e.p. over the wide temperature range of 
900-350° C is in remarkable contrast to the result of Young set 
| out in Fig. 1 for the same temperature range. It must be remem- 
‘bered, however, that Young obtained his result on a system 
“Similar to case (a) in Fig. 2. 

' With the same sample valve, the t.e.p. is now measured using 
| the differential method. 7, and T, are initially adjusted so that 
a difference of about 30° is obtained and V is measured. Both 
temperatures are now dropped by the samme small amount and V 
is remeasured. The sequence is continued until a characteristic 
of t.e.p. or V/(T; — T>) against mean temperature, 3(T, + T>), 
‘is completed over an adequate temperature range. Results by 
‘two individual operators are set out in Fig. 5. No obvious 
; temperature trend is discernible and the differential method is 
clearly of much lower repetition precision than the integral 
“method. Allowing for the obvious experimental errors involved, 
it would seem that the t.e.p. has a mean value of about 
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Fig. 5.—Characteristics of V/ AT versus T by differential method. 
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2:7mV/deg C compared with the previous value of 2:2 mV/deg C 
by the integral method. No significance is seen in this deviation, 
which is probably due to the common difficulty in accurately 
measuring the small difference, AT, of two large quantities, T, 
and T,. Between 900 and 400°C it is therefore concluded that 
the matrix-gap-matrix system [case (b)] has a t.e.p. which is 
constant at about 2:2 mV/deg. 

It may have been noticed that no attempt has been made so 
far to explore the t.e.p. in the region below 400°C. This 
omission has been a deliberate one designed to keep the pattern 
of behaviour as simple as possible at the outset of the work. 
In the range 900-400°C the matrix-gap-matrix system is able 
to pass electrons with relative ease in either direction; below 
350° C the thermionic emission becomes negligibly small in one 
direction and new circumstances arise. In the integral charac- 
teristics shown in Fig. 4 the effect takes the form of a progressive 
increase in slope of each line as it passes the 400°C ordinate, 
i.e. the hitherto straight lines of slope 2:2 mV/deg C start bending 
upwards. The effect will, of course, be first seen in the charac- 
teristic at the right-hand side of Fig. 4 and will take the trend 
indicated by the broken line. As an overall consequence of the 
effect the t.e.p. will lose its constant value below about 350°C 
and start to increase in magnitude. This low-temperature 
increase is brought out more clearly in the differential method 
of measurement and is shown in Fig. 6, which extends one of 
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Fig. 6.—Characteristic of V/AT by differential method extended to 
low values of 7. 


the measurements set out in Fig. 5. Between 350 and 300°C 
a sudden and relatively great increase is observed and this falls 
to zero as the temperature is lowered to 90°C. These anomalous 
low-temperature effects will, except for brief consideration in 
Section 2:7, be largely ignored in the rest of the paper, which 
is mainly concerned with the wide temperature range wherein 
the t.e.p. is virtually constant. 


(2.4) Matrix-Gap-Film Systems 


The next system to be examined is that of case (c) in Fig. 2. 
Both cores are of active nickel, but only core | is sprayed with 
the usual barium strontium carbonate matrix to a nominal 
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thickness of 70 4; core 2 is assembled clean and free from spray. 
After the usual vacuum processing, core 1 is activated to give a 
stable current/voltage characteristic in the direction of electron 
flow 1->2. The characteristic in the reverse direction 2 — 1 is 
negligibly small. At this stage core | is set at 727°C and core 2 
at 927°C, with the cores connected through a 5-volt battery 
and a milliameter. The potential direction is such as to draw 
electrons from core 2 to core 1. The result of this arrangement 
is to evaporate alkaline earth oxide from the matrix of core 1 
on to the bare surface of core 2, where a film builds up and is 
thermally activated. As the film materializes, the electron flow 
2 -> 1 increases and the process is allowed to continue until the 
current has reached a steady space-charge-limited value. The 
whole operation may take from one to two hours to complete, 
and the deposited film is probably less than 0-1 thick. Both 
cores are now set at 794°C, and if the operation has been 
satisfactorily completed, the current/voltage relationships in the 
two directions of operation are effectively identical. Further- 
more, the work functions of the two core surfaces, measured by 
the Richardson line method, should both have the value 
1S One ve 

The valve is next arranged for measurement of the two 
characteristics V/T;),, at constant Tingtrixs VI Tmatrix at constant 
Tym, and families of such results in integral form are set out in 
Figs. 7 and 8 respectively. The slope of the straight-line part 
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Fig. 7.—Characteristics of V/Tjim at constant matrix temperature. 


of each characteristic is seen to be effectively constant at 
2:3-2:4mV/degC irrespective of the direction of thermal 
gradient or the maximum test temperature. In short, there is 
no electrical difference in any way so far explored between 
case (b) and case (c) of Fig. 2, provided that the film in the latter 
case is fully activated with a work function of about 1-3 eV. 
The next step in the experimental sequence will be to repeat 
the measurements on a case (c) type of valve which has a 
thermionically inert film on core 2. A suitable valve is one in 
which the bare core 2 is made of pure platinum. After activa- 
tion of the matrix-coated core 1, the bare-platinum core 2 is 
run at 1000°C for ten hours to clear it of evaporated alkaline 
earth oxide. Such treatment leaves core 2 with a high work 
function of 2:4eV* and the valve with a negligible conductance 


_ * This value of 2-4eV corresponds to the work function of barium metal dissolved 
in platinum and is probably the highest value which can be expected from a platinum 
electrode working in the vicinity of an oxide cathode. 
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Fig. 8.—Characteristics of V/Tmatrix at constant film temperature. 


in the electron flow direction 2—1. The valve, unlike th 
active film version, is electrically asymmetrical. 

Measurements of t.e.p. in both directions of temperatur 
gradient are now carried out using the integral method. Resuit 
are set out in Figs. 9 and 10, and are essentially the same | 
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Fig. 9.—Characteristics of V/Tpratinum at constant matrix 
temperature. 


kind as those of Figs. 7 and 8. The t.e.p. values of 3-2 an 
2-7mV/degC for the passive film case are higher than th 
corresponding values of 2:4 and 2:3mV/degC for the activ 
film case. This difference may have significance, since a repea 
experiment using a passive film on a nickel core likewise gav 
high figures of 2-9 and 2-7mV/degC. The result in Fig. 

for the case of the cooler platinum electrode brings out clearl 
the departure from linearity of the V/ Ty latinum Characteristic 
since the platinum surface ceases to deliver electrons at a: 


adequate rate to the system, i.e. the electron-exchange mechanisr 
has ceased to operate. 
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Fig. 10.—Characteristics of V/Tmatrix at constant value of 
platinum: 


(2.5) Discussion of Cases (6) and (c) 


For temperatures above 600°C all systems so far examined 
have in near identical fashion and can be generalized in the 
) lowing form: 

moV x (Ty; — T>). 

(6) V/(T, — T>2) is independent of 7}. 
f Ke) Vi(T, — T2) = Vi(T2 — Ti). . 
| (d) The constant V/(T2 — T;) may have any value in the range 
| 1-9-2-4 mV/deg C for wholly active systems, and 2-7—3-2 mV/deg C 


‘for a system with one passive electrode. 


ver the tested temperature range 1 000—-600°C it is generally 
bserved that the slope V/(T,; — T,) does not vary by more 
nan +2% of its mean value. In other words, the t.e.p. of the 
»yeral systems and their image arrangements is almost exactly 
ynstant over a wide range of temperature. This conclusion is 
ased on the integral method of measurement—the differential 
1ethod appears much less reliable, possibly owing to its depen- 
ence on the accuracy of measurement of a small difference of 
wo large temperature readings. 

For temperatures below 600°C for the cooler electrode the 
haracteristic V/T, at constant 7, loses its linearity and the slope 
acreases rapidly. This effect seems to be due to a failure of the 
wo-way mechanism of electron exchange between the two elec- 
trodes, i.e. the cooler electrode ceases to emit thermionically at 
n adequate rate. If, for example, the two electrodes are per- 
ectly insulated and the cooler one develops no thermionic 
mission whatever, then a continuous increase in potential must 
xe expected as a result of the Maxwellian distribution of energies 
f electrons emitted from the hotter electrode. In the presence 
f a leakage resistance between the electrodes the potential will 
evel off at a value appropriate to the resistance. If the tem- 
erature of the system is now lowered still further, as in the 
lifferential method, until the hotter electrode also ceases to 
mit, the potential will leak away to zero. This explanation is 
hought to cover the low-temperature range of Fig. 6. The 
ctual temperature at which the potential rise sets in depends, 
f course, on the thermionic activity of the cooler electrode 
nd the temperature of potential fall on that of the hotter 
lectrode. The temperature of rise is always below 600° C and 
a the case of very well activated electrodes may be as low 
s 350°C. 


: The apparently abrupt increase of thermo-electric power 
indicated in Fig. 6 must therefore be regarded as an anomalous 
effect and outside the context of the present part. 


(2.6) Matrix System [Case (a)] 


The work of Young and others was carried out on matrix 
systems similar to case (a) in Fig. 2. Structurally this arrange- 
ment is the most simple of the three cases, but, in fact, it involves 
electrical complications which are best avoided in a preliminary 
approach to the thermo-electric phenomenon. In cases (6) and 
(c), for instance, the only possible method of electron transfer 
between electrodes is by vacuum flight across the gap. In 
case (a), however, the situation is different, for electrons can 
travel in either direction by vacuum flight through the hollow 
pores of the matrix or by a solid semiconduction process through 
the contiguous chains of activated matrix particles. The dif- 
ferent circumstances are indicated in Fig. 11 where the shunt 


——O 
CASE (@) 


CASES (6) OR (¢) 


Fig. 11.—Models for the three cases. 


resistance, RS, is the reciprocal of the solid semiconductance of 
the standard S-type assembly. 

Suppose now that the matrix-gap-matrix system of case (5) is 
provided with a wire-wound variable resistance of magnitude 
RS. If the resistance is high enough, the differential charac- 
teristic in Fig. 6 will be largely unaffected over the higher tem- 
perature range 800-400°C, but there will be no build-up of 
potential below 350° C, since the electrons will leak away through 
the shunt resistance. As the cooler electrode ceases to emit 
thermionically, the t.e.p. will start falling, and this trend will 
continue until the hotter electrode likewise ceases to emit, when 
the t.e.p. will be effectively zero. 

The behaviour of the matrix in case (a) can now be predicted 
to follow the course shown in Fig. 12. During the higher- 
temperature vacuum phase, AB, the t.e.p. should be constant 
until at B the electron emission from the cooler electrode begins 
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Fig. 12.—Predicted behaviour of matrix system. 
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to fail. The characteristic then falls to C when emission likewise 
ceases from the hotter electrode. In the solid phase, CD, the 
t.e.p. will be roughly constant and at a level appropriate to a 
continuous chain of solid barium strontium oxide particles. 
Fig. 13 shows the differential characteristics of two typical 


96S 
2°5 
9-9-8 


pM 
2-0 “kt aN 


————* ie) 
aX 


THERMO-ELECTRIC POWER, mV/DEG 
Ala 
oe 


200 1) 


800 600 400 
MEAN TEMPERATURE Ws DEG C 


000 


Fig. 13.—Characteristic of V/AT versus T for standard S-type 
assemblies. 


The arrow indicates the temperature of the knee of the log-conductivity against 1/T 
characteristic. 


case (a) samples of the standard S-type assembly. Comparison 
of these results with that of Young in Fig. 1 shows their basic 
similarity, both qualitatively and quantitatively. The main 
difference lies in the appearance of a low-valued activation 
energy in the solid phase in Young’s work which is persistently 
absent in our measurements. 

In Fig. 14 an attempt is made to synthesize the complex 
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Fig. 14.—Structural synthesis of case (a). 


case (a) from a matrix-gap-matrix sample provided with al 
appropriate external shunt resistance. The synthesis is com 
pleted in the following four stages: 


(i) Plot the differential characteristic of the matrix-gap-matri 
system as curve (5). | 

(ii) Plot the differential characteristic of a standard S-typ 
assembly as curve (a). ; 

(iii) From the familiar characteristic of log o/(reciprocal of tem 


perature) derive the resistance R4 of the S-type assembly as | 
function of temperature over the range 800-50°C. _ ; 

(iv) Place a variable wire-wound resistance box in parallel wit! 
the matrix-gap-matrix system, setting the resistance to a valu 
appropriate to temperature as indicated by (iii). Measure th 
differential characteristic of the combination. 


The result of operation (iv) is drawn as curve [(5) + f (RS) 
in Fig. 14, and it transforms curve (b) to something closel 
approximating to curve (a) in the temperature range 800-400° C 
Below 400° C the composite arrangement falls to zero, since nm 
thermo-electric voltage is developed across the metallic shun 
resistance R§. 


(2.7) Current Circulation in the Matrix of Case (a) 


It will be clear now that case (a) consists of two separate ar 
physically distinct channels of electron flow, with each @ 
which is associated a thermo-electric power. The two channe! 
are connected in parallel with the junctions resting on the hs 
and cold terminals of the device, which is itself on open-circuit 
as shown in Fig. 15. Since the two thermal e.m.f.’s act in th 
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Fig. 15.—Circulating current in the matrix system. 


sense of urging electrons from hot to cold junction, they wi 
oppose each other around the channel-loop. There will there 
fore exist a resultant e.m.f. of magnitude (2-0-0-5) AT millivolt 
around the loop which will give rise to a circulating curren 
Toincy Of Magnitude 


_ @-0-0°5) x 100 x 10s. 
he 14 + 250 
= 0-6 milliamperes 


I, 


amperes 


Under the stated conditions there will therefore be a coi 
tinuous circulating current in the S-type assembly with a n¢ 
electron flow through the vacuum pores from hot to co! 
electrode, and an equal flow in the solid semiconducting partick 
from cold to hot electrode. 

In cases (5) and (c) there is no solid-state conductance betwee 
the electrodes and no circulation is possible; the steady-state nt 
flow of electrons is therefore zero. 


(2.8) Integral Characteristics of the Matrix System 


Measurements of t.e.p. on the matrix system [case (a)] usin 
the integral method are set out in Fig. 16, and two points « 
interest arise. In the first place the characteristics do not sho 
the increase in slope of V/AT as the temperature of the cool 
electrode decreases. This difference from cases (6) and (c) 
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Fig. 16.—Integral characteristics for matrix system, case (a). 


\rregularity when measured by the differential method. The 
| ntegral method of measurement, in which reliance is placed on 
vhe accuracy of slope of a straight line drawn through a number 
Pt experimental points, seems to be inherently more accurate 
han the differential method. For this reason the authors hold 
‘0 the view that, in the higher-temperature region AB of Fig. 12, 
‘che t.e.p. is substantially constant. 


(3) THEORETICAL CONSIDERATIONS 


A simple pattern of thermo-electric behaviour has now been 
established experimentally. The pattern involves the super- 
position of two parallel-acting thermo-electric powers which are 
Pi ccrently invariant with temperature, are widely different in 
et me and can be physically separated for indepen- 


dent measurement. The larger function, of magnitude 2-0- 
3:2mV/degC, is associated with the vacuum movement of 
)electrons through the hollow pores of the oxide matrix; the 
smaller one, of magnitude 0-5mV/deg, occurs in the chains of 
contiguous solid particles of the matrix. Since the larger 
| element is essentially a vacuum phenomenon, it must be related 
ie some way to Richardson’s law and an attempt will next be 
made to demonstrate such a link. 


(3.1) Derivation of Thermo-Electric Power 


_ The thermo-electric power developed in a pore of an oxide 
cathode matrix at a temperature T°K has been obtained by 


Hensley® as 
it 
t aioe 2 ab ae as ts) 2nd) 


disc 


where e = Electronic charge, coulomb. 

k = Boltzmann’s constant, watt-sec/deg C. 
'- b = Work function, volts. 

V,, == Magnitude of potential minimum, volts. 


The factor 2k arises from the T? term in Richardson’s equation, 
which is used in the derivation. 

It is proposed to derive a similar formula for a symmetrical 
diode with an active film on each electrode and with a vacuum 
spacing much larger than the pore dimensions. The potential 
diagram which applies in such a case is shown in Fig. 17(@). 
The temperatures of the electrodes, T, and 7), are assumed to 
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Fig. 17.—Potential diagrams for the theoretical calculation. 


be separated by only a few degrees, and the potential minimum 
is located at the mid-point. The emission constants of each 
electrode are assumed identical. Under these conditions, with 
T; > T», the higher emission from electrode 1 will cause negative 
charge to collect on electrode 2 to just such an extent that the 
equilibrium illustrated in Fig. 17(@) is reached. 

At equilibrium J; =, and as an approximation, since 
T, > T;, Vj» is increased by V/2 for J, and diminished by V/2 
for J,. Thus 


I, = Isy exp | - ret vi2)| 


(2a) 
ly = Igy exp [ow nag Ae vi2)| 
Laiviest wttislon Ea: J 
where Is, = A exp — ep[kT, } (2b) 
Ts 4 exp — eh/kT, 


£0 


The de Boer form of emission equation.is used for convenience. 
Eqns. (2) reduce to the following expression: 


(T,; — T) 
V =20 + J, (3) 
alr erty 
and this, in the limit as T, — Tj, gives 
V, 
a ? + Vm (4) 
aT It 


Eqn. (4) differs from eqn. (1) only because the de Boer form of 
emission equation is used in place of the Richardson form. 


(3.2) Theoretical Approach to the Experimental Results 


The expression for the t.e.p. of a pore has been shown to be 
identical with the comparable expression for a diode. The 
general conclusion (a) of Section 2.5 shows, however, that the 
integral characteristics are linear over a large temperature range. 
This means that the t.e.p. is constant with temperature, and 
neither eqn. (1) nor eqn. (4) predicts this result. Both these 
equations are nevertheless approximations, and so it is necessary 
to look more closely at the theoretical background of the integral 
characteristic. The symmetrical film-gap-film diode will be 
used as an approximation to case (b) for this purpose. 

Using the integral curve of Fig. 3(a) we have 


tep. =tand = 7, a FE, (5) 
and from eqn. (3), where 7, — 7, 
Ve 26 + Vin) 
i eae © ame Oe 
yielding, at the foot of the integral characteristic, 
tep, = 25 Tn <i) co aur eee (6) 


For this condition it is possible to use the method suggested 
by Loosjes and Vink° to calculate V,,. If both electrodes are 
assumed to have emissions of 1 amp/cm? at 1000°K and work 
functions of 1-3 eV, then, for a spacing of 100 py, V,,, is 0-43 volt 
at 1000°K. This gives a t.e.p. of 1:73 mV/degC according to 
eqn. (6). 

As soon as T) is reduced below T,, Loosjes and Vink’s calcula- 
tion of V,, cannot be used in eqn. (6). Hensley reports that 
the attempt to obtain a simple expression for V,,, in the presence 
of a field failed owing to the approximations and numerical 
integrations involved. In this case we have a field and, in 
addition, the fact that the electrodes are at different tem- 
peratures. Consequently, any simple general formula is still 
more difficult to obtain. 

In order to examine the trend of the integral curve at least at 
one point other than T,— 7), without attempting the lengthy 
calculations involved in a rigorous solution, the following argu- 
ment is suggested. For T, = 700°K, Js, can be calculated from 
eqn. (2b) to be 1:49mA/cm?. This emission is so low that the 
diode approximates to the normal thermionic diode with a 
standard anode. Under these circumstances V,, and d,, can be 
calculated from normal diode theory to be 0:35 volt and 31 iui 
respectively in the absence of a field. If it is also assumed that 
the thermo-electric voltage is so low that the basic shape of 
the potential diagram remains unaltered, the voltage configura- 
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tion is approximately that illustrated in Fig. 17(6). Eqn. (2 
can then be restated as 


I, = Jsy exp E er’ ae vi3)| 


e 
I, = T's2 €xp | - er = 2v13)| 
THeNT, 
which yields V =3(¢4 Vidage ie T, ( 


and a t.e.p. of 1-8mV/degC at T, = 700°K. . 

For T, = 700°K, however, eqn. (8) is marginally inapplicab 
Eqns. (7) can be constructed only if the point X in Fig. 17% 
is at a higher potential than point Y. From eqn. (8) the potent: 
of Xisd + V,, + V/3 or d + 0-51, whereas that of Y is 6 + 
or d + 0:54. It is possible to recast eqn. (7) to fit a potent 
diagram such as Fig. 17(c), and then 


q, ss T54 exp (— ey 
In = Tso 


CE once) 


leading to V=¢ - eke act (i 
2 


This gives a t.e.p. of 1-63 mV/degC. Both eqn. (8) and eqn. (i 
therefore give a t.e.p. for T; = 1000°K and T, = 700° K whi 
is in close agreement with 1-73 mV/degC derived for T, > 
at 1000°K. These calculations support the experiment 
linearity of the integral curve over a range of some 300°. 

The second conclusion, (6) of Section 2.5, indicates that ¢ 
t.e.p. is independent of T,. This can be verified by consider 
the slopes of the integral characteristics where T,-> T,. He 
eqn. (6) applies and, using the same emission constants as befoi 
the values of the t.e.p. are given in Table 1. 


Table 1 
VALUES OF T.E.P. 


The next conclusion, (c), states that the t.e.p.’s of all the syste: 
examined are substantially independent of the direction of 4 
temperature gradient. This requires no theoretical support: 
cases (a) and (6), which are, in fact, physically symmetric 
Case (c), with an inactive film, is asymmetrical both in physi 
dimensions and in activity and yet gives t.e.p.’s which are ys 
similar (2-7 and 3-2mV/degC) on reversal of the temperat’ 
gradient. This case will be considered in a little more detail 

The reversal of the temperature gradient in case (c) is illustra: 
by the potential diagrams of Figs. 17(d) and (e). An acti 
film-gap-inactive-film diode is used as a theoretical moo 
(The approximation of an active film for an active matrix 
discussed later.) The inactivity is expressed by a change: 
work function from ¢; to d>. In Fig. 17(d) the active film 
maintained at T, and in Fig. 17(e) the reverse applies. i 


equilibrium equations for Fig. 17(d) are a development; 
eqns. (7), i.e. | 


| 
| 


5 


é 
I, = Is; exp | - pp Vin aL v1) | 
1 


e 
I = Isp exp E erin — 2v'13)| 


(11) 
Ts, = Aexp — ey /kT, 
Igy = A exp — ef (kT | 
Ki gan Y = or 
. 
ee 
ing t Veet ey | cut OLR ake; 
ading to (es a) oT, + T; (12) 
or Fig. 17(e) the equations are 
: => — ae) | , 
ha I, = Is, exp | ep’ ays ¥ ) 
é ‘i 
I, = Ts Xp = er, ™ any /3) (13) 
Is, = A exp — ef /kT, 
Is. = A exp — efs/kT> 
V=d.—-4,+V 
2[362 + V,, 3 
pading to 9 V = 3(T; — T>) [32 + il (14) 


Diet 


\n the limit 7, — T;, eqn. (12) is exactly equivalent to eqn. (14), 
lince ¢> in eqn. (12) equals ¢, in eqn. (14) and vice versa. 
“hus, even in an asymmetrical system, the simple theory predicts 


So far only the theoretical aspects of cases (b) and (c) have 
seen considered and little attention has been directed to case (a), 
he S-type assembly. For a single pore of this assembly with 
: dimension of 10, and with the same emission constants that 
jvere assumed earlier for the symmetrical diode, the value of 


i 


7, can be calculated for T, > T, to be 0-103 volt. This gives 
I t.e.p. of 1-4mV/degC from eqn. (6). In order to construct 
he integral characteristic of the whole S-type assembly, it is 


uecessary to know how V,, varies with T and to sum the t.e.p.’s 
ybtained for a series of pores between the two electrodes. 
since T, > T, for each pore, corresponding values of V,, can 
ye calculated on the assumption of a smooth temperature 
gadient. Table 2 gives V,,, for a pore dimension of 10 y and for 
's = lamp/cm? at 1000°K. 


Table 2 
VARIATION OF V,, WITH T FOR A 10 PORE 


_ If the summation is carried out for various T, values for the 
whole assembly, an integral characteristic results which has a 
similar degree of linearity as the theory suggests for the sym- 
metrical diode. 


4 
or 
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Finally, the numerical values of t.e.p. obtained from theory 
and experiment will be compared. It is argued that the film-gap- 
film diode is a close approximation to cases (6) and (c) despite 
the intrusion of the cathode matrix in the latter instances. The 
approximation is close, because, first, there is no potential drop 
across the matrix as no current flows and, secondly, the tem- 
perature gradient across the matrix is small compared with that 
across the gap. Table 3 sets out the comparison of t.e.p. from 
theory and experiment. 


Table 3 
T.E.P. From THEORY AND EXPERIMENT 


w.E.P: 
System 


Experiment Theory 


mV/deg C 
1-86-1-97 
2-14-2-27 
2°27-2:45 
L103" 22) 


mV/deg C” 
1-40 
1:73 
178 
2303 * 


S-type assembly 

Diode fe 
Diode with active film 
Diode with inactive film . . 


* Using an inactive work function of 2-4 eV and V,, = 0-33 volt in eqn. (12). 


The theoretical predictions are in fair agreement with experi- 
ment and are in the same ascending order. Nearer agreement 
may result from an examination of work function measurements 
in symmetrical diodes. 


(4) THERMO-ELECTRIC EFFECTS IN NORMAL RECEIVING 
VALVES 

The structure used in case (c) with an inactive film approximates 
closely to the cathode/control-grid section of a normal receiving 
valve, and thermo-electric voltages have, in fact, been measured 
between these two electrodes considered in isolation. Despite 
these results the thermo-electric effects do not intrude generally 
into normal valve operation, since cathode and control grid are 
not usually isolated. They are connected via a grid leak resistor, 
Rg, and an auto-bias resistor, Rx. The relevant potential 


GRID-LEAK 
RESISTOR Re 


CATHODE 


CONTROL GRID 


Fig. 18.—Potential diagram for the cathode/control-grid section of a 
pentode. 


diagram is shown in Fig. 18. Under equilibrium, and assuming 


zero reverse grid current, 
=i,+]; ° ° (15) 


where I, = Grid emission to cathode. 
I, = Grid-leak current. 


The voltage V’, the effective bias, is not, however, determined 
by a thermo-electric balance between J, and J, as hitherto. It is, 
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on the contrary, determined chiefly by the auto-bias voltage 
IxRx and the contact potential Vp, i.e. 


V' = ¢, — ¢, + V+ IR 


= Vop + V + [pRr . (16) 

The factor V is the only part of the effective bias which is 
attributable to a combined thermo-electric and leakage-current 
balance and which is additional to the normally accepted com- 
ponents of the effective bias. The fact that V is very small 
arises from the following argument: 


I; = Ts1 exp —eV kT, 
= 6 11-6 for Io, — lamp/em~ and T = 10007 K 


Now 

fs Vop ar TRr [cf. eqn. (16)] 
> 0:7 + 2:0 for Vep = 0-7 volt and a bias of —2 volts 
> 2-7 volts, and therefore 

Ti oa 
<7-7 x 10-!Samp 

I; < 7:7 X 10—!5 amp [ef. eqn. (15)] 

but V = Rgl;, and therefore 
V<7-7 x 10~° volt for a grid-leak resistance of 1 megohm 


Since V is so small, it can be stated that the effective bias is 


independent of thermo-electric voltages under normal operatin; 
conditions. 
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SUMMARY 


Resonance curyes of an oscillator with two degrees of freedom and 
fe criteria of stability of the synchronized state are determined 
jeoretically by van der Pol’s method of approximation and verified 
} perimentally by an electronic differential analyser. An experimental 
Qethod for obtaining the phase trajectories is described. Charac- 


Y 


(1) INTRODUCTION 


i Characteristics of the van der Pol oscillator subjected to a 
(prcing. signal have engaged the attention of several workers!-3 
Bese of its wide applications and also because their features 
Ke hardly predictable from linear circuit theory. In some 
‘pplications, the oscillator tuned circuit is coupled to a tuned 
'scondary circuit. The oscillator has then two degrees of 
-eedom and its behaviour differs in many ways from the van der 
ol oscillator. Free oscillations in an oscillator of this type have 
jeen studied by van der Pol,* Fontana® and Schaffner.® It is 
/ae purpose of the paper to study the characteristics of forced 
iscillation in an oscillator with two degrees of freedom. A 
/uned-anode oscillator is considered, the anode coil of which is 
aductively coupled to a tuned secondary circuit with a finite 
jesistance, the forcing signal being applied in series with the 
mimary. Non-linearity in the oscillator is assumed to be of 
he cubic type. 

|. Theoretical analysis of the differential equation describing the 
»ehaviour of the oscillator is made by van der Pol’s method of 
ipproximation, and the resonance characteristics and the zone of 
ynchronization are deduced. Experimental results obtained 
‘rom an oscillator set on an electronic differential analyser are 
resented with a view to checking the calculated results and to 
slarifying the nature of oscillations on the border of synchro- 
ization. A method for obtaining the phase trajectories, which 
are helpful in this connection, is described. Some experimental 
eeories are also presented. 


' Q) FIRST-ORDER APPROXIMATE SOLUTION FOR THE 
SYNCHRONIZED OSCILLATION 

The equivalent circuit of a tuned-anode oscillator coupled to 
a tuned load is shown in Fig. 1. To simplify the describing 
differential equations, the effect of the anode resistance is neg- 
lected and the external signal is assumed to be applied in series 
with the anode coil. From this equivalent circuit the following 
mesh equations may be written: 


dl, 
SEEN SE RE at i 
&mM 2 dt 1 ie c ( ) 

a, igus dls). actasael: 5 
je aa ER = M 77 wV sin wt i ae) 
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Symbols used in the above equations have the meanings as 


detailed in Fig. 1. 
| ro) 
eons ‘| : 


dl, 
dt? 


Ypres) 


2 =o 
L wt 
Fig. 1.—Equivalent circuit of the oscillator. 
On combining eqns. (1) and (2) and rearranging, 
d7I, Ry M> dl, I, M da? wV ; 
; ( Ge, ) : 7 = sin wt 
dt L, EiGy/ dt E,C, Ly dt Ly 
d? R, dl d? me 
I I M d?I 
24% 24 _2 SAO ta ek eke el ae 
dt Edi aa, Cy iad 


The non-linearity is introduced in the oscillator owing to the 
non-linear character of g,,. For the sake of simplicity it is 
assumed that g,, is dependent only on the grid voltage and may 
be written as 


dl,\2 
&m = &mo — &m2 (=) 


ORR 5, Ln Cs ame Bie oe wie ae ae 
eqns. (4) and (5) reduce to 

ee ay Ss ta eal ++ wix, — ke = =Hsinwt (6) 

une +a, 2 Leyte oe = (7) 


On combining the two equations, 


ax, 
Oe) 
3) diz + Oaks 
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= (w3 — w*)H sin wt + a,wH cos wt 
d>x, dx, a aN, um ey 
uae ( Prey it: ve rl orale dt 


aM ree d. Fee 
aa (Fs €: T O92 ans (Ge) na 


It should be noted that the second-order terms like aja), a3a 
cannot be neglected, since, as w is very close to w, and wy, 
other terms in the equation may be of the same order. 

In general, the solution to eqn. (8) should contain terms to 
represent oscillations at the forcing frequency, free oscillations, 
their harmonics and the combination oscillations. Since the 
forcing oscillation must always be present, effect of the various 
other oscillations when w is close to w,; and wz may be con- 
sidered to cause variations in the amplitude and phase of the 
forced oscillation. Hence the general solution to eqn. (8) may 
be written as 


wr 


5x; 
1h dt 


Xan SIND) nase te, 18) 
where A and ¢ are time-varying functions. 


On substituting for x,, retaining up to the second-order terms 
and equating the coefficients of sine and cosine terms on the 
two sides of eqn. (8), one obtains 


dA 


[(o} +o) — 20 — Hw*po* = o)H sin $ 


Be 
(w5 


+ awH cos ¢ + a,(wZ — w?)wA — a,(wi — w*)wA 


dd di 
i (wi = 3u*)a, A = (wit = 302)a,4 


— $a;(wA)*(w3 — w*)wA — 3a;(wA)?303 — swale (10) 


w) — 2(1 — k})w*]2wA a = (ws — w*)H cos } 


[(w7 4 se 


4 a,wH sin vo) + ay(ws —_ 30%) — ay(wi as 30%) 


— aanw*A + 3a3a,(wA)}w — 3a;(w — Tar\(wAyre 


— [(w? — w?)(@3 — w?) — kw] A 


(1) 

On putting a,/a; = a, k,/a; = k, 4a,/3a; = pg, wAlpy = p, 
Alaipy =F and (wi — w)/ayw =8 and introducing the 
restriction that wi = w% = wé (it should be noted that though 


W1 = Wo, for finite values of k the frequencies of free oscillation 
are different and the oscillator has two degrees of freedom), 


(eo +2)? -| E-2)a-0- (2-2) 


= — 6Fsin¢ + aF cos ¢ + dp(1 — a — p*) (12) 
(= 


za ~ a —(2—S) pt} + 4(i2a +2) pf 


= — 6F cos ¢ —aF sin d + pla 


p?) + & — kw] (13) 


d, ) 
- = {4 (He +=)[- oF sin 6 + aF cos $ + 8p(1 — a — p?)] 


ay 


[@-2)0-0-@-2e]-trens | 


WwW ay (63) ay 
ap” 62 eur} 


—aFsin¢ + pla 
y {16(#0 ! 2 ! le 
-@-2)¢][6-2a-0-G-Je]} a 


is oe {4(#e 4 Ni dF cos ¢ — aF sind 
dt ay + p(a — ap? 4 §2 


[Cae Cer 


[— 5Fsin d + aFcos ¢ + dp —a— Pi 
x {16(ia ! 2) ! (2 ~)d a) 
-@-2e]6-De--C-ae ae 


If the oscillator is synchronized, it executes only the forced 
oscillation and hence in the synchronized state dp/dt = dd/dt = ®. 
Amplitude of oscillations in the synchronized state are therefore 
obtained from 


dF cos d + aF sin d = pla(1 — p?) + 8? (16) 

dF sin d — aF cos ¢ = Sp(1 — a — p*) (173 

Thus the amplitude and phase of oscillation in the synchronized 

state are given by 
F2 

az =o 


=a a) 


kw?! 


ka] 


ka { hu? + 2[6? + al — p>] (18) 

0? ++ a? i 
_ &(L — p?) + ala — p*) — k?w?] 
S82 + a? = Mw) 


Tig’ | 


tan d (19 


(3) CHARACTERISTICS. OF THE RESONANCE CURVES 


Plots of p* against 6 with F? as a parameter are referred ta 
as the resonance curves. A family of resonance curves fori 
a=0°5,k =1, w = 1, a, = 0-1 and negative values of 6 ar 
shown in Fig. 2. 


1-6, 
2 
: = TS 
ma 0:8 
0:6 
AeA 


f LiYA4 

Lge Yy LPL 

Wj ty 

0) 10-2" 0:4 11G-6} 4076 iO Wt a) 14g Gs aep mre Onmmonet 
8 (-VE) 

Fig. 2.—Resonance curves of the oscillator obtained theoretically. 


41 =0l1la=0:5,k=1. 


1 For low values of F?, with increase in 8, p? at first increases, 
§) attains a maximum and then falls to zero. For very low values 
‘of F? the falling region has triple values for some 8. As F2 
§ increases the nature of the curves does not change much but the 
| triple-valued region vanishes. 

| Evidently, all the equilibrium states represented by these 
Tesonance curves may not be stable. Stability conditions of the 
equilibrium states may be obtained by expanding dp/dt and 
d¢/dt about the equilibrium points, retaining only the first-order 
terms and considering the first-order equation thus obtained. 
» Accordingly, the equilibrium is stable if7 


| E AN | iaa() <2 se age) 
pe [PLL], 
= E Os), <0 (21) 


‘The zero subscripts indicate the values of the coefficients for 
| dp/dt = dd/dt = 0. 
On evaluating the coefficients the above inequalities reduce to 


{sc “+ 105)(-5 — 2p?) + 2[0-5(1 — p2) + 82 — 1] 
x [( — 2090-5 — 2(8 — 20)p?] 

— p>[(S — 20)0-5 — (35 — 20)p?]} 
x {16(1 + 108)? + [(S — 20)0-5 — (38 — 20)p?] 


I. + [(8 — 20)0-5 — (8 — 60)p2]$-! <0 (22) 
_and 


(82 + 0-25)[82 + 1 — p21 — 3p?)] 
+ {1 — 2[8 + 0-501 — 26%]}>0 (23) 
For large 6, inequality (22) reduces to 
b Dee Dee. cet es (24) 


__ Conditions imposed by the two inequalities are shown in 
_ Fig. 2 by shading the unstable region of the p?5-plane. 
_ For very low F?, the oscillator has two separate zones of 
" synchronization on the two sides of the p?-axis. It is not 
synchronized at 6 = 0, but as 6 is increased it becomes synchro- 
| nized at a value of 6 for which p? ~ 0-25. With further 
increase in 6 it remains synchronized until the resonance curve 
meets the inequality curve EFGH on which the synchronized 
_ state becomes critical. As F? is increased, the lower value of 5 
for synchronization shifts towards zero. Also, on the border 
of synchronization for 0:05 < F* < 0:09 there are two stable 
equilibrium states. Hence jump effect and the associated 
_ hysteresis phenomena as observed in the van der Pol oscillator? 
' tay be exhibited. 
The oscillator becomes synchronized at 6 = 0 for values of 
_ F?, for which, at this point, p? > 0-46, and the two zones of 
synchronization are then linked together. The limit of o up 
to which the synchronized state is stable is determined in this 
‘tange by inequality (24). 
It may be noted that the oscillator may also be synchronized 
‘at 5 = 0 for values of p for which 0-21 < p? < 0-29. 
The above discussion indicates that in practical applications 
of such an oscillator, if F? is low, the oscillator circuits have to 
be so tuned that the forcing signal frequency is approximately 
equal to one of the free-oscillation frequencies. If, however, 
F’ is so large that the two zones of synchronization are linked 
together, the oscillator tuned circuits may be individually tuned 
to the forcing frequency. 


’ , 


| 
1 


, 
} 
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(4) OSCILLATIONS OUTSIDE THE ZONE OF 
SYNCHRONIZATION 

When the state of synchronization becomes unstable, the 
oscillator executes not only the forced oscillation but also free 
oscillations. If the detuning is not large, excitation of free 
oscillations results in the production of combination frequencies, 
amplitudes of which may not be much reduced by the selectivity 
characteristic of the oscillator circuits. For large detunings, 
however, amplitudes of the combination frequencies will be small 
and the solution may be assumed to be given by 


x, = Asin (wt + $) + Aj sin (@jot + ,) 
+ A, sin (Woot a p>) (25) 


Both the free oscillations having the frequencies w 9 and wy 
are assumed to be present. The assumption that the solution 
would be of the above form, though strictly valid for large values 
of detuning, is expected to be approximately valid also for smaller 
values and may give a qualitative idea of the nature of oscillations 
on the border of the zone of synchronization. 

Reduced equations relating the derivatives of p, $, Ay, $1, Az 
and , with respect to ¢ with the oscillator parameters may be 
obtained by substituting for x, from eqn. (25) in eqn. (8). Con- 
siderations become involved if the second-order terms are all 
retained. If, however, a, is assumed to be such that effects of 
the second-order terms are negligible, when w 49, w9, w and 
the combination frequencies are non-integrally related, the 
reduced equations are: 


dp _— 6Fsin ¢ + aF cos $ + Sp(l — a — p* — 2p? — 2p) 


i 4( iw at a) 
laa (26) 
db ~— 6Fcos¢ — aFsin d + p(d? — k*w?) (27) 
[ eer = eee 
a 4 (Hw " 7) 
ay 
dp; _ (wo — wigai(1 — a — pt — 2p? — 2p5)p (28) 
dt 2(1 — k4)(w39 — wig) led, 
dpr _ (Wy — wpai(l — a — p3 — 2p" — 2pi)P2 ayy 
dt ° 211 — k4)(as) — wi) 
db, _ dd, 
eu SES 10 See Ince Sarna cet. Seno 
dt dt GA) 
where py = @19A;/Po and pr = 9Ao/po. 
For large values of 5, p is approximately given by 
2 
: G1) 


DD ps 
= 52 + kw*(kK2w* — 252)/52 


and dp/dt, dp/dt may be taken to be zero for all time. 
Thus for large values of 5, the equilibrium conditions reduce to 


pil — a — 2p? —p? = 2p) =0. . . G2) 

pl —a — 2p? — pi —2p) =0. . , G3) 

These equations have three combinations of solutions, namely 
pee Opa a Dar a ee =. 1. SO) 

Po = Of l—a= 2p?) ose . » » GS) 

f= ae ee ete - 66) 


On applying the stability criteria it is readily shown that only 
the first two combinations may be stable. It may therefore be 
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concluded that far away from the zone of synchronization free 
oscillations at both the frequencies cannot be simultaneously 
excited if the frequencies of free oscillation and their combina- 
tions are non-integrally related. 

Equations giving the derivatives of p;, 41, p2 and ¢) with 
respect to ¢ are, however, modified if w, wi9, W29 and their 
combination frequencies have an integral relation. If it is con- 
sidered that w > W9 > Wy 9, then for the cubic non-linearity 
we have to consider only the combination 2w 9 — w, and if it 
is equal to w 9, the expressions are modified to 


2 
(3 — wo)arp, (1 a — 2p” — py — 2p} PP? cos D ) 


dp = P1 
dt 21 — k7)(w3o — wo) 
P (37) 
— (wi — wi)a p= sin O 
dy Zs eels oe ea ig tks tats 49 af MeTLARGR) 
dt 211 — k4)(w5y — wig) 7 
dpy _ (Wy — wo)ayp2(1 — a — 2p” — pi — 2pt —2pp; cos ®) 
dt 21 — K2)(w3y — wp) 
(39) 
dh, _ (5 — wp)a2pp; sin ® (40) 
i? OPO = era 
where © = 24, — ¢ — 4, (41) 


Equilibrium conditions in this case are given by dp,/dt = 
dp,|/dt = db/dt = 0. On applying these conditions and con- 
sidering the resultant equations, it is observed that in this case 
simultaneous free oscillations at both the frequencies may occur 
if the equality 2w.) — w = wyg is satisfied only approxi- 
mately. Simultaneous oscillations at both the frequencies will 
be exhibited by the appearance of a steady double periodicity 
in the amplitude variation. It should be noted that similar 
simultaneous oscillations at the two frequencies of free oscilla- 
tion may also be obtained for other combinations in other 
ranges, such as for w1y) < w < W 9; the combination 2w — wig = 
W 9 gives stable simultaneous oscillation. 


(5) EXPERIMENTAL STUDY OF THE OSCILLATIONS 


An experimental oscillator was set on an electrode differential 
analyser, the describing differential equations of which are the 
same as eqns. (6) and (7). The experimental resonance curves 
shown in Fig. 3 were obtained from measurements on this 


BOD O:29 104 70-6) 10-6 i Ommn o mea Cinna. OMENS es 
& CVE) 


Fig. 3.—Experimental resonance curves. 


oscillator. The magnitude of the variable representing x, i 
eqns. (6) and (7) was measured by a thermocouple and a d. 
millivoltmeter. 6 was varied by varying w? and w% simu 
taneously, keeping w? constant. On comparing the experiment 
curves with those calculated from eqn. (18) it may be noted the 
in most of the regions the agreement is better than 1%. 

The limiting values of 5 up to which the oscillator remain 
synchronized are given by the end-points of the resonance curve 
shown in Fig. 3. These values also agree very closely with thos 
given by the inequalities (22) and (23) shown by the dotted lin 
in Fig. 2. However, the lower range of p? in which the oscillato 
may be synchronized at 6 = 0 could not be obtained. It i 
believed that, since this range is surrounded by unstable regions 
the close adjustment of parameters required for synchronizatio 
could not be practically attained. 

A visual representation of the transformation of the synchre 
nized oscillation to the asynchronous condition for differer 
values of 5 and fixed F? may be obtained by the phase trajectorie 
in the (Acos¢ — Asin ¢)-plane. Voltages proportional t 
A cos ¢ may be obtained as follows: (a) add the output of th 
oscillator to the forcing signal and obtain the square of th 
resultant amplitude; (5) subtract the oscillator output from ti 
forcing signal and obtain the square of the resultant amplitude 
and subtract (b) from (a). Asin ¢ may be obtained by com 
bining the oscillator output with a signal in phase quadratus 
with the forcing signal. The square of the amplitude may t 
obtained by a thermocouple, with the heater time-constant larg 
compared with the frequencies of oscillations but small compare 
with the difference frequency. In Fig. 4 are shown some of tk 


(@) 


(c) 
Fig. 4.—Experimental phase trajectories. 
(a) F2=0-2. (c) F2=0°6. 
(6) F2=0-4. (d) F2=0°8. 


plots of voltages proportional to A cos ¢ against voltages prope! 
tional to A sin ¢ obtained in this way. The dots in the Figur 
correspond to values of 6 for which the oscillator is synchronize 
and the closed curves correspond to values of 8 for which t# 
oscillator is in the asynchronous state. § in each case increas! 
from left to right. It may be noted that they show clearly tt 
transformation of the limit cycles corresponding to the asynchr} 
nous states to stable singularities corresponding to the synchn| 
nous states for low values of 6 and also the reverse transformati: 
for higher values of 6. Also, the gradual disappearance of t/ 


limit cycles with increase in F? for low values of 8 is clad 


indicated. 


| 


It has been deduced theoretically and confirmed experimentally 
hat far away from the zone of synchronization only one of the 
‘ree oscillations may be excited, whereas on the border zones, if 
Yq — M19 = & OF 2w — a9 = wy, Oscillations at both the 
‘Tequencies of free oscillation may be excited. In Fig. 5 are 
‘hown some oscillograms for F? = 0-4 in which x, is plotted 


igainst time. Figs. 5(@)-(c) correspond to adjustments of 


(@ 
Fig. 5.—Oscillograms of asynchronous oscillations. 
: (a) 19 = 0-842, wo = 0-931. 


, (Bb) 36 = 0° 823; 59 = 0-912. 
(c) 190 = 0-810, O20 = 0-895. 


frequencies such that the equality 2a.9— wig =w or the 
equality 2w — w9 = wy is approximately satisfied. The exis- 
‘tence of double periodicity, in each case, in the amplitude 
variation indicates oscillation at both the frequencies of free 
oscillation. It may be noted that oscillation at the lower of 
the two frequencies of free oscillation gradually develops as the 
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equality is approached. It, however, dies out as the tuning is 
moved away from equality. 


(6) CONCLUSIONS 


Resonance characteristics of an oscillator with two degrees of 
freedom have been obtained theoretically and have been found 
to agree with those obtained with the help of a differential 
analyser to within 1°%% for most of the ranges. 

It has also been shown that outside the zone of synchroniza- 
tion, when the frequencies of free oscillation and their combina- 
tion frequencies are non-integrally related with the forcing 
frequency, in addition to the forced oscillation, oscillation at 
one of the frequencies of free oscillation is excited. However, 
if they are approximately integrally related oscillations, at both 
the frequencies of free oscillation may be excited. 
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SUMMARY 

Following a review of nodal analysis of unconstrained lumped linear 
time-invariant networks it is shown how networks with imposed 
unilateral constraints, ic. transmittances and voltage sources, can 
conveniently be analysed by matrix methods. Their admittance 
matrix is equal to the product of a submatrix of the admittance 
matrix before the application of the constraints and a transmittance 
matrix which describes the constraints. Constraints lower the rank of 
the original admittance matrix, thus making the method quite attractive 
in practice. Applications included are a computing network, dif- 
ference amplifiers, a d.c. amplifier and signal-flow graphs. 


LIST OF PRINCIPAL SYMBOLS 


Network N contains n nodes, of which ng are driven, n, 
eliminated, n, free, and n,,, not eliminated. 
m = Matrix associated with N. 
mq, = Submatrix of m consisting of its rows which are asso- 
ciated with a, where «=d, e, f or ne (driven, 
eliminated, free, or not eliminated). 
m’ = The transpose of m. 
t = Transmittance matrix. 
y = Admittance matrix. 
I = Unit matrix. 


(1) INTRODUCTION 


It is rather unusual to analyse networks containing trans- 
mittances by matrix methods. The reason is that an ideal 
transmittance corresponds to a unilateral device of zero out- 
put impedance and infinite transconductance. The common 
methods of matrix analysis of networks would therefore become 
quite circuitous, requiring a limiting process for the derivation 
of the final result. A proper method should avoid this round- 
about path and tackle directly the real nature of a transmittance 
as a constraint which controls (i.e. drives) the voltage of a node, 
thereby lowering by one the number of independent variables 
which describe the state of the network. Such a method will be 
developed; it should make the analysis of these networks as 
amenable to matrix methods as that of the unconstrained species. 

Nodal analysis will be used throughout although an analogous 
loop analysis could readily be established. For the majority of 
active circuits encountered in practice nodal analysis is more 
convenient. The method consists essentially of simple opera- 
tions with and upon the admittance matrix of the network with- 
out the constraints and a transmittance matrix which defines the 
constraints; it is an extension of the familiar methods of network 
analysis. 


(2) REVIEW OF NODAL ANALYSIS OF NETWORKS 
A short review of conventional nodal analysis of lumped 
Jinear time-invariant networks will be given. 
Considering first passive networks,! let Yg = Ye, denote the 
admittance of the branch connecting nodes « and f, let v, 
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denote the voltage of node « with respect to an arbitrary 
reference, and let i, denote the source current flowing intc 
node «. All quantities such as Vg, i2 and Yqg are to be under- 
stood as complex in steady-state analysis, or, in the transient 
case, as Laplace transforms of the corresponding time-dependent 
quantities or differential operators. | 


Fig. 1.—3-node indefinite network. 


Fig. 1 shows a network containing the three nodes 1, 2 and 3 
and an isolated reference node r. By Kirchhoff’s second la 
the source current into node 1 is 


is. = Uy — 02) Yy2 + &, — 3) V3 
=U(%12 + Yy3) — MY. — 03X13 Cl 


and similarly for nodes 2 and 3, so that in matrix notation 


ivs)1 Vio) aaa ae iis ~Y% 
isy2| = —Yi2 Yin + Yo3 —Y¥3 V2 (2) 
i(5)3 —Yj3 —=T55 Yi3 + Yo3) 1v3 


The square matrix is called the indefinite admittance matri 
of the network and will be denoted y. Writing i;,) for the source! 
current vector and © for the node voltage vector, 


is) = yo . . . . . . . C€ 


or, equivalently ia = DX Jaae oe os 
¢) 


where the summation extends over all the nodes of the networt 
In general we have m nodes and an isolated reference node. Fe 
convenience we define Yy,, by 


»; Yop ==1() . . . . . . . ({ 
@=1 


t n 

1.€. — Vue, => » Yap : ; ° 5 (( 
B=1 
BAa 

In eqn. (2), for example, —Y,, = Yee. 
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| Kirchhoff ’s second law, applied to node «, then states that 


n 
Us)et a aB¥B, a= il De ae Tt (7) 
which is the generalization of eqn. (2). Comparing eqn. (7) 
with the equivalent equation (4) [eqns. (3) and (4) hold in 
general] we find for the «8 element ¥,,g of the indefinite admittance 


matrix y 


Jap = — 2 a8 (8) 
Yu is thus seen to enter y as follows: 
a 
sta ate 7 Sen eT F 
De Wits etn ine sstoas ss i 


_ y can therefore be written down by inspection of the network 
fiagram to which it corresponds, considering the contributions of 
one admittance at atime. [Compare the correspondence between 
Fig. 1 and eqn. (2).] Note that p is symmetric and that any 
‘ow or column sums to zero. 

_ To solve eqn. (3), i.e. to solve the network, we must first fix 
the reference voltage. Taking as reference the voltage of node i, 


(10) 


we pass from the indefinite admittance matrix y to the admittance 
natrix y of the network by deleting the ith row and column in 
y, and from ¥, ic, to v, is, by omitting their ith components. 

_ For example, in Fig. 1 let us take node 3 as reference node; 
thus nodes r and 3 coincide and Fig. 2 results. All node 


v;=0 > 


; 
r 
| 
| 
' 


Fig. 2.—The network of Fig. 1 with node 3 as reference node. 


voltages are now measured with respect to node 3. Eqn. (2) 


becomes 
| naa fe er Bak 13 eee Vio | cA (11) 
Usy2 aed para Map ag ee 
In general, 
yv =i (12) 
with the solution 
CLE). amid par Si (13) 


where y~! is the inverse of y. y can be shown to be non- 
singular, so that y—! exists and eqn. (12) can be solved. y is 
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of course a singular matrix, because of the linear dependence of 
its rows (and columns), and eqn. (3) has no unique solution. 

We now apply a non-vanishing source, i(,), to node « of the 
network only. The (through-) transmittance from « to f is 
then defined as 


Hag = Up[Va (14) 


From eqn. (13), bearing in mind that i(,. is now the only com- 
ponent of i;,, which does not vanish, we have 


Ay = Voaticsyal Vacd Iga = yt ye <i peg la) 
where superscripts denote cofactors. 
Similarly, the input impedance at terminal « is equal to 
Lina = act] | y| (16) 


where || denotes the determinant of y. 

For an n-terminal linear time-invariant device?~+ which is not 
necessarily passive (an n-port), eqns. (3) and (4) still apply. 
y is now not necessarily symmetric. We proceed to show that 
the sum of the components of any row or column in y is zero 
under simple assumptions even in this more general case. 

For eqn. (4) to be a consistent set of equations any one 
equation must be a linear combination of the others. More- 
over no current may flow into the reference node in the indefinite 
case, because it is an isolated node. Therefore, from Kirchhoff’s 


second law, 
n 


DS ics) =0 


a=1 


Summing eqn. (4) over all « we obtain the identity 
Dg ps: Yaere =0 
a £p 


from which follows >) vag = 0, i.e. the columns sum to zero. 


a 
We further demand that the addition of equal voltages to 
all m terminals leaves i,, unchanged. 
Whence 
~ FaglVo + Vg) = Usa 


must be independent of vp, which implies the vanishing of the 
coefficient of vo, 


1.€. 2 Yup = 0 
¢ 
and the sum of the components of any row of y is zero. 
For triodes with cathode k as reference node we have, neg- 
lecting grid current, 
Sy EP. 


Bs ne 
8m B8pijP 


where g, p denote grid and anode, and g,, and r, = I/g, are the 
transconductance and anode resistance, respectively. 
Fig. 3 shows the series connection of a transmittance A and 


(17) 


Fig. 3.—Series-connected transmittance and admittance. 
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Fig. 4.—Network analysed in the introductory example. 


(a) ‘Parent’ network N. 
(b) Network N, derived from N by introduction of a constraint. 
(c) Network N equivalent to N. 


an output admittance Y,. If node p’ is constrained by g without 
loading g, so that v,, = Av, and i(,), = 0, we have 


Ov, + Ov, =0 
—AY vg + YpUp = iisyp 


so that g& Pp 


y= . 
—AY) -¥,.|p 


which corresponds, as it should, to the previous example of a 
triode, eqn. (17), with g,, = — AY, and g, = Y,. 

p’ does not appear in the network equations and we say that 
it is eliminated. Note that this procedure is not readily 
applicable if a pure constraint operates between g and jp, i.e. 
if Z,=1/¥, =0. In the sequel we shall be concerned with 
networks including such pure constraints. 

The indefinite admittance matrix y corresponding to eqn. (17) 
is formed by augmentation of y to yield zero sums in rows and 
columns, i.e. 


(18) 


ep k 
0 0 0 g 
AES &mn Sp —S&m— Sp|P .- (19) 
aon mre §m “i Ep k 


For transistors (or any other 3-terminal network) in terms of 
h parameters, for example, 


pie | 1/hyy 
hy, |hyy 


Eqns. (15) and (16) are valid for active as well as for passive 
networks. 


Devs (20) 
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(3) CONSTRAINED NETWORKS 


(3.1) Analysis of an Example 


Let us take a network WN as in Section 2. This network will 
be described by its admittance matrix y, which, in conjunction 
with the source current vector ij, then determines its node 
voltage vector v through eqn. (12), which now reads i,,) = yu. 
We introduce one or more unilateral voltage constraints in N 
and denote the resulting network by N. The constraints will 
in general change the values of the node voltages and we denote 
the new node voltage vector by v. It is our object to determine v. 

As an example we take for N the network of Fig. 2, as redrawn 


in Fig. 4(a), in which the node voltages are redesignated as v: 
and v,. Network N which is to be analysed is shown is 
Fig. 4(b). It consists of N with an additional transmittance 7; 
and a voltage source 0,). between nodes 1 and 2, such that 

V2 = T12% + %y2 (21. 
where the new node voltages are v, and v2. J; must not lo2 
node 1, i.e. no current flows into the device implementing 75. 

The general and more formal considerations which will 
described later are closely parallel to the following analysis 
which may not appear to be handled in a particularly straight 
forward way. The advantage of our method is that, once | 
has been developed, its application is extremely simple, so the 
the solution of the example could be written down by inspectis: 
of Fig. 4(5). 

The constraining branch injects a current into node 2. Th 
current is withdrawn from the reference node. The networ 
of Fig. 4(c), in which the constraint has been replaced by ti 
current source i(,), is therefore equivalent to N, provided tha 
the node voltages obey the constraining equation (21). Th 
equivalence is in the sense that corresponding nodes are <¢ 
equal voltages. The network of Fig. 4(c) is identical with 
Fig. 4(a); only its sources are different. We can therefore us 
eqn. (12), replacing ii.) by ig. + Us)2. Le. ‘ 


| i(sy1 | | YN, 
a | 


Uso + Lisy2 —YVip 


Pet 
(2 
Yi2 + Yo3] Le. 


is2 1s an additional unknown; we have now, however, thre] 
equations, namely eqn. (21) and eqns. (22), from which V45 1 
and ii. can be found. To do so, we supplement eqn. (21) t 
the identity v; = v, and have, in matrix form, 


Migeris ct 
= v 
1 U2 T12 va 


Note that the right-hand side does not contain v,. Substitutiz 
eqn. (23) into eqn. (22) we obtain 
—F45 


is) Ye eeers 1 
ie te al x I —V io Ate ‘| Pe iu 
uber Vip on 
Ving Vin + Yo34 Lp 


in 


aw 


— 
tl 


aa 
No 


NATHAN: MATRIX ANALYSIS 


The first of eqns. (24) can be solved for V3 V2 is obtained from 
eqn. (21). If isy2 18 required, we use the second of eqns. (24). 


YY and v2 could be found without the second of eqns. (24); i.e. 
it would have been sufficient to write 


; 1 
i>1 =([Yi2 + V3 — Fal 2 |» + [Yio + V3 — Ya] 
12 


0 
- | AO CRC IEW A ER Gh erm O*)) 
which results from eqns. (24) by omission of the second rows 


of the source-current vector and of the square admittance matrix. 
It is now an easy matter to generalize these considerations. 


(3.2) Separable Problems 
Let N be a lumped linear time-invariant network, described 


_ by its (definite) admittance matrix y. Let v be the voltage vector 


_ whose ath component, v,, denotes the voltage of node « with 
_Tespect to a reference node, and let i) be the source-current 
vector, ig denoting the source current withdrawn from the 


reference node and flowing into node 8. Then, for network N, 
pw SS is) . . . ° . . (26) 


Now consider network N which results from the imposition 


7 of unilateral transmittances Tg on N and the inclusion of source 


voltages 0,3 (Fig. 5). No current is to be withdrawn from any 


vy Ysa 


Vo 
va 


Fig. 5.—Relating to the definition of a constraint. 


node « by 7Jyg. Moreover we shall, at present, exclude all 
cases in which any 7, emanates from a node that is itself driven. 
In other words, all driving nodes must be free. 

We now have the constraining equations: 


Ve = DY Txpva + Usp (27) 


"where T, ge = 1 for all free nodes, which is equivalent to supple- 


menting the relations by the identities vg =vg. This is in 
order to have one relation (27) for each node of N. The 
summation over a scans all nm, free nodes, whereas B == 1\4 
5 ee : 

Tx is the matrix element of the transmittance matrix t which 
is of order np X n. Eqn. (27) is equivalent to 


t= ture + Us) (28) 


where t’ denotes the transpose of f, i.e. 


(top = Opa = Tea 


Wherever two or more transmittances control the same node 


we stipulate the provision of a mixing-point, as in Fig. 5. Note 


that the introduction of a transmittance pointing into a mixing- 
point of a given network is not a constraint, only the simul- 
taneous imposition of all transmittances that converge upon a 


- mixing-point constitutes a constraint. In passing from N to 


N we shall exclude the introduction of transmittances that do 


not impose constraints. } } 
As an example of the formation of ¢ consider Fig. 6(a). 
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fe) ° 
T24 Th4 
fe) fo) 
4 r 4 iF 
(a) (b) 


Fig. 6.—Example of constraints imposed on a network of 4 nodes 
and a reference node. 


(a) Original constraints. 
(6) Constraints equivalent to (a) provided that T14 = T12T24. 


Node 2 is both driving and driven, which seems to exclude 
such a situation from the present considerations. Fig. 6(b), 
with T,4 = T1274 is, however, clearly equivalent to it, and 
accordingly 

lena 48: oA 


ioe 02 anit 

O @ ib “© 12 

Any situation which does not contain one or more loops 
consisting of a cascade of transmittances, i.e. a transmittance 


loop as, for example, in Fig. 7, in which 232 forms such a loop, 
can be dealt with similarly. 


T32 

T12 T23 
(a) o = =——_O— — ce) 
1 2 3 4 

T22 

Ty2 To3 
(b) ° 
1 2 3 4 


Fig. 7.—Example of constraints embodying a transmittance loop. 


(a) Original constraints. : 
(5) Constraints equivalent to (a) provided that T22 = 123732. 


As far as v is concerned the constraints in N and their associated 
voltage sources can be replaced by suitable source currents, 
ify say, flowing into the constrained nodes. 

Having carried out the replacement we have now returned to 
the original network N for which i, = yv, except that i;,) must 
be replaced by i(,) + i¢,, and wv by v; thus 


Yo = is) =— ics) (29) 
Eqns. (28) and (29) can be solved for v. To do so, note that 


lstr = 0 (30) 


Taking the subset of eqn. (29) corresponding to the free nodes 
we thus have 


Jur = lor (31) 
into which we substitute v from eqn. (28), obtaining 
yt My + YUM = Kor (32) 
and finally the n equations 
Yep = lore — Py) - (33) 
where Y=’ (34) 


is the admittance matrix of N and the right-hand side of eqn. (33) 
is its source vector. y and ¢ are of order n X n and ny x n, 
respectively ; therefore yrr is of order np X n; t’ is n X ny; and 
y is a square matrix of order ny. In Section 7 it is shown that 
y is non-singular, i.e. its rank is also mp. 
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The solution of eqn. (33) yields vr. vg can then be determined 
from eqn. (28), or from its subset of ny equations 


Ma = tarp + Moa (G5) 


the other 1, equations of (28) being simply identities. In practice 
it is usually more convenient to write down the components of 
via directly by inspection of the circuit diagram once vy, has 
been determined. 

This problem is termed separable, because eqn. (33) can be 
solved independently of eqn. (35). 

Since y is of rank mp = n — ng, each constraint has lowered the 
order (and rank) of the admittance matrix by one. Note, 
moreover, that the current sources associated with the driven 
nodes do not affect v. This is owing to the definition of a 
transmittance as a rigid constraint, having zero output impe- 
dance, and thus overriding all impedances and sources at the 
node which it controls. 


(3.3) The General Case 


We now waive the restriction of Section 3.2; a constrained 
node may now be a driving node, and the network is allowed to 
contain transmittance loops. In the previous case we succeeded 
in eliminating all driven nodes from the network equations (33). 
This is now no longer possible and only some of the driven nodes 
can be eliminated; all other nodes of N are not eliminated (n.e.). 
The choice of eliminated nodes is not unique. In each trans- 
mittance loop we arbitrarily regard at least one node as a 
controlling node. Having done so we can state that all driven 
nodes that are not controlling can be eliminated. The trans- 
mittance matrix ¢ is defined as in eqns. (27) and (28), with the 
only difference that « now assumes all values associated with the 
Myo D.e. Nodes. ¢ is now of order n,, X n. 

As an example consider the transmittance diagram of Fig. 7(a). 
Regard 2 as a controlling node and thus eliminate node 3. 
Nodes 1, 2 and 4 are the n.e. nodes. Fig. 7(6) is equivalent to 
Fig. 7(a), with To = 19373, and 


Leh Deals “4 
fT Maye Wane 6411 
y= 0 “Te Ts: 0) > 
Orr 0s sD, aad 


which could have been written down without first drawing 
Fig. 7(d). 
In lieu of the equation of constraints (28) we now have 


v= t'Vine + 2%) 


(36) 


We replace all constraints by current sources feeding the driven 
nodes, and thus eqn. (30) survives and eqns. (29) and (36) must 
be solved. Substituting eqn. (36) into eqn. (29), 

We ne + MQ] =iy ti  - . « BD 
of which we take the subset of rows corresponding to the free 
nodes, use eqn. (30), rearrange and obtain the Ny equations 


Vine = tgs — Jf %s) (38) 


where y= yt’ (34) 


as before. y and t are of ordern x nandn,, X n, respectively; 
therefore y,yis np X n, t’ isn X n,, and y is Yip OX Mas 
In a network that contains transmittance loops, pr Tie: 


and its equations are therefore not separable, i.e. eqn. (38) 
alone has no unique solution, 
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To complete the solution we need, in addition to eqn. (38), 
eqn. (36) or its subset of ng equations 


Vid = td ne + Ysa (39) 


the other n, equations of (36) being merely identities. 

Although our formulation has been in terms of voltage, 
current and admittance, the procedure holds for any situation 
that is represented by lumped linear time-invariant networks, 
in particular for linear control systems which may include 
mechanical and hydraulic as well as electrical transducers. 


(3.4) Summary of Procedure 


(a) A network of admittance matrix y and current-source’ 
vector i, is given, as are a set of constraints T,g and voltage: 
SOUFCES 0,8. | 


(b) Choose a sufficient number of driven nodes so as tor 
have at least one in each transmittance loop. These nodes; 
and the free nodes constitute the n.e. nodes of the network. 


(c) Form the constraints into the 7,, < n matrix ¢, putting 
for free nodes Ty, = 1. 

(d) Form yr¢ and i¢y¢¢ by striking out those rows of y andl 
components of i(s, that correspond to driven nodes. 

(e) y = yt’ is then the admittance matrix, and ij 
— YfX 5) 1s the source vector of the constrained network whic 
is solved by eqns. (38) and (39). 


For separable networks (no transmittance loops), substitu*2 
f for ne in the above, omit step (d), and solve first eqn. (33) an& 
then eqn. (35). 


(4) APPLICATIONS 
(4.1) Single Transmittances 


(4.1.1) General Theory. 


Consider first the case of a single constraint. 
controlled by v, through 


Let Y 


Vy = Tp? + %1 


all other nodes being free. Following rule (c) and denoting the} 
unit matrix by J, we have, using the notation of partitionec 
matrices, 


| 
I 


| 


lee 23a 
Ti! 2 
0 | 3 


and therefore 


Moreover, 


% = 


{ 


ari 


= 


- The source-current vector is, by eqn. (42) with a = 
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Ys is simply y = [yg] without its first row. Explicitly, 


1 Lee's 
Yor Yo2+--]2 
Yai Vag. | 


vie | 


Multiplying these matrices to obtain y according to rule (e), 


2 Bac 
Tr1V21 ar dbp. Vyas D) 


Ty¥31 + ¥32 Y33--- | 3 


es (41) 


and the important rule results: 
If 6 is driven by « through Tyg, y is derived from y by the 


addition of Tyg times column f to column a and subsequent 


deletion of row £ and column 8. 


0 
0 
%». = 1. "@e 
0. 
0 
| and therefore 
YG1 
. ; G2 
“iste — YU = Kou — %)8 (42) 
eas 


where the subscript ,¢ indicates that ygg is omitted in the column 
vector. 


(4.1.2) A Simple Example. 


Let us apply these results to the network of Fig. 4(b). There 
are just two nodes, not counting the reference node. Of these 


| node 1 is free and node 2 is driven. To find y by the above rule 


we add 7}, times the second column in y to the first and subse- 


“quently delete the second row and column. y is the square 
| matrix in eqn. (11), and thus 


y= ¥yp2+ V3 — TyVYi2 


1, 8 = 2, 
Ksy1 — Yar (2 
Eqn. (39) therefore reads 
(M2 + Yy3 — Tr ¥%1201 = 1 + Yi2% 2 


in accord with eqn. (25). 4» is then written down by inspection 


of Fig. 4(d). 


(4.1. 3) A Computing Network. 
Now consider the network of Fig. 8, which is used as a network 
performing a mathematical operation on a voltage applied at 
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Fig. 8.—A computing network. 


terminal 4. The output voltage is provided by terminal 2. 
The admittance matrix y of the parent network (without A) is, 
by eqn. (9), 


1 2 3 4 
Gig + PCin =pCys —Gj3 O° {1 
oe —PCy2 G23 + pCj2 — G43 a 
= —Gi3 —Go3 G43 + Ga3 + G34 +pC3 —G3q |3 
0 0 — G34 G34 14 


Note that pC3 appears in y33, only because it is connected to 
the reference node. All other admittances appear with four 
entries each. 

There is one constraint, T,, = A; hence we eliminate node 2, 
and 


1 3 4 
G13 + pCi2 — ApCj2 —G43 Os el 
Ds —G 13 — AG; G13 + Go3 + Gy + pC; —G34)3 
0 — G34 G34) 4 


With a little practice y could have been written down directly 
without first writing y. 

The through transmittance from node 4 to node 2 is of interest 
in this example. Using eqn. (15) we have 


yt 
Ay a Ag, pease Ss 
oS) AG 13G34 

Gy3 + pCyz — ApCi2 
—G}3 — AG»; G13 + Go3 + G34 + pC; 
Let us also determine the impedance level at node 1. By 
definition this is the impedance looking into 1 with all voltage 
sources short-circuited and all current sources opened. In our 


case we must short-circuit 4 to earth, which corresponds to the 
deletion of row 4 and column 4in y. Hence, by eqn. (16), 


—Gj3 


Gis 8 a G13 + Go3 + G34 + pC3 
(in)1 >| G43 + pCj — ApC2 —G,3 
—G 3 — AG23 GH Gah Gi + DCs 


where jy is y without row 4 and column 4. 


(4.2) Dual Controls 
This case obtains if a node is controlled by two other nodes, i.e. 


Vy = Thy. + T3103 


which describes a difference amplifier if 7, == -- T3,. (We 


assume in this example that 1) = 0.) Thus 
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and therefore B+ B+ 
2 3 4 
T>1¥21 + Yo2 T3i¥a1 + Y23 Yoa--- ]2 
To1¥31 + ¥32 T31¥31 + V33 Y34--- |3 
Veaee aa PS SS. i : (43) 1 


(4.3) Voltage Sources as Constraints 


The connection of a voltage source between two free nodes 
of N is a bilateral constraint, yet in one important instance it 
may be regarded as unilateral, namely when one terminal of 
the voltage source is connected to the reference node. The 
latter case is evidently equivalent to the series connection of a 
transmittance of zero strength and the given voltage source; it 
can therefore be treated by our methods. 

For the driven nodes we now have 


ida (a) 
so that 
(31) 


is a suitable set of equations for the solution in this case. 
Eqn. (31) looks deceptively simple.  , components of v are the 
given voltage sources and the other n — ng = ng components 
must be solved in terms of these. 

The same result follows from the general formulae (33) and 
(34), noting that 


yr = kor 


1 PRS Mite) fae a Pe 
| ae sl 
t= Orenin-nied 
| : 
n 
where 1, 2,.../ are the driven nodes and/ + 1,... vn are free. 


The details of such a derivation are left to the reader. 

In the case of a branch network (i.e. a network consisting of 
a plurality of branches) eqn. (31) is trivial. It is simply the 
statement of Kirchhoff’s second law for the free nodes. 


Fig. 9.—A 3-phase network. 


(4.3.1) An Example. 


Consider the somewhat trivial example of Fig. 9. There is 
just one free node, 0, and eqn. (31) reads 


0 

Va 

U6 
or o> (Yi%% + YU ta YU.) / ay 


(4.4) An Example for Sections 4.2 and 4.3: A Valve 
Network 


The Miller d.c. amplifier?’ ® of Fig. 10 consists of a direct- 
coupled difference amplifier stage in which node 1 is the input 


k 
Fig. 10.—Miller compensated d.c. amplifier. 


grid and the other grid, at node 4, is returned to a suitable tap. 
on the common cathode resistor, for compensation of drift due | 
to changes in heater current. Such drift is equivalent to voltages. 
1 and v4 in series with the respective grids. Assuming. 
equal drifts, v1 = U(.)4, the tap must be so chosen that the’ 
output voltage, v2, is zero for simultaneous operation of the: 
two equal source voltages. We assume valves of equal p, 2,» 
and g, and consider node 1 controlled through a transmittance: 
of zero strength and source voltage %,);, and node 4 driven frora 
node 3 with transmittance & and source voltage v4. Conse- 
quently we eliminate nodes 1 and 4, and y will be a2 x 2 matrix.; 

Let us start with the derivation of y,¢, which has rows 2 ar 
3 and columns 1, 2, 3 and 4. Nodes B, and B_ are regarde 
as short-circuited to the reference node in an a.c. (small-signa'y 
analysis. Of the four entries of G,, for example, only that at 
22 remains. The contributions to y,; of the left-hand valve are 
found by assigning to g, p and k the values 1, 2 and 3, respectively. 
The contributions are 


1 2 3 
h Sale Sp eae a 
—&m —S&p &m =f &p 3 


To find the contributions of the right-hand valve we write 4 fo: 


g and 3 for k and delete the row and column p: in egn. (19) 
leaving 


4 3 
0 0 4 
hee 8m + a 3 
or equivalently 3 4 
&m T Sp —8m\|3 
| 0 0 iF 
Hence 
1 2 3 4 
sy =| Goa Sp aoe ee 0 is 
8m! “Sp "G32 oy 2) ee 


The transmittances are T,; = 0 and T34 =k. Accordingly 


add k times column 4 to column 3 and subsequently delet} 
columns 1 and 4, obtaining 


2 3 
ale —fm — Bp ik 
—S§p G3 a 8m te &>) ~e Kg 3 


Now 0) = [2% 1, 0, 0, %%)4] and consequently 


%s)1 
— yer) = — Bm (s) 
—Us)1 — Ysy4 
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_ which becomes, for 7), = Vs)49 


—1 
SmM(s)1 | 2 | 


The set of network equations (33) therefore reads 


“a alr By moi ep | & iat 
— U 
Be, NGS 28, ge.) = ken | ,| FPO 2 
and v, = 0 implies and is implied by 
= Simvae 8p 


B a 


2 G3 a Em = &p) a kgm 


t which reduces on expansion to k = G3/g,, or kR3 = 1/8 
which is the familiar result for drift compensation. 


A solution of this problem using nodal analysis without the 


) methods of the paper would require an admittance matrix of 
order 4; the tap on G3 would have to be taken as an additional 


node and v, would not be eliminated. Moreover, it would not 
be readily possible to deal with both sources 1%); and %s)4 
simultaneously. The present method shares the advantages of 
nodal analysis, e.g. it does not require equivalent schematics, and 
effects a considerable simplification of the analysis. 

For an additional application to multiple constraints, using the 
method of the paper but not its notation, see Reference 9. 


(4.5) Transmittance Networks (Signal-Flow Graphs) 


(4.5.1) General Theory. 


Transmittance networks present the opposite extreme to a 
network without constraints. They consist exclusively of trans- 
mittances (and mixing-points). According to rule (b) of Sec- 
tion 3.4 a sufficient number of nodes must be left uneliminated 
so as to break all loops. Eqn. (36) only is required for the 
solution. Let us take the subset of eqn. (36) that corresponds 
to the n.e. nodes and set 1.) = 0; thus. 


[t [ne aon f ne =0 (44) 


tis an vA X Nyz,- Matrix; tie and [t{,e — I] are therefore square 
matrices of order n,,._ Note that 


CS — vi 


is singular; any of its columns that corresponds to a free node 
consists wholly of zeros. The set of homogeneous equations (44) 
therefore possesses non-trivial solutions. If there is only one 
input node in the network, mp = 1, and the matrix is of rank 
Mne — 1. The node voltages are proportional to its cofactors. 
If there is more than one input node it is usually best to consider 
one input at a time and derive the actual node voltages by 
superposition. 

‘In treating transmittance networks we may omit the sub- 


script ne. 


For a network with the single input node « we obtain the 
transmittance from « to 8 from eqn. (44): 
vw (¢—-D* ¢—-n)™ 
Vm t —-D* ¢—ND* 


gi (45) 


Topological rules for the solution of transmittance networks 
have been developed.!% 1! Eqn. (45) would form a convenient 
starting-point for the derivation of these rules. It is felt, how- 
ever, that only a few networks specialists would really benefit 
from a study of the topological methods; the rules of the paper 
are considerably easier to learn and apply. 


a 
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Note, finally, that eqn. (44) is readily established directly!? 
without the considerations of Section 4.1. From the definition 
of t it follows at once for transmittance networks that 


[t’IineP tne a Vine 


which is clearly equivalent to eqn. (44). 


1 & 3 4 5 6 


Fig. 11.—Transmittance network (signal-flow graph). 


(4.5.2) An Example. 


Fig. 11 presents an example. It is sufficient to retain nodes 1 
(input node) and 4. Introducing the notation 


ToeTpyTys = TapyT~s = Tapys - (46) 


and similarly for other products of transmittances, and noting 
that 


Tapy...0 = Tey...08 = Ty... apy, ete. (47) 


we have 1 4 


Mere 4 T3234 i? 
O T4234 + T4534 + T4s6414 
from which follows, for example, the through-transmittance Hy¢: 


(t — 14! 
Hyg = U6[0) = Nal 456 = @—n" 1456 
= T 123456 

1 — (19349 + 13453 4+ P4564) 


(5) CONCLUSIONS 


The introduction of the transmittance matrix provides a 
natural extension of prior techniques to the analysis of unilater- 
ally constrained networks. 

The field of application ranges from valve circuits to signal-flow 
graphs. The proposed method is straightforward and leads in 
many cases to simplifications in the analysis of networks. 
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NATHAN: MATRIX ANALYSIS OF CONSTRAINED NETWORKS 


(7) APPENDIX 


(7.1) Proof of the Non-Singularity of the Admittance Matrix 
in the Separable Case 


If y is a non-singular square matrix of order n, and ng nodes 


are driven, y will be a square matrix of order mp = n — ng. 

Now t is of order np X 7; its structure ensures that it is always 
possible, subject at most to a renumbering of nodes, to single 
out a triangular submatrix of order my with non-vanishing 
diagonal elements. Thus ¢isofrank np. yy is of order ny x n, 
and, since y is non-singular by assumption, of rank n,. It 
follows from the Binet-Cauchy theorem® that the my X ny 
matrix y = yryt’ is of rank n-; i.e. y is indeed non-singular. 
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SUMMARY 


A procedure is described for the design of wide-band bandpass 
amplifiers using either stagger-tuned stages or a chain of feedback 
| pairs to realize Chebyshev or Butterworth response shapes. 
| A graphical test has been developed by which it is possible to verify, 
at the outset, that a given design specification is a realizable one. 
H Certain fundamental limitations which are imposed upon the response 
i | shapes by the choice of these circuit configurations are revealed by this 
i test. Thus it is shown that any response shape which may be realized 
by a chain of feedback pairs can also be realized with stagger-tuned 
i stages, while the converse is not true. 
. An example demonstrating the application of the procedure to a 
design problem has been included to demonstrate that the procedure 
_ for a ‘Chebyshev response is no more complicated than for a Butter- 
_ worth response, neither is any additional complication introduced by 
' increasing the number of singularities in the desired response shape 
| beyond the first pair, since each pair of singularities is separately 
( realized. 
| 


| LIST OF SYMBOLS 


I. f = Frequency variable. 

| Swf, = Upper and lower 3 dB frequency limits of the specified 
| passband. 

| B = Specified bandwith = f,, — 


Si. 
| fm = Geometric mid-band frequency = +/(f,,f). 


a pope frequency of a stagger- -tuned pair (/; f4= 
te fi == f2). 
W, Wy, @], Wm, @1, W, = Angular frequencies corresponding to 
j the above. 
A = jw. 


| 


| z = Bandpass frequency variable = A/w,, + w,»/A. 
24, Z = Alw, + w,/A and A/w, + w,/A respectively. 
mit. = [Qn er Wy,[ 4. 

2m = Mutual conductance of valve. 
g = Conductance term of the load admittance of a feed- 
back pair. 

&min = Minimum realizable value of g. 

& = Feeback conductance of a feedback pair. 
81; 8. = Conductance of the load admittance of the first and 
second stage of a stagger-tuned pair. 
C= i aeaciance shunting load admittance. 

Zp1> Zp2 = Conjugate pairs of poles of the transfer 

function. 
x, = Real part of z,. 
y= = Imaginary part OmZ;. 

G = Complex voltage gain. 
G,, = Value of G.at w = Wy. 
| BS = §/wC = g,/w,C = damping factor of stagger-tuned 
iA pair. 
Gin = Minimum realizable value of 4}. 

d = B/f,, = overall damping factor. 
s = Specified gain tolerance, dB. 


j 2p1> Zn2> 
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LIMITATIONS ON REALIZABLE RESPONSE SHAPES FOR CERTAIN 
| WIDE-BAND BANDPASS AMPLIFIER CIRCUITS 


By R. A. WOODROW, B.Sc., Associate Member. 


1 (The paper was first received 21st October, 1959, in revised form 26th April, and in final form 18th June, 1960. It was published as an INSTITUTION 
| Monocrapu in September, 1960.) 


e = 0115s. 
1 


cosh (5 arc cosh ) 
2n € 


jee es y= | 
‘lasvue? eine C 


n = Number of poles in gain function = number of valve 
stages in the amplifier. 
Ta — INC Sense lay) eee etCe 


@ = Arc cosh 


(1) INTRODUCTION 


Two amplifier circuit configurations that have been recom- 
mended in the literature? for use when wide-band bandpass 
properties are required are stagger-tuned amplifiers and chains 
of inverse-feedback pairs. The investigation from which this 
paper results attempted to unify and simplify the design pro- 
cedures proposed’ for these circuits by developing simple 
graphical constructions to replace, as far as possible, procedures 
requiring algebraic manipulative ability and by devising a simple 
test which can be applied at the beginning of a design problem 
to verify that the specification may be realized with a given 
circuit. 

It was not the primary object of this study to compare the 
relative merits of the two circuits for the experimental realization 
of a given specification, as this has been done elsewhere.7 
Therefore no experimental results are offered. However, it so 
happens that, in the development of the test mentioned above, 
certain fundamental limitations of the circuits are disclosed. 
There thus emerges a criterion by which the merits of different 
circuit configurations could be compared. 


(2) THE DESIGN PROCEDURE 


The designer of a wide-band bandpass amplifier normally seeks 
to realize a design specification which requires that the amplifier 
shall 

(a) Amplify a given band of frequencies defined by ff <f< fy. 
(6) Provide a certain specified passband gain with a permitted 
tolerance of s dB. 

When proceeding from such a specification to a physical 
realization, two distinct problems occur, which may be called 
the ‘approximation problem’ and the ‘realization problem’. 

The solution of the approximation problem provides a suitable 
analytic approximation to the design specification, thereby 
defining the desired response shape. The approximation usually 
employed !7)3:4 is either a Chebyshev or a Butterworth 
(maximally flat) polynomial. By an artifice developed here, it 
can be shown that the latter is a limiting case of the former, so 
that one solution of the approximation problem can be made to 
serve both types of approximation in common use. 

Initially, the realization problem requires the development of 
a simple test to establish that the response shape given by the 
solution of the approximation problem can be obtained with a 
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certain circuit configuration; if it cannot, alternative circuits 
must be considered; if it can, the solution of the realization 
problem yields the required circuit. 

The test of realizability has been reduced to a simple graphical 
construction defining the region(s) in a complex plane within 
which singularities of the desired response shape may be realized. 
A comparison with the positions of the singularities of the desired 
response shape in the same plane immediately reveals any 
unrealizable desired responses. The essential simplicity of this 
test is the result of a careful choice of the basic amplifier circuit 
(see Figs. 1 and 3). In each case this is chosen in such a way 
that it can be made to realize a complex conjugate pair of 
singularities. By cascading the appropriate number of basic 
units, the desired overall response shape is realized. In this 
way, the design of an n-stage amplifier can be reduced to repeated 
applications of the design procedure of the basic circuit. 


(3) THE INVERSE-FEEDBACK PAIR 


(3.1) The Gain Expression 


As a first example of the application of this general procedure, 
suppose the amplifier of Fig. 1 is chosen as the basic amplifier 
circuit. 


S¢ 


Fig. 1.—The inverse-feedback pair. 


The voltage gain of this arrangement is given by 


Cnten = £r) 
(w,C)* 
pees als ( ~&" SP LP NA 
mC . (a9,,0)7 


where w2, = ww, = 1/LC. 
Factorizing the denominator of.eqn. (1) gives 


8inl&m me &f) 
7 (@,C)? 
(z wa ZpiNzZ i Zy2) 


Provided that g,,>g,, the poles z,; and z,, of the gain function 
G in eqn. (2) are complex conjugates. If g,,< 8, both z,, 
and z,) are real and negative. This last situation is of little 
interest in the realization of Chebyshev approximations, and is 
not pursued. 


(2) 


Taking g,, > gy, so that 


Zp1 — Xp ante Bhs (3) 
2p2 = Xp — Ip 
it follows from eqns. (1), (2) and (3) that 
Wm CXp Sle: + 8) simet sey lets) 
and (WC)? = &(8in iP &r) . . n 5 4 (5) 


WOODROW: LIMITATIONS ON REALIZABLE RESPONSE 


(3.2) Regions of Realizable Singularities 


It is essential, for a successful solution of the realization 
problem, that g and gy be physically realizable conductances; 
i.e. they must be real, positive constants. This places certain 
restrictions on permitted values of z,; and Zp». 

From eqn. (5) it follows that 


geen PV [eh Cosy, = Bee 


which shows that gis real provided that 


&m 


Sm 
es eS oS MS ee 
Pky AE 2 


2Wy,C 


< Vp 


and that g, is positive for all values of y, for which it is real. 
whichever sign is associated with the square root. | 
From eqns. (4) and (6) it follows that | 


& = — 2m Cry + 8m + V [83 — QomCY)*]} . 8) 
which shows that g is real if eqn. (7) is satisfied and is positive if | 
20_CXp + 8m + V/ [8% = 2emCy,)?| 0 0y en 


In the region where —g,,/2w,C < x,< 0, the quantity, 
2wWmCX, + &m is positive. In this region eqn. (9) can only be: 
satisfied if the negative root sign is adopted, and then only if 


V/ [8% — Qey,Cy,)?] > 2ay,Cx Fen 


which is the interior of the semicircle with centre (—g,,/2w,,C, 0) 
and radius g,,,/2w,,C in Fig. 2. 


(10) 


—> Xx 


Fig. 2.—Regions of physically realizable singularities. 


In the region where —00 < Xp < — Sml2w,,C, the quantitt) 
2W,CXp + &m is negative, and eqn. (9) is satisfied in the whol! 
of this region if the negative root sign is adopted. 

In part of this region the choice of the positive root sign i 
also permitted, but the numerator of eqn. (2) suggests that t 
negative root sign is preferred where a choice is possible. 


& = Hen — V[e2 — (2enCVp)?] } 


(11) 
oa (CX, + &) 


and 
define positive real values of g and & Only if the singularitié 
Xp + jy, lie within or on the boundary line A shown in Fig. 2.. 


If a desired response shape requires the realization of a pa 
of singularities in any part of the z-plane outside this boundary\_ 


} 


3 


) 


it 

i 
ik 
i. 
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that response shape cannot be realized with a chain of inverse- 
| feedback pairs.* 
} 


(3.3) The Constraint g > gmin 
In practice, finite damping must be associated with the tuned 


load admittances caused by coil losses, valve damping, etc. 
1 This prevents the circuit designer from realizing values of g less 
| than some specified minimum value, g,,;9. 


The effect of this practical limitation on the position of 


| 

| realizable singularities can be assessed by requiring that g in 
| eqn. (8) shall satisfy the condition 
! 


& > Emin (12) 


This constraint modifies eqn. (9) to 
2am CXp + &m + 28min + V [Sm — 2OmCY,Y?]< 0 (13) 


Curve B of Fig. 2 shows the reduction in the region of realizable 
singularities necessary to satisfy eqns. (12) and (13). 


(4) THE STAGGER-TUNED AMPLIFIER 


(4.1) The Gain Expression 


As an alternative, the stagger-tuned pair of Fig. 3 may be 
chosen as the basic amplifier element. 


Fig. 3.—The stagger-tuned pair. 


The voltage gain of this circuit is given by 


ee SD) 


where w7 = 1/L,C and w3 = 1/L,C. 


If w 1, w, g, and gy are chosen to satisfy the conditions 


WW. = WwW, = we, c (15) 
and g& [a,C = g7/w2C => a, (16) 
then eqn. (14) can be manipulated to give 
| Sm \? 
G GAC. (17) 


~ 2+ diz + G+ em —4) 


where [1 a 1 ]@yn a Wy, | 4 sr W/m a W,,| 02. From eqn. (17), 


Sm \* 
fi WmC 
fit (Z vad Zp1)(Z a Zp2) 


* The case of unequal load damping conductances, g; and gp, in place of the equal 


(18) 


‘conductances, g, has not been considered. This case can be treated as above, when it 


is found that a reduction in the area of physically realizable singularities results if 


81 # 82. 


BANDPASS AMPLIFIER CIRCUITS 109 


and provided that (d,u,)* < 4(dj + ui — 4), the poles z,, and 
Z»2 occur in complex conjugate pairs, as before. 
For this circuit arrangement, 


Zp1Zp2 = Xp + Vp = a + pt — 4 
(Zp + 2p2) = — 2% = diy 


(19) 
(20) 


Eqns. (19) and (20) for the stagger-tuned amplifier correspond 
to eqns. (4) and (5) for the inverse-feedback pair. 


(4.2) Regions of Realizable Singularities 


The constraints imposed upon the positions of realizable 
singularities must again be considered. Since w,, w>, g, and 
&2 must be positive real constants, it follows that d, is positive 
real, and py, is real and within the range 2< p,»< +0. In 
practice, the constraint that g, shall be a real positive constant 
is not sufficiently strong, because load circuits of infinite Q-factor 
are unattainable. This is allowed for by imposing a more 
severe constraint on d, than above, namely that d, is real and 
within the range dinin << dy << + ©, where d,,;, is the minimum 
damping factor (=1/maximum Q-factor) attainable. 

Eliminating d, from eqns. (19) and (20) and solving the result- 
ing quadratic for 4, gives 


1/2 
i =[H{O3 +3 +4) + VIGF +3 +4? — 16g] "QD 
But (x2 + y2 + 4)? — lox? = G2 4 
positive for all values of x, and y,. 


for all values of x, and y,. 
To satisfy the condition 2< 4, < © requires that 


O< G2 +y2 —4) + +/ [G2 + v2 — 4)? + 1672] 


Eqn. (22) can only be satisfied if the positive root is adopted 
and is always satisfied when this root is taken. Hence 


wr =[HO3 +93 +4 +103 +33 +4? — 16g]}]"” 29 
From eqns. (19) and (23), it follows that 
dy = [3{63 +93 +4) — VIG +93 + 4? — 16x3]}]"” 4) 
while from eqn. (20) it follows that only negative values of x, 
are realizable, since both py, and d, are positive and real. 


From eqn. (24) and the condition d,,;, < d,< © it follows 
finally that 


y2 — 4)? + 16y2, which is 
This shows that py; is real 


(22) 


x2 y2 
pees P (25) 
oi din oe ain 


which, for points in the left-half z-plane, defines a region bounded 
by a hyperbola such as is indicated in part by curve C of Fig. 2.* 

The regions in the z-plane within which complex conjugate 
pairs of singularities are permitted for both an amplifier of 
inverse-feedback pairs and a stagger-tuned amplifier having been 
determined, it is necessary to turn to the approximation problem 
and to determine the position of the singularities in the z-plane 
corresponding to desired response shapes. 


(5) THE APPROXIMATION PROBLEM 


(5.1) General Remarks 


The response shapes usually required are the Chebyshev or 
equal ripple response, and the Butterworth or maximally flat 
response. However, by a suitable choice of parameters, the 

* The possibility of pairs of real roots situated on the negative axis of this region 


has not been investigated. It should not be assumed that arbitrary selections of pairs 
of negative real singularities in this region are admitted. 
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latter can be treated as a limiting case of the former, so that one 
analysis can be applied to both. This will be done here. 


(5.2) The Chebyshev Response 


A theorem due to Chebyshev,° and a subsequent discussion 
of the theorem by Bernstein,® shows that, if a polynomial of 
degree n in a real variable, x, satisfies the condition that 
—1< f(x)< +1 for —1< x< +1, then, for any value of x 
in the range |x| > 1, there is a maximum value which f(x) 
cannot exceed, and this maximum value is achieved if f(x) is 
a Chebyshev polynomial of the first kind and of order 7. 
Chebyshev polynomials therefore exhibit just the property 
required of a bandpass amplifier, namely the maximum attainable 
rate of cut-off outside the passband, and a maximum range 
within the passband having a gain which does not differ from 
the mid-band gain by more than sdB, the gain tolerance. For 
this reason, the Chebyshev polynomial is considered the most 
suitable polynomial with which to approximate the design 
specification in situations in which the phase response is 
unimportant. 

Since eqns. (11), (23) and (24) express the circuit parameters 
in terms of the positions of the singularities in the z-plane of 
the voltage transfer function, and since the constraints imposed 
upon the positions of these singularities are known, it is con- 
venient to specify the desired response shape in terms of the 
positions of desired singularities in the plane of z. 

Define w?, = wjwy, 27B = w, — w, and d = Bif,,. 
When w = w;, 

Z=X + jy =f(@ lm — &,,| 0) = — jd 


When w = w,,, 
z=x+jy=0 

When w = w,, 
Zax ty = j(@, |, Ba Wm| Wy) = + jd 


Consider next the expression 


- E ee (2) oA 


where |G,,,| is the mid-band gain modulus, 


Ts,(y/Kd) = cos [2n arc cos (y/«d)| 


G 
G 


m 


(26) 


is the Chebyshev polynomial of the first kind and of order 2n 
and 6, € and « are constants to be specified. 

These constants can be chosen to relate eqn. (26) to the design 
specification through the following conditions: 

When w = w,, and hence y = 0, 


|G| = |G,,,| by definition of |G,,,| 
When T>,(y/kd) = + 1 and 7 is odd, 


20 logiy |G/G,,| = — s 
(see Section 10.1). 
When T>,( y/Kd) = — 1 and n is even, 


20 logyo [G/G,,| = +s 
(see Section 10.1). 
When w = w, or w, and hence y = + d, 


|G/G,,| = 1,2 


from the specification of w, and w, as the upper and lower 3 dB 
frequencies. 
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Choosing 8, € and « in eqn. (26) to satisfy these conditions 


gives: 
If 1 is odd, 
[G/G,,| = [A + ©) + €Tra(y/xd)]~"? 
BS SOL GS tow ; ; 
where e = 410° 1) ~ 0-115s, if s < 8-7 (27) 
1 1—e 
and 1/x = cosh Ge arc cosh i ) 
If 7 is even, 
|G/G,,| an [a aE) Sat €T>,(ylxd)]— 1? 
where a= 41 = 10-919) ~ 0° 115s, fs < 8-7 
e=1}( ) iS, okt (28) 
ee: 1 1+e | 
and 1/« = cosh (- are cosh ) | 


From eqns. (27) and (28), it follows that the appropriate form: 
of eqn. (26) for both odd and even values of n is 


[G/Gy] = { [1 + (Hite) + eT an vlicd)} 1? 
e ~ 0115s 
1 . 
1/x ~ cosh (= arc cosh ae | 
2n S 
The singularities z, of the minimum phase gain function | 


G/G,, having a modulus |G/G,,,| defined by eqn. (29) are given 
by the zeros in the left half z-plane of the function® 


where (29; 


Hi) = 1+ ("He + Tan) 


which reduces to the condition 


Zz, Zi 
Ton (=) = cos 27 arc cos ( oy 


pa 1 + (—1)"tle 


- =—cosh@ (30): 


1+ (-1y+e 


€ 


where @ = arc cosh 


From eqn. (30), 


cos E arc Cos (%)| = — cosh @ = cos [j# — (2r — 1)z] 


‘ le 
or Zp = jxd cos Ne [j@ — (r — val} (32) | 
where sl) ene | 
Equating the real and imaginary parts of eqn. (32) yields 
Xp» = — kd sinh 6/2n sin ea ee 
(33)) 
Yp = Kd cosh 6/2n cos eet 9) . 
Eqns. (33) are the parametric equations of the ellipse 
ols Op lege Yp 
(xd sinh O/2ny2 * (edeosh Ofm2 1 «(+ (G4) 


which shows that the required poles lie on an ellipse having a | 
semi-major axis kd cosh 0/2n ~ d along the imaginary axis and] 
a semi-minor axis kd sinh 0/2n ~ d\/(1 — x?) along the real axis. ,) 


8 . 8 
Ad cosh os Kd sinh 55 
xd 


__ Fig. 4.—Locating the singularities of a desired response shape. 
| Assuming for the moment that a value of has been established, 
the required pole positions may be rapidly plotted (see Fig. 4) 
“as follows: 

/ (@ Draw circles of radii d and d\/(1 — x2) for the given 
fee cation, with centres atx =y = 0. 

(6) Draw, in the second quadrant of the z-plane, radial lines 
making angles (2r — 1)z/2n with the +jy axis. 

(c) Read off the x-co-ordinate of the points of intersection of 
le e smaller circle and each radial line, and the jy-co-ordinate 
of the points of intersection of the larger circle and each radial 
‘line. These co-ordinates are 


| Cie 
| xp = — Kd shy is a 

| ] 0 (2r — 1)r 
Vp Kd cosh oe cos lies 


‘which define the required poles. 
I It only remains to superimpose curves B and C of Fig. 2 on 
/Fig. 4, to test a particular specification for physical realizability. 


(5.3) The Butterworth Response 


‘The Chebyshev response having been defined in terms of a 
3dB bandwidth specification, the Butterworth (maximally flat) 
_Tesponse follows by making the passband gain tolerance, s, tend 
to zero. 

As s tends to zero, x cosh 6/2n > « sinh 0/2n > 1 so that a 
Butterworth response requires poles z, defined by 


fe 
I 


x, = bie: pees 1) 
n 
(35) 
ae (2r — 1)z 
Vp = a a 


which is the parametric equation of a circle centred on the origin 
_and of radius d. 


(6) CHOOSING THE VALUE OF n 


The only requirement in the original specification yet to be 
considered is the specified mid-band gain. It is to realize this 
. that the value of m must be chosen. 

. Consider first the case of an n-stage amplifier consisting of 
either n/2 inverse-feedback pairs if n is even, or (7 — 1)/2 feed- 
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back pairs together with a single stage without feedback if n 
is odd. It follows from eqn. (2) and the equation 


&m 
* WmC 
Z + g/w,_,C 


for the gain of a single stage, that 


IG] = Ga ayy 


One 
x (y" oF Bony 2 ciaara any” =f ay) 1 (36) 
for such amplifiers. In eqn. (36) ay,_>, .. . Gy, do are constants, 


and 


n[2 
(Geometric mean g,,)" = gf!? II (8m — &,2,) if n is even, 
‘ r= 


(n—1)/2 : 
= gntD/2 TT (Sm —8p,2,) if n is odd, 
r= 


where gy, is the feedback conductance of the rth pair in the 
chain. 

The gain of an n-stage stagger-tuned amplifier may be 
developed from eqn. (17), and is of the form 


|G| ag (el Omer iy a9 ey ae 
+...+ay% +a|~-'? (G7) 
The desired response shape is found from eqn. (29) by expressing 


T>,(y]Kd) in polynomial form (Section 10.2), when the desired 
|G| becomes 


|G| = |Gp_le—"/22-Cn—D (edn 
x (y+ dy, _oy"?-? +... + agy* + ag)s 4? G8) 
Locating the singularities of the gain functions, eqns. (36) and 
(37), in the same positions as those of the desired response shape 


eqn. (38) ensures the identity of the polynomials in these three 
expressions. Hence 


Gin = — ¢1/29(2n—1)/2 (39) 


(Gace 27K BC 


for an n-stage stagger-tuned amplifier with a Chebyshev response, 
and 


Geometric mean g,,\” 
— ¢1/29(2n—1)/2 m . 
Gol ease? ( IK BC ) ao 
for an n-stage amplifier of feedback pairs with a Chebyshev 


response. 
It can be shown (Section 10.3) that 


(Geometric mean g,,)” = 


n[2 or(n—1)/2 4 4AnCB\? _, (2r — eel 
a = — (— a 41 
a + [Gea] 


when eqn. (40) becomes 


|Gin| = €¥/22@2— ae ae 


n 


27K BC 
n[2 or (n—1)/2 2 =a 1/2 
x II at + E = (=) cos? een } (42) 


r=1 2 m 


Expressions for the mid-band gain of a Butterworth approxi- 
mation follow from eqns. (39) and (42) by setting the gain 
tolerance, s, to zero. This gives 


&m \* 
tae on.) 5 Rey aUie MSTABY 
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for an n-stage stagger-tuned amplifier with a Butterworth 
response, and 


ae &m 
Gl = (Sec 
n[2 or (n—1)/2 | AnCB\2 __, Qr— nae 
=41 1 — (oe cos* —————— (44) 
. a { +| &m 2n 
for an n-stage amplifier of feedback pairs with a Butterworth 
response. 


Eqns. (39), (42), (43) and (44) contain n as the only unknown 
parameter on the right-hand side. The smallest integral value 
of n which makes |G,,,| > (specified mid-band gain) defines the 
appropriate number of stages. 

The value of n required by eqn. (43) for a given mid-band gain 
modulus is easily deduced, and suggests values of 1 to explore 
when seeking a solution of any of eqns. (39), (42) and (44). 


(7) A DESIGN EXAMPLE 
(7.1) The Design Specification 


The above procedures will now be applied to a particular 
design problem to illustrate the simplicity of the method. 

It is required to design an amplifier with a passband gain of 
at least 66dB and a passband defined by the 3dB frequencies 
f, and f,, where f, = 7-5 Mc/s and f, = 20Mc/s. It is further 
required that the passband gain shall not vary by more than 
1dB over as great a part of the passband as possible. 

Initial experiments suggest that, for the available components, 


&n = 7-6mAfvolt . C= 17 pF 
Luin = 10 mho 


for the inverse feedback case, and d,,i, = 8 x 10-3 for the 
stagger-tuned amplifier. 


(7.2) Choosing n 


The first step in the design is to decide upon a suitable number 
of stages. Eqn. (43) suggests trying 


8m 66 
i— 20 logio IG,,| / 20 logio hs ) a 15:1 SG 


With a gain tolerance s = 4dB specified, a Chebyshev approxi- 
mation can be used. 


Since « = 0115s ~ 0-029 
B = 20 x 106 — 7-5 x 106 = 12-5 x 10%e/s 
Wm = 2m X 10%/(20 X 7:5) = 2m X 12-25 x 106 rad/s 


8-686 
; ) = cosh (2:12/n) 


1/k = cosh & arc cosh 
2n 
C6217 10 2h 
22 = 71-6-< 10->-mho 
it follows from eqns. (39) and (42) that, for a Chebyshev 
approximation, using stagger-tuned amplifier stages [eqn. (39)], 
|G,,| ~ 70d4B forn =4 . 
IG,,| ~ 47dB for n = 3 
and using a chain of feedback pairs [eqn. (42)] 
IG,,| ~ 70dB for n = 4 
IG,,| ~ 47dB for n = 3 


Hence, whichever circuit configuration is used, four stages are 
required to achieve the desired mid-band gain. 
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(7.3) The Desired Response 


With n = 4, the pole positions of the desired response shape 
may be determined by the method already described (see Fig. 4). 
The radii appropriate to this problem are d = B/f,, = 12:5/12-25 
=1-02, and d/(1 — x?) = 1-02y/[1 — C/cosh 0:53)7] = Ore. 
while the radial lines make angles 7/8 and 37/8 with the +-/y axis. 

Carrying out this construction and reading off the appropriate 
co-ordinates gives 


Zpty ZH, = — 0-188 + j0-950 (45) 
Zp2s Zp, = — 9°455 + j0-395 (46) 


Plotting the boundaries of the regions of realizable singu- 
larities in Fig. 4 immediately shows that the specification can be 
realized with both stagger-tuned and feedback amplifier circuits. 

| 
(7.4) The Stagger-Tuned Realization | 

The first pair are designed to realize z,, and z>,, and the 
second pair subsequently designed to realize z,, and z>). | 

Substituting x, = — 0-188, y, = + 0-950 in eqn. (23) yields 
the appropriate value of 1; for the first pair. Thus 


14 = [ {0-188 4 0-952 + 4 
4 4/[(0-1882 + 0-952 + 4)? — 16 x 0-1887]} | 

= 2:23 =a,/w,, + w,/@, 
(@,]@,)7 2 Bios) A= 0 ae 


and w, = 1-62w,, or 0-62w,, and hence} w, = w2,Jw, =0-62c,, 
or 1-62w,,. 

We next determine d;. From eqn. (20), d, = — 2x,/pu; 
0-376/2:23 = 0-168. Hence the load circuit of one stage of thi 
first pair is tuned to 0-62w,, (=7:6 Mc/s), and has Q = 1/d, = 
5-9, while the other stage is tuned to 1-62w,, (=19-75 Me/s 
and has the same Q-factor. 

The calculations of this Section can now be repeated for the 
next pair of singularities, eqn. (46), giving w, = 0°635w 
w, = 1:575w,, and d,; = 0-41 as the appropriate values for th: 
second pair of stages of the 4-stage amplifier. One stage of th 
second pair is thus tuned to 7:7 Mc/s and has a Q-factor « 
2°45, while the second stage is tuned to 19-5 Mc/s, also with . 
Q-factor of 2°45. 

Although it is convenient in the design process to consideé 
the stages in pairs in this way, thereby realizing each pair c 
complex conjugate singularities by a separate circuit, the stages 
once designed, may be cascaded in any order. 
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Therefore 


(7.5) Realization with Inverse-Feedback Pairs 


Eqns. (11) are appropriate for the solution of the realizatio: 
problem with this circuit configuration. Substituting Xp 4 
— 0-188, y, = + 0-95 in eqn. (11) yields 


& = 447-6 x 10-3 — +/[(7-6)2 x 10-6 — (4m x 12-25 

x 10° x 17 x 10-12 x 0-950)?} 

= 0-22 x 10-3 mho 
and 

g =2n x 12-25 x 106 x 17 x 10-12 x 0-188 — 0-22 x 10-4 

= 0-024 x 10-3 mho 


Hence both load circuits of the first feedback pair have | 
Q-factor (=w,,C/g) of 53, and are tuned to 12-25Mc/s. TF 
feedback resistance (=1/g,) is 4-5 kilohms. 

_ 7} It is a general property of eqn. (47) that the product of the roots of this quadra: 
is unity, so that the two values of have © as their geometric mean. Thus eith. 


root may be selected as the appropriate «1, when the other root automatically beco 
the corresponding «3, 


| Repeating this procedure for the pair of singularities 250s 252 
of eqn. (46) gives ge = 0-035 x 10-3 mho and g = 0:556 X 
{0-7 mho. The second pair of the 4-stage feedback chain require 
identical load circuits, also tuned to 12:25 Mc/s, having Q-factors 
of 2:3. The required feedback resistance for this pair (=1/g,) 
is 28-6 kilohms. Connecting these two feedback pairs in 
cascade provides the desired overall response. 


— 


nf (8) CONCLUSIONS 


i The above examples demonstrate the simplicity of this design 
‘procedure. This simplicity results from designing stages in pairs, 
)each pair realizing a pair of conjugate singularities. In this way 
the complete network is broken down into a number of basic 
jelements from which the whole circuit is developed. These 
‘basic elements, though designed separately, have only to be 
‘connected in cascade to produce the required overall response. 
No matter how large the value of 1 required to satisfy a given 
‘design specification, no extra complication is introduced, because 
It is this 
‘fact which makes this method of design particularly useful when 
‘nis large. 

| Determination of the regions of the z-plane within which 
conjugate singularities are realizable enables the designer to test 
_ the realizability of any Chebyshev or Butterworth response which 
_he may require. 

| The specification of regions of realizable singularities also 
‘serves to compare different circuit configurations. The circuit 
\configuration which permits the greatest freedom of choice of 
positions of singularities is to be preferred. Fig. 2 clearly shows 
‘that any response shape which can be realized by the use of 
cascaded feedback pairs can also be realized by the use of 
stagger-tuned stages, while the converse is not true. 

i 


phe basic element remains unchanged throughout. 
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(10) APPENDICES 


(10.1) The Chebyshev Polynomial 


~The Chebyshev polynomial T,,(x) of the first kind and of order 


n is defined by 
T,(x) = cos (n arc cos x) (48) 


It follows that 


T,(—x) = cos nz cos (n arc cos x) 
= = 1)°T,@) 


SHAPES FOR CERTAIN WIDE-BAND BANDPASS AMPLIFIER CIRCUITS 


113 


Hence T,(x) is an odd function of x if n is odd, and is an even 
function of x if n is even. 

Since the desired amplitude response function is an even 
function, only even-order Chebyshev polynomials are of interest 
here, and hence it is only necessary to study 


T5,(%) = cos.2nare cos.x):. (49) 
where n is a positive integer. From eqn. (49), 
2 Top(x) = 2n sin (2n arc cos x)/\/(1 — x2) = 0 
if x = cosrnj2n, 7 = 1, 25.04.0n =f) (50) 


Hence, T,,,(x) has 2n — 1 stationary values in the range |x| < 1. 
Substituting eqn. (50) into eqn. (49) shows that 


Ton(x) = cos [27 arc cos (cos r7/2n)] = cos ra 
= + | at the stationary points. 


Again, from eqn. (49) T>,() =0 when 2narccos x = 
(2r — 1)z/2, ie. when 


Fue ale RS in (51) 
4n 
Finally, from eqn. (49), 
T>,(0) = cos [2x arc cos (0)] 
= cos 2n (2r — 1)z/2 
= — | for n odd, and +1 forneven . (52) 


Using the results of eqns. (50)—-(52), the shape of the functions 
T>,(x) may be sketched by the method illustrated in Fig. 5 for 
n = 3 and n = 4 respectively. 


(6) 


Fig. 5.—Chebyshev responses T2n(x). 


(a) n odd (=3). 
(b) n even (=4). 
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(10.2) The Expansion of Chebyshev Polynomials 
From the trigonometric identity 


cos 2n® = 2 cos (2n — 2)® cos 20 — cos (2n — 4)0 
by setting ® = arc cos x it follows that 
Ton) = 2T2(*)T2n_2) — Tana). - 3) 
From eqn. (49), 


T,(x) = cos (2 arc cos x) = cos? (are cos x) — sin? (arc cos x) 
= x") 


eed eS ee et oe, ne mie ee ale) 
and 
T6C =C0s arc cost) de ool LS. Seta sos Fu eer aloo) 
From eqns. (53) and (54), 
Ton(x) = 2(2x? —1)Top_2%) — Trg). -  56) 


Putting n = 2 in eqn. (56) 
Ty(x) = 2(2x? — 1)T,(x) — Tox) 
= 2(2x* —-1)?: = 41 
= 23x4 — 8x2 + 1 ee ee een.) 
Putting m = 3, 4, . . . in succession in eqn. (56) gives the higher- 
order Chebyshev polynomial expansions of T>,(x). 


The following observations follow from inspection of eqn. (56) 
(or may be proved by mathematical induction if required): 


(a) T2,(x) is an even polynomial of order 27 in x. 
(b) The coefficient of x?” in T,,(x) is 20"-, 


r * 


Thus, 
Top) = Q@n-1)x2n 4 ER Pe ee: em esa Oh x? + a (58)) 
The coefficients «2,,,_,) forr = 1, 2,...m may be determined, if! 


required, through the recurrence relation (56). 
Eqn. (38) follows immediately from eqns. (29) and (58). 


(10.3) The Value of [Geometric Mean g,,,]" 
From the definition, 


[Geometric mean g,,]” 
Bite aig 
Pot ote 
= Sin I (8m — &f, 2r) if m is even (59) 


(n—1)/2 ide 
= gintDl2 M1 (8m — &, 2+) if n is odd 
r= 


From eqn. (11), 


1 2wWyC\2_, |? 
8f,2r = 8m5 Lai (ay Yp, 2r 
m 


Seu 2 mC 2 42 28 peat 
ee mat — [ — ES «7d? cosh 5 cos oF J 


from eqn. (33). 
But « cosh 6/2n ~ 1 and hence 


iF epee meth A We pce 9 ire * 
Sf, 2r = Sud! [ (Fi cos Dag s tie (65 


since d = B/f,,,. 
Eqn. (41) follows immediately from eqns. (59) and (60). 


ii 


}. SUMMARY 

It is shown that the multi-gain representation for a single-valued 
on-linearity with multiple inputs as developed by Somerville and 
|therton may be regarded as an approximation prohlem involving 
| -thogonal polynomials in two variables. 

i Consider two stationary random processes, x(t) and (tf), possibly 
related, with a given second-order (zero-delay) joint probability 
es p(x, y). If the input to a specified zero-memory non-linear 


wice having the input/output characteristic v(t) = f[v;(t)] is 
| t) + y(@, the relevant polynomials satisfy orthonormality conditions 
er the xy-plane with respect to p(x, y) as weighting function. An 
‘herent minimum property of these polynomials then allows the 
(uivalent gains to be determined directly in terms of the expansion 
efficients of f(x + y) with respect to the polynomials. When x and 
{are uncorrelated, the gains reduce to the values previously obtained 
y Somerville and Atherton. 

_A further property of the polynomials is sufficient to prove that 
he Zero- -delay cross-correlation between the input and the error 
livolved in the approximation is zero, and that this result remains 
ue as the order of the approximation is increased. 

‘| 
| 
| (1) INTRODUCTION 

| The basic idea of representing the output of a zero-memory 
-on-linear device subjected to a random input, x(t), by the 
iz... linear approximant, kx(t), where k (the equivalent gain) 


epends on the input statistics and the particular device in 
uestion, was evolved independently and almost simultaneously 
y Booton,! and Kazakoy.? Since these original papers, the 
xchnique of equivalent gains has attracted much attention from 
‘ngineers, partially because there is no alternative in many 
a but also because the results obtained with the 
nearization yield surprisingly good results in a useful selection 
f closed-loop systems having Gaussian inputs. 
_ While the method of equivalent gains may be thought of as a 
eneralization of describing-function techniques to handle 
andom inputs, other recent work? has dealt with generalizations 
ff equivalent-gain theory to take care of composite random 
yputs, e.g. x(t) + y(t), where each function represents a random 
ime disturbance. Additional references to such generalizations 
Te given by Somerville and Atherton.? 
- Oddly enough, orthogonal polynomials have not been invoked 
er se in this problem, although the approximant in the single- 
nput case, kx, and that in the case of two additive inputs, 
4x + ky, are clearly polynomials in one and two variables, 
espectively. A connection between equivalent gain and poly- 
tomials generated by the first-order probability density of the 
put process has been noted,’ but the use of polynomial theory 
© derive the equivalent gain has apparently been overlooked in 
he literature. 

In the paper, the results obtained by Somerville and Atherton? 
ire generalized to the case of correlated inputs, using the theory 
f orthogonal polynomials in two variables. 
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APPLICATION OF THE THEORY OF ORTHOGONAL POLYNOMIALS IN TWO 
VARIABLES TO A MULTI-GAIN EQUIVALENT LINEARIZATION PROBLEM 
| By J. L. BROWN, Ph.D. 


(The paper was first received 22nd March, and in revised form 14th June, 1960. It was published as an INSTITUTION MONOGRAPH in 
September, 1960.) 


(2) THE PROBLEM 
To facilitate comparison, the notation of Reference 3 will be 
adopted. 
The non-linearity is characterized by the relationship 


v(t) = f[v,(O] (1) 


where v(t) is the instantaneous output value corresponding to 
the instantaneous input value, v,(t), and f is a single-valued 
function of its argument. Furthermore, the input to the non- 
linearity is assumed to be of the form 


u(t) = B + xt) + x). (2) 


where x(t) and y(t) are correlated zero-mean, stationary random 
processes and f is a constant specifying the d.c. input level. 
Let p(x, y;7) represent the second-order joint probability 
density of the two processes and define 


Dlx, Vs OVS PX) <3 VB Pa ema 


Thus p(x, y) is essentially the zero-delay joint probability density 
for the two processes. 

The problem consists of finding the ‘best’ linear approximation, 
having the form k,x(t) + k,y(t), to the output, f[B + x(t) + xO], 
of the non-linearity by choice of the constants k; and k,. The 
criterion of optimization adopted here is that of minimum mean 
squared error, i.e. the quantity 


ioe) cO 
M =| | [e(x, y)Pp@, ydxdy . . . (4) 
is to be minimized, where e(x, y) is the approximation error 


defined by 
= f(Bia x: y)—hixee kay) => eG) 


If, in addition to stationarity, it is assumed that both x(t) and 
y(t) are ergodic, M has the equivalent expression 


e(x, y) 


es A : 
M = Iim a Lex), Wn]Ydt . 2. © 


which is perhaps a more familiar expression of mean square 
error. For non-stationary processes, M as given by eqn. (4) 
will depend on ¢,, and the pertinent quantity for minimization 
would be 


lim 1 [dC as Se eee) 


Too lL 


It might be noted at this point that taking an approximation 
of the form k,x + k,y + k3 does not add anything essential to 
the analysis. If e,(x, y) is defined as 


ec fbx ty — Ox +hy bk) 1 @) 


Correspondence on Monographs is invited for consideration with a view to 00 ws re ; 
ee is in the Qrdasnce Research Laboratory, Pennsylvania State University, and M i= ie es Je ih ((e3 y) p(x, y)dxdy we ( ) 
Jniversity Park, Pa., U.S.A. 
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it is easily verified that 


i.e. the same values of k, and k, which minimize M will 
minimize M, and conversely. Consequently, 4; may be inter- 
preted as a constant bias equal to the average value of the 
output, f(8 + x + y), and the shortened form k,x + kyy may 
be used without loss of generality. 

The pertinent facts concerning orthogonal polynomials in two 
variables are summarized in the Appendix. 


(10) 


(3) APPLICATION 


The problem, as posed in Section 2, is now easily resolved 
using the minimum property proved in the Appendix. In the 
theory given in the Appendix, identify the non-negative weighting 
function p(x, y) with the second-order joint density, p(x, y), of 
the input processes x(t) and y(t) and let R be the entire xy-plane. 
Then, by the minimum theorem, the best mean-square approxi- 
mation to f(8 + x + y) limited to linear terms (i.e. to terms of 
first degree in x and y) is given by the partial sum 

gk’ 
Sie y= DD cig y) 
k=0 i=0 
= Co0400(% ¥) + C0910 Y) + Cig, ») . CD) 


where the c;; are given by 


Chi = | ee WS(B + x + yaui(x, Ydxdy . (12) 
for i= 0, k and k=0, 1. The problem is thereby reduced 
to finding the three polynomials, goo(x, y), djo(x, ¥) and q11(x, y), 
and then determining the coefficients cog, Cig and cj. 

By definition, the unknown polynomials must be of the form 


900 = (1 l 

F190 = C2 1 3x 

Gy = C4 1 C5x cey | 
with c; # 0, c; #0 and cg £ 0. 


By application of the orthonormality conditions it is readily 
deduced that 


(13) 


Cp—al 
Co =0 
c3 = Ifo, 
CeO 


cs = oto} — §3,)-12 
x 
cg = onfo2o} ~ 2,)-19 


foe) 
where of = | x*p(x)dx 
=a 00) 


oF = | Paddy Po ie eee) 


ice) eo 
Py = i | xyp(x, y)dxdy 

—a~—o J 
and p(x) and q(y) denote the first-order probability densities of 
x and y, respectively. Thus the three polynomials in eqn. (13) 
are determined entirely by the input statistical parameters and 
can be written down immediately once these parameters are 
known. 
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With coo = & Cio = y and c,; = 6 these quantities are deter 
mined by eqn. (12) as 


o= J J f(B + x + ype, y)dxdy 


Ven ie [7@ +x + y)p(x, y) (= dxdy al 5 


=] [fB +x +e Mes + conde | 


The linear approximant k,x + ky containing the unknow; 
equivalent gains k, and ky can be expressed in terms of thi 
polynomials | 


q k C5 | 
kyx thy =k +a 410 | 
C3 C3 | 
y (14 
exe Shgha ds 20S5 2 
<a og 10 ai ce fll 


According to the minimum theorem given in the Appendis 
the best mean-square fit will be obtained when k, and ky at 
chosen so that 


ky Ais ky C5 sail 
a (it 
ka _ 
C6 = 
Y ddxy 
== i 
ao 1 5. ofate? — G3]? \ 
da 
and ko = xo wl eee 
Lozos — $%,]"" 


where the values of c¢3, cs; and ce have beensubstitute 
Eqns. (18) and (19) then express the equivalent gains in tt 
general case of two additive inputs having a zero-delay cross 
correlation value, ¢,,. 

In the special case where x(t) and y(t) are uncorrelated, tk 
second-order density, p(x, y), is given by 


POX, VY) ="DOX)G)—. 


where p(x) and q(y) are the first-order probability densities of { 
and y, respectively. Since ¢,, = 0 in this case, c, = cy = cs = 

cy = 1, c; = Ifo, and cg = 1/c,. The three polynomials redua 
to the simple forms 


Joo = 1 
dio = x/o,, 5 a . 5 5 o (A 
Cire ylo, 


ee cs: 
and y= —| |B +x + ypu »)dxdy 


1 io) 
8=— | [£G +x + pea vddxay 


YOO 


With these expressions, eqns. (18) and (19) become 


ie 0) 


1 ioe) ioe) 
kim a) | xfB +x + yp a(vdxdy | 


co foe) 5 ( 
1 
and ky Sele | | yI(B + x + y)p(x)q(y)dxdy 
fh Pelee? 2) <0 — 12.0) 


which coincide with the determinations given by Somerville an 
Atherton? for this case. The method of Somerville and Atherté 
can also be used when x and y are correlated to obtain 


| Eqns. (24) and (25) result from eqns. (18) and (19) when the 
itegral forms of y and 6 are substituted; the two forms are 
‘erefore equivalent. 


(4) ERROR UNCORRELATED WITH INPUT 


| For the single-input case it has been noted* that the error 
ee the actual output and the approximated output is 
imcorrelated (for zero delay) with the input. The purpose of 
‘bis Section is to show that the same result holds true for the 
‘omposite input B + x(r) + y(t). 

Theorem.—Let the input to the non-linearity be B + x(¢) + y(t) 
is before and consider the approximant k,x(t) + kpy(t) + k, 
vhere k, and k, are the equivalent gains as determined in 
eqns. (18) and (19) and k; is the average value of f [8 + x(t) + 
@). ‘Then the error, f(8 +x +y) —(kix +koy +k), is 
Aincorrelated (zero delay) with the input, 8B + x + y. 


| Proof.—The theorem states that 

| (o@) oO 

| i [ve + x+y) — (kx + ky + k)] 

| (B +x +y)p(x, ydxdy =0 (26) 


Since the formal expansion of f(8 + x + y) is 


roe) k 
f(B+x+y) =. x CKiki(®, Y) (27) 
and k,, k, and k3 have been chosen to satisfy 
kx + kyy + k3 = Coo9oo + C10910 + 11911 (28) 


it follows that 
oo k 
FB + x+y) —(kix + kay +s) ~ YD criti Y) (29) 


and it is clear that the right-hand side of eqn. (29) contains only 
terms of degree > 2inxandy. But it is noted in the Appendix 
that q,,(x, y) is orthogonal to every polynomial of degree < n in 
xand y. Therefore f(8 + x + y) — (kyx + kyy + k;) is ortho- 
gonal to the first-degree polynomial B + x + y, as asserted. 

Of course, this result could have been proved directly using 
expressions (24) and (25), but the algebra becomes somewhat 
tedious. 

It should also be noted that the theory of orthonormal poly- 
nomials in one variable and the corresponding minimum property 
for such polynomials’ afford a completely parallei development 
of equivalent-gain theory for a non-linearity subjected to a 
single random input. In this simpler case the polynomials are 
constructed to be orthonormal on the interval (—°0, ©) with 
respect to the first-order probability density, p(x), of the input 
process. The best mean-square approximation, having the form 
kx, to the output, f(x), of the device is then obtained by choosing 
k equal to the coefficient of the first-degree polynomial in the 
generalized Fourier expansion of f(x) with respect to the ortho- 
normal polynomials. The resulting value of k is identical with 
Booton’s determination! of equivalent gain for this case. 
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i oo) i) eo) re) 

ie of{ | xf(B +x + yplx, vdxdy — byy[—_f 9f(B + x + ype, »ddxdy 

i k — lo Sk —— Ho a} == CO) =" OO) 

lad 02] | xB +x +yplx, eddy — by [| af(B +x + vplx, vddedy 

: ees (25) 
x05 — Pry 


(5S) CONCLUSIONS 


An exposition has been given of the application of orthogonal 
polynomials in two variables to the determination of the multiple 
equivalent gains which arise in the linearization of an instan- 
taneous non-linear device subjected to a composite random input. 
While such results may also be obtained by conventional methods 
for determining extrema, it is felt that the polynomial setting 
best exhibits the essential nature of the problem and provides a 
more uniform approach. Furthermore, the extension to higher- 
order approximants (e.g. the best mean-square approximation in 
terms of a second-degree polynomial in x and y) is immediately 
apparent, whereas conventional techniques become clumsy as 
the order of the approximation increases. 

An immediate consequence of the theory is that the zero-delay 
cross-correlation between the error and the input is zero. This 
property remains valid for any finite order of approximation as 
well as for the first-order approximation. The underlying 
polynomial theory provides this general result without. any 
additional computation and validates the usefulness of the 
polynomial approach. 


(6) REFERENCES 


(1) Booron, R. C.: ‘The Analysis of Nonlinear Control Systems 
with Random Inputs’, Proceedings of the Symposium on 
Nonlinear Circuit Analysis, Polytechnic Institute of Brook- 
lyn, N.Y., 1953, p. 369. 

(2) Kazaxovy, I. E.: ‘Approximate Probability Analysis of the 
Operational Precision of Essentially Nonlinear Feedback 
Control Systems’, Automation and Remote Control (English 
Translation published by Consultants Bureau, Inc.), 1956, 
17, p. 423. 

(3) SOMERVILLE, M. J., and ATHERTON, D. P.: ‘“Multi-Gain 
Representation for a Single-Valued Non-Linearity with 
Several Inputs and the Evaluation of their Equivalent 
Gains by a Cursor Method’, Proceedings I.E.E., Mono- 
graph 309 M, July, 1958 (105 C, p. 537). 

(4) Brown, J. L.: ‘On a Cross-Correlation Property for 
Stationary Random Processes’, Transactions of the 
Institute of Radio Engineers, 1957, IT-3, p. 28. 

(5) LantnG, J. H., and BATTIN, R. H.: ‘Random Processes in 
Automatic Control’ (McGraw-Hill, 1956), p. 101. 

(6) JACKSON, D.: ‘Formal Properties of Orthogonal Polynomials 
in Two Variables’, Duke Mathematical Journal, 1936, 2, 
p. 423. 

(7) SzeG6, G.: ‘Orthogonal Polynomials’ (American Mathe- 
matical Society Colloquium Publication, 1959), Vol. 23, 
Revised Edition, p. 38. 


(7) APPENDIX 
Orthogonal Polynomials in Two Variables 


Given an arbitrary, non-negative, integrable function, p(x, y), 
of two real variables which has a positive integral over some 
specified region R, the usual Schmidt orthonormalization pro- 
cedure® applied to the linearly independent functions 


1/2 


p'l2, pl2x, pli2y, pli2x?, pli2xy, pli2y?,... 
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in the order shown yields a sequence of polynomials qnm(x, y), 
where n = 0, 1, 2,... and m=0,1,..., such that g,, is of 
exactly mth degree in x and y and of exactly kth degree in y; 
furthermore, these polynomials satisfy an orthonormality con- 
dition of the form 


J J Ge tuo Dames Ded = SaBre - GO) 
ty 7n 

where 8, is the Kronecker delta defined by 5,4, = ; 
OifmAn 


If the required integrals exist, an arbitrary integrable function 
f(x, y) defined on R can be expanded in a formal series 


LO ree Ss x CKiWki(%s Y) (31) 

where CK = | Nace VS, Vani, vdxdy (32) 
n k 

Let S06 y) = = x CKiWki(X, y) (33) 


denote the partial sum of this series through terms of nth degree 
in x and y and consider the problem of approximating f(x, y) in 
the mean-square sense with respect to the weighting function 
p(x, y) by a polynomial in two variables of maximum degree, 7, 
in x andy. First, it is clear that any such approximating poly- 
nomial, 7,(x, y), may be expressed in terms of the q;;(x, y), 
wherei=0,1,...kandk=0,1,... ms; 1.e. there exist coeffi- 
cients, d,;, such that 


n k 
TAX, Y) = 2 2% Ki Mki (Xs Y) (34) 
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Conversely, any double sum of the form shown in eqn. (34) i 
a polynomial in x and y of maximum degree n. The minimum 
property of interest here is as follows. 

Minimum Property.—Of all possible polynomials, 77,(x, y) 
having the form of eqn. (34), the one providing the least meant 
square error on R with respect to weighting function p(x, y) il 
approximating a given function f(x, y) is obtained by choosing 
dy; = Cy, Where the c,; are given by eqn. (32). 


Proof.—With 
hes f J pes yf, ») — tax, y)Pdxdy tek 


it is easily shown that 


n k n k 
T= || pew PC ydedy + YS du cw? — DY 
R k=0 i=0 =o 


from which the theorem is immediately obtained. Furthermore 
the minimum value of J is given by 


n k 
Inin = || pS, Ddedy YS DG. » G 
R k=0., #0 


Lastly, since q¢,,(x, y) is of exactly mth degree in x and y, am 
polynomial p,,(x, y) of exact degree m, where m <n, will : 
orthogonal* to q,;(x, y). This follows from the orthonormal 
relation for the q,;(x, y), since p,,(x, y) may be : ee as : 
linear combination of 9j(x, y) with k = 0, 1,...j and j= @ 
Dee enttts 


* Throughout the paper ‘orthogonal’ will mean with respect to weighting functio: 
e(x, y) and over some given region R, 


SUMMARY 
A perturbation analysis is used to demonstrate the instability of a 
“pe of electron flow in a plane diode known as C-overlap flow, which 
P predicted to be a possible flow in the approximation in which 
i ectrons are emitted from the cathode with a uniform velocity. 


{ LIST OF PRINCIPAL SYMBOLS 


I E = Electric field. 

H = Magnetic field. 

_ Jo, J; = Current density divided by eg, unperturbed and per- 
iy turbed value, respectively. 

t = Time. 

i» tp tg = Transit times. 

| ee Perturbation of transit time. 

Ih T = Time at which an electron is emitted. 

) Y, Vz = Electron velocity at general position, cathode and 
h anode, respectively. 

} V.,, = Anode-cathode potential difference. 
| x = Space variable. 

| Xq = Anode-cathode distance. 

| p = Charge density. 

w = Angular frequency. 


I 


| (1) INTRODUCTION 


Recent interest in stability problems of plasmas, together with 
he results of some numerical calculations of electron trajectories 
‘a diode under non-steady conditions,* have led the author 
0 a re-examination of a problem which concerns the stability of 
1 certain type of electron flow in a plane diode. 

An exhaustive discussion of the types of steady flow in a plane 
fiode under the assumption that the electrons are all emitted 
with the same velocity has been given by Fay, Samuel and 
Shockley.t They give all possible solutions of their equations 
for all the various possible combinations of injection velocity, 
njection current density and cathode-anode potential. They 
show that for certain values of these parameters, a potential 
ninimum is formed between the cathode and anode at a potential 
which is sufficiently high to allow a complete transmission of 
the injected current to the anode. This they called type C flow. 
[t is found that over part of the range of parameters for which 
type C flow occurs, there is a further possible solution, which 
they call C-overlap flow, also having the type C characteristics 
but with a longer transit time, and a potential distribution which 
is everywhere lower than that of the corresponding type C flow. 
[t is not possible by changing the various parameters slowly to 
obtain the C-overlap flow from any normal type of flow, 
although the corresponding normal type C flow can be set up. 


* Lomax, R. J.: ‘Transient and Steady-State Space-Charge Flow’, Ph.D. Thesis, 


University of Cambridge, 1959. 
Fay. C. See, A. L., and SHOCKLEY, W.: ‘On the Theory of Space-Charge 


setween Parallel Plane Electrodes’, Bell System Technical Journal, 1938, 17, p. 49, 
EEE a eee eee eee ee ee 
Correspondence on Monographs is invited for consideration with a view to 
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Mainly for this reason it was postulated that the C-overlap flow 
was unstable. 

During the course of some numerical calculations on the 
non-steady behaviour of the plane diode,* the author set up the 
C-overlap solution as the initial state of the diode in order to 
follow its subsequent behaviour. If the state was stable, no 
change should have taken place when the injection velocity, 
injection current density and cathode-anode potential were kept 
fixed. However, it was found that there was a rapid change- 
over to the corresponding normal type C flow, which was 
established completely in 6 to 7 transit times. 

It will now be demonstrated that the C-overlap flow is indeed 
unstable by carrying out an analysis of the flow when it is 
subjected to a small perturbation. In order that the perturba- 
tion analysis will be valid, the discussion is restricted to single- 
stream unidirectional flow, and so the possibility of electrons 
overtaking each other is excluded. These limitations are satis- 
fied in both the C-overlap and the normal type C flow. 


(2) THE PERTURBATION ANALYSIS 


The result of taking the divergence of Maxwell’s equation, 
curl H = pv + €)dE/0t, is: 


div (pv + <9dE/dt) = 0 
which, in the one-dimensional case appertaining to the plane 
diode, becomes 

P) vE 

(re + <o) =—a1uers . ° . ° dd) 

The equation div €e9E = p becomes 

ny iy 

—= ps «1s « 4) Beste 
Sata (2) 
Combining eqns. (1) and (2), 
2 (2K 
ox\dt 
2 (aE) _ 
dx\dt/ 


> 
wee = 0 
Ox 


i.e. (3) 
and so dE/dt must be a function of ¢ only. In the steady state 
dE/dt = 0, and so dE/dt is a constant, Jo, which is 1/ép times 
the current density. 

A periodic perturbation of the current density is introduced so 
that the first integral of eqn. (3) becomes 


o = Jo + Jest A -, . > F ° (4) 
J, is a constant which is taken to be small compared with Jo, 
so that (J;/Jo)* can be ignored. 

In order to integrate eqn. (4), a change is made from the 
Eulerian variables (x, t) to new Lagrangian variables (t, T), where 
T is the time at which a particular electron is emitted from the 
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cathode. The following relations exist between the new and 
old variables: 


(s),= & & ©) 
@).- @, et G),-w © 


where the suffix denotes the variable which is held constant 
during the differentiation. Eqn. (6) implies that eqn. (4) can 
be written: 


OL , 
ae SSA if Jefe 
Car qua” 


Defining the unit of mass so that the charge/mass ratio is unity, 
the equation of motion of an electron is 


dy. ~). ks 


‘dt \dt 
and so, since v = (0x/dt)7, the equation for x is 
ex 
on 
Integrating eqn. (7) three times with respect to ¢, and imposing 


the boundary condition that v = vp and x = 0 at the cathode, 
which is given by ¢t = 7, 


x = t/(t — TP + a(t — T)? + v(t — T) 
+ a(t — T)? + Jyw-3e/Tf j[eoO-M — 1] + w(t — T)} 
(8) 


a + a, is an arbitrary function of 7, a, being the departure 
from the steady-state value, ag, due to the perturbation. In the 
steady state, x must be a function of t — T only, and so ap is 
in reality a constant, leaving only the first-order term a, depen- 
dent upon 7. 

The perturbation is made subject to keeping constant the 
injection velocity v9, the injection current density Jo and the 
cathode-anode potential; thus at the cathode it is required that 


) a Jo -+- Jy e/# . (7) 
Te 


iE 
pv => aute = Eo/ 


Ox (9) 
From eqn. (5), 
oE  oE/oT 
dx =» 0a/0T 
<= Jo = 2(da,/dT) 
Vo 


at t=. In order to satisfy eqn. (9), it is necessary that 
da,/dT = 0, and so a, is at most a constant. 

If the anode potential with respect to the cathode is V, and 
the velocity of the electrons on reaching the anode is v,, in the 
steady state the energy equation requires that 


v= v3 + 2V, 


and so if the steady-state electron transit time is denoted by 
to and the cathode-anode spacing by x,, it follows from eqn. (8), 
and its derivative with respect to ¢, that 


Xq = Bots + aot? + roto (10) 
(%§ + 2V,)'? = J ot§ + 2aoty + % . (11) 

Eliminating do, 
Jot} — 6[¥9 + (0% + 2V,)'7]ty + 12x, = 0 (12) 
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Having found fg from eqn. (12), back-substitution into eqn. (1¢ 
or (11) will determine dp. | 

The condition that the cathode-anode potential should be J) 
in the perturbed state also must now be imposed. This is dont 
by integrating the electric field from the cathode to the anod¢ 


V,= ze Tdx 


Since it has been postulated that the electrons do not overta : 
each other and that there is only a single stream, this integr¢ 
may be written: 


V,= i "E(t, T) dT | 

a x=0 : Oe | 

t—to—-th | 

Ry a | 

= E,Xq — en i 
|e ( 


on integrating by parts. £, is the value of E at the anode, az 
t;, which is a function of ¢, is the modification to the transi 
time in the perturbed state. Substituting for x and dE/dT i 
eqn. (13) and integrating, 


Vi, = (SgXato + 2X qa — AeISt$ — SIJoagts — AJovot) 
+ tyJo(x_g — bJot§ — aots — Voto) + .a,(2x_ — Sot) 
+ Jyei[ —jw!x, — ja FtoJg(1 + E90) 
+ 2w-4Jo(1 — e~4*)] + terms of higher order . (i4 


Examination of the zero-order term on the right-hand side « 
eqn. (14) with the use of eqns. (10) and (11) shows that it 
identically equal to V, on account of the use of the eneig 
equation in deriving eqn. (11). If the energy equation had na 
been used, eqn. (11) could have been derived from the zero-ord 
term of eqn. (14). 

It will be seen from eqn. (10) that the coefficient of ft, - 
eqn. (14) is zero: the two remaining first-order terms in a, ar 
J, must vanish independently since the latter is a function of 
whilst the former is not. Thus, provided that x,/Jotj 4- 
then a; = 0 and 


—jo "xq — jo toJo(1 + eS) 4+ 2w-4JQ(1 — efor) = 0 
e e 6] 


By writing jwty = 6B and x,/Jot, = A, eqn. (15) can be put in 
the simpler form: 


(2+ P)e® = 2— 8+ AB3- » . > GY 


This is the dispersion relation required to investigate the stabili! 
of the perturbation. 


(3) INSTABILITY OF C-OVERLAP FLOW 


The regime is unstable if the dispersion relation, eqn. (1¢ 
has a solution with ZB > 0, because such a value of B will le 
to exponential growth of the perturbation. 

Consider the functions y = e—*(2 + x)andy = 2 —x + Ad 
Near x = 0, the exponential function can be written 


y=2—x4+234 Ox) 


Thus, if A < %, the cubic is less than the exponential functii 
in the region of small positive x, but eventually it must becon 
greater than the exponential again, since it becomes infinite as 
becomes infinite whilst the other function remains finite. Thez 
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ire the functions are equal for some positive value of x, and so 
in. (16) possesses a real positive root. 

Consider now eqn. (12) determining the transit time fy. Since 
ie sum of the roots of the equation is zero and their product 
negative, there must always be two positive roots when all 
1e roots are real. It follows from the analysis of Fay, Samuel 
ad Shockley that the larger of these two positive roots repre- 
mts the C-overlap flow, and the smaller the normal type C 
ow. Let the roots of eqn. (12) be t,, t, and =(i, 1) with 
, >t, >0. The product of the roots is 


Bek ly SS = follby arity) 


and since ft, > t, > 0, 
3 
Lit, +t) <= 20, 
But f, is the C-overlap transit time fp, and so 
Xal Jot8 = A << 6 


This is precisely the condition for eqn. (16) to have a real 
positive root and for the flow to be unstable. 

Thus it has been shown that C-overlap flow is unstable to a 
small perturbation in which the values of the injection current, 
injection velocity and the cathode-anode potential are maintained 
constant. 
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A NEW APPROACH TO KRON’S METHOD OF ANALYSING LARGE SYSTEMS 
By R. ONODERA. 


(The paper was first received 15th December 1959, and in revised form 13th June, 1960. It was published as an INSTITUTION MONOGRAPH 
in October, 1960.) : 


SUMMARY 


Generally an electrical network is used as a model circuit for a 
physical field. This circuit is most complicated and the analysis of 
it is frequently difficult. ‘Diakoptics’, introduced by Kron, is very 
effective for analysis of the network. The method entails the opera- 
tion of ‘cutting’, which is generally classified into open-circuiting and 
short-circuiting. The latter operation is the dual of the former, but, 
as far as the author is aware, has not yet been reported in any of the 
literature. A method is described, based on Kron’s diakoptics, which 
uses the operation of open-circuiting, and is further extended to dual 
diakoptics treated by the operation of short-circuiting. Here a 
simplification of Kron’s diakoptics is attempted and a dual method is 
introduced. It seems that this attempt goes backwards in tensor 
geometry, but forward in combinatorial topology. The first intention 
of the paper is to show the duality between diakoptics and codiakoptics, 


LIST OF SYMBOLS 


D = Node-branch incidence matrix. 

R = Mesh-branch incidence matrix. 

J = Branch currents. 

U = Voltage drops in passive elements. 

SS = Branch current sources. 

E = Branch voltage sources (branch e.m.f.’s). 


S = DS = Node current sources.* 
E = RE = Mesh voltage sources (mesh e.m.f.’s). 
V = Node potentials. 
J = Mesh currents. 
I =1—S = R’J = Rotational currents (current difference). 


U =U — E = D’Y = Terminal voltage drops (branch potential 
differences, branch p.d.’s). 
Y = Branch admittances. 
Z = Branch impedances. 


Y = Node admittances. 
Z = Mesh impedance. 


(1) INTRODUCTION 


‘Diakoptics’, introduced by Kron!“, is very effective for the 
analysis of large and complicated systems. Quite recently, 
simplified diakoptics for electrical networks of special connection 
has been introduced by Wengert® and Heyda.!2 Their methods 
generally are reducible to the following four steps: 


(a) To split the given network into sub-networks. 

(b) To solve the problems of the above sub-networks and 
make sub-networks equivalent to them. 

(c) To make a network equivalent to the given network by 
joining the above equivalent sub-networks. 

(d) To analyse the given problem by analysis of the 
equivalent network. 


' * A node current source is positive if it flows into the node and negative if it flows 
rom it. 
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Step (a) entails the operation of ‘cutting’, and the cutting; 
generally classified into open-circuiting and short-circuitini 
The latter operation has not yet been used in any of the literatun 
In step (b), several equivalent sub-networks are also introduce 
which are classified into the node type and the mesh tyr] 
Step (c) entails the operation of interconnecting which is classifi 
into connecting and joining, these being the inverse operatio; 
of open-circuiting and short-circuiting in step (a). Lastly. 
step (a), node potentials or mesh currents are treated as unkney 
quantities with regard to the equivalent networks. A metho 
which is a simplification of Kron’s diakoptics, will be treat 
in the following Sections, and it will be further extended to: 
branch of codiakoptics, namely ‘dual diakoptics’, studied by ¢ 
above considerations. The first intention of the paper is 
show the duality between diakoptics and codiakoptics. ! 


(2) PRELIMINARIES 
(2.1) Notations!® 
(a) Names of elements of a network are shown as follows: 
Branches (1-cells, 1-simplex): 1, 2, . 
Independent nodes (0-cells, 0-simplex): " OEE 
Independent meshes (1-cycle): 1”, 2”,...k’’. 
Where it is necessary to distinguish Dk the elements 


the equivalent network and those of the given network, ‘tlt 
notation 1, 1, etc., will be used. 


(b) The node-branch incidence matrix* (1-incidence matrix) 
denoted by D, where rows dependent on the other are omittes 
The mesh-branch incidence matrix (cycle incidence matrix aa 


7 


~m. 


(a) 


(B) 
Fig. 1.—Node-branch (a) and mesh-branch (6) incidence relations| 


frequently 2-incidence matrix) is denoted by R. The symbc 
D and R correspond to divergence and rotation in a vector fiel: 
For example, in the network of Fig. 1, 


1-2). Bapsdiess gate 
CP 1 Stes Fone 0 eo 
D>? 2] 200i 0 
30 =— "0. = ie aoe at 

1 2.8, eed mae 
P10.) oe s0entenc0 
R32") 0) eee Cae 
BY MN ess Pe 


* The element is +1 for the outer-oriented branch from a point, and is —1 for?! 
inner oriented one from a point. 
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| 
he well-known topological relation 


DR’ = 0 or RD’ = 0 


rves as a useful check when D and R are written down by 
spection. 
(c) Denoting the branch-admittance matrix and the branch- 
apedance matrix by Y and Z respectively, the node-admittance 
latrix Y and the mesh-impedance matrix Z are [see eqns. (13a) 
id (13d)] 

Y = DYD’ and Z = RZR’ 


‘(d) The fundamental equations of an electrical network are 
2noted by 


Ist Kirchhoff law: DI=S (1a) 

2nd Kirchhoff law: RU = E (1b) 

Ohm’s law: [= VU (2a) 

; or Oa Al (2b) 
here S=DS (3a) 
E = RE (3b) 


fee Figs. 2 and 3.) 


Fig. 3.—Node current and mesh voltage sources. 


(e) Defining rotational branch currents (current differences) as 
T=1-S (4a) 


nd terminal voltage-drops (voltage differences, potential dif- 
rences) as 


Gir Wey ah (4b) 


ich as in Fig. 4, we have the following relations from egns. (1), 
}) and (4): 


DI=0 eee ahs (Od) 
RU =0 pay O¥é,: th. ..21(58) 
PRT SOR SO. 4 (60) 
ae es (68) 


(6) 
Fig. 4.—Current (a) and voltage (b) components. 


(2.2) Ordinary Methods of Solving® 1° 


The method taking node potentials as the unknown quantities 
is shown as follows: 


S = DI = DYU = DY(U + E) from eqns. (1a), (2a) and 46) 
= DY(D’V + E) = DYD’V + DYE from ean. (6b) 


namely DYD'V = § — DYE 


V = (DYD’))-\(S — DYE). (7a) 


If we determine V by eqn. (7a), we can determine the other 
quantities by eqns. (6b), (4b) and (2a), etc. 
If mesh currents are taken as unknown quantities, the dual 
method is given by 
E = RU = RZI = RZ + §) from eqns. (1b), (26) and (4d) 
= RZ(R’J + S) = RZR’J + RZS from eqn. (6a) 


Therefore 


Therefore RZR’J = E — RZS 


J = (RZR’)-\(E — RZS) (7b) 


If we determine J by eqn. (7b), we can determine the other 
quantities by eqns. (6a), (4a) and (2d), etc. 


and 


(3) CUTTING THEORY OF NETWORKS 
(3.1) Cycles and Co-cycles7: 10 11 


Postulating that the given network is connected, ‘the zeroth 
Betti? number’ (i.e. the number of unconnected parts of the 
network!!) p® is equal to one. This network is ordinarily a 
1-complex, but if need be, it may be regarded as a 2-complex 
connected to the given 1-complex, the surface boundaries of 
which are meshes in the given network. 0 and 6 are symbols 
for ‘boundary’ and ‘co-boundary’ of the complex, respectively. 
Addition operator’ is used as mod. 2. 0 denotes the zero set. 
© and U denote the ‘meet’ and ‘join’ of sets, respectively. 

In Fig. 5(a), taking boundaries of branches, 


ol = 1! 4 2 

od 2) = 2 + 3 

2 + 3 + 6) =0 

A ‘1-cycle’ is a set of branches the boundary of which is zero. 
For example, a closed line such as a set of branches (2 + 3 + 6) 
is a 1-cycle. Taking co-boundaries of sets of nodes in Fig. 5(5), 
él’ =14+2+3419 

60’ +2) =24+34445+419421 

Od’ +2’ +...+ 12 = 0: 

A set of nodes the co-boundary of which is zero is called a 
‘0-cycle’, such as the above set of nodes (1’ + 2° +... + 129: 
A O-cycle is a set of nodes which has no branch connected to 
nodes of other sets. 


and 


and 


(6) 
Fig. 5.—Examples of (a) diakoptics and (6) codiakoptics. 


In Fig. 5(b), taking co-boundaries of branches, 

61 = 1” + 10” 

6(3 + 5) = 2” 4 3” 

63 +5+6)=0 

A ‘1-co-cycle’ is a set of branches the co-boundary of which is 
zero. For example, a set of branches such as (3 + 5 + 6) of 


which a set of the connected surfaces is a closed band or a cone 
is a l-co-cycle. Taking boundaries of sets of surfaces in 


and 


Fig. 5(5), 

1” =14345 

OE Oy os 6 19 
find lien. ect 2" 1102) a 0 


A set of surfaces the boundary of which is zero is called a 
*2-cycle’, such as the above set of surfaces (1 + 2” +... + 10”). 
A closed surface is a 2-cycle. 


(3.2) Cut Set®>9 


The co-boundary of a subset of nodes is a set of branches 
connected to the other subsets of nodes, and if we open-circuit 
all the branches in this co-boundary, this subset becomes dis- 
connected from the other subsets. Therefore in Fig. 5(a), in 
order to cut the given network into three subnetworks, namely 
(+ 2’ +3’ + 4), (5° + 6’ +7’ + 8) and (9’ + 10’ + 11’ + 124, 
we may cut the following branches by the operation of 
open-circuit: 

o(1’ ae De alk: 3’ + 4)U 8(5’ + 6’ a. Tg alle 8)U 5 (9 aL 10’ 
+ 11’ + 12’ 
= (19 + 20 + 21)U (19 + 20 + 22)U (21 4+ 22) 
= 19+ 20421422. (8a) 


The branches of a set cutting the given network into several 
subnetworks by open-circuit operations are called ‘tie branches’, 
and these disconnected subnetworks are called ‘subnetworks of 
node type’. (19 + 20 + 21 + 22) in Fig. 5(a) are tie branches. 
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A set of branches which is a set of all the branches in th 
co-boundary of a subset of nodes is called a ‘cut set’. Fe 
example, (19 + 20 + 21), (19 + 20 + 22) and (21 + 22) are cf 
sets, respectively. | 
The boundary of a subset of surfaces may be a set of all th 
branches connected to the other sets with regard to a plan) 
network. But generally it is not. For example, in the plan 
network, the meshes can be chosen so that the arbitrary ee 
is connected to two meshes, in which case the sum of th 
boundaries of the meshes, being a set of the arbitrary ones, iss 
set of branches connected to the other sets. In Fig. 5(b), if ¥ 
wish to cut the given network into 1” +2” + 3,4” +3 
+ 6” and 7” + 8” +9”, we may short-circuit the following s 
of branches, where the surface 10’’ may be removed as it depens 
on the others: | 
[17 U 02” 93”) (04’U 95” U 06”)] 
U [04” VU 95” U 96). (07 U 08 U 09”)] | 

VU [007 U 0870 09.0 Q17U 027U 03”)] 
SS (Ww BIW) AY, & ' 
== 19 1°90 26 21 Sa ee 


The branches of a set cutting the given network into several s 
networks by short-circuit operations are called ‘co-tie branche: 
and these separated subnetworks are called ‘subnetworks 
mesh type’. (19 + 20 + 21) in Fig. 5(6) are co-tie branc 
If the given network is planar, a set of all the branches in ¢ 
boundary of a subset of meshes is called a ‘co-cut set’. © 
example, (1 + 2+4-+ 19+ 20),(7+8-+10+ 19 + 21); 

(13 + 14+ 16+ 20+ 21) are co-cut sets. When all ¢ 
branches in a bounding 1-cycle are short-circuited, a new 2-cy¢: 
are made and a maximal set of independent meshes is reduced 
number, but in this case the number of surfaces is invariant. 


(4) DIAKOPTICS AND CODIAKOPTICS 
(4.1) Diakoptics 


First, as an example, we shall consider the network of Fig. 59 
and show a simplified version of Kron’s method. 

(a) The open-circuiting branches (19 + 20 + 21 + 22) ha 
subnetworks I, II and III such as in Fig. 6(a). Here we 
these ‘tie branches’, and the subnetworks ‘subnetworks of n 
type’. 

(b) We make star connections equivalent to the origis 
subnetworks. For example, I, II and III in Fig. 7(a) are equi 
lent to I, If and III in Fig. 6(a). The former are ‘subnetwon 
of node type structurally equivalent’ to the latter. If nc¢ 
admittances in structurally equivalent subnetworks are equal! 
those in the original subnetworks, the former are called ‘eld 
trically equivalent subnetworks of node type’. These relatic’ 
are shown as matrix expression as follows: 


Y, =, 2-2 =n 


To satisfy the above relation, we put the branch-admittar: 
matrix Y, of the equivalent subnetwork « equal to the noo 


admittance matrix of the original subnetwork «, because 1 
node-branch incidence matrix of each equivalent subnetwork! 
a unit matrix and hence its node-admittance matrix equals | 
branch-admittance matrix, i.e. 


¥, 1, 2 en 
and then by eqn. (9a) 


~ 


Ya — yy dl 
where, if we denote the node-branch incidence matrix of 1 
original « by D,, and its branch-admittance matrix by Y,, 


~ 


yy = D.Y,.D,, (ii 
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(b) 


9 


no 


iT =| 


x 
(6) 
ig. 7.—Equivalent subnetworks of (a) node type and (5) mesh type. 


for example, if the admittance of each branch element equals 
mho in the subnetwork « = 1 in Fig. 6(a), the node-admittance 


natrix. Y, is given by 


Les AS 6 lh 26 3s 
Bh es es a Pa Lf1 0000 0,71 —1 0 
=2|-1 00 110] 2/010000]]1 O —1 
3’, 0-10 —-101 3.10.0 1.0.0 0111 0f) 0 
41000100;/10 1-1 
3/0: 070701 O10, 1 0 
621010, 0:-0'0 C10. TOs 
Le 22 ae 
Lv lee 
=2|-1 =] (13a) 
34) ss 
itiee: aS 
1 3 +1 —1 
Therefore 1=2 = 3 “| : (14a) 
=) eb bent 21 


(c) Connecting equivalent subnetworks together by tie 
branches, we have the equivalent network shown in Fig. 8(a). 
Next, since Yy = Yin, = Yj, we have 


(15a) 


3 —-1 —1]7! 1 2a lel 
rie =sile=Il 2 ae eee; 


Hence the branch-impedance matrix of the equivalent net- 
work is 


Te 2s hye eee, bee el 13 
1efe2T Ot. 0 
Not Os eae ee ee 0 
ane ee, Poe ee 0 
O).005 2p ltl Owe ee 0 
©50"°0' 1-2 410 se ee: 0 

0.040 161°2°0", 7 Barn: 0 (17a) 
Z=41 0 Ope ee OO 
cy 0 a0 1221-0 0 
OL mi iy o2e0 ae 
OU mene 04000 
Of. Gee de 0400 
i Os: apf Men cone 040 
(37L On fe a oe 04 


In the equivalent network, it is postulated that there are only 
equivalent node current sources § and no branch voltage sources 
E. Therefore, denoting node current sources by S and branch 
voltage sources by E in the given network, it must hold that 


S25 DYE (18a) 


and =; (19a) 


[& 


Since, from Section 2.2, 
Yv = S — DYE in the given network 


YW=S in the equivalent network 
and from eqn. (9a) Y= vs 
by the definition of equivalence 
Vi= V 


For example, if each of the self-conductances is equal to 1 mho 
and if 
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Chat oot C es 

S=[1 1—11—10101-—1 0—2J amperes. (20a) 
Dee pos 10 ley D192 

E = (140.0 ACO 3.8 20: Bevel Oela 0) xoltsy. (21a) 


[see Fig. 9(a)] then, since [See col. 2] 


() 
Fig. 8.—Equivalent networks of (a) node type and (4) mesh type. 


TAK +14 


: (B) 
Fig. 9.—Equivalent sources in the equivalent networks of (a) node 
type and (5) mesh type. 
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1 3 Sati] 
1 0 (ul 28 
—1 =f or 
1 =] ie 
sd =f 0 =r} 
eee eee Ol P| = | it (23a) 
1 2). 
0 f 
1 
4 
0 
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(d) Finally we may analyse the given networks by examining 
ie equivalent networks of Fig. 8(a). This equivalent network 
f node type has the same number of nodes as, but less meshes 
van the given network. Therefore it is convenient to put the 
lesh currents J as unknown quantities. This method of solu- 


on has been shown in egn. (75), i.e. 
J = (RZR)""(—RZS) 


ince E = RE = 0) where Sis any set of branch current sources 
itisfying DS = S, and where R and D are found by inspection 
‘om Fig. 8(a). After the mesh currents J have been determined, 
1¢ node potentials V can be found, and these are equal to V 
1 the given network. If Vis known, the other quantities such 
5 U, U and J can easily be determined. 


(4.2) Codiakoptics 


Fig. 5(6) shows the dual method of Kron’s diakoptics. 
, termed ‘dual diakoptics’ or ‘codiakoptics’. 

(a) The short-circuiting branches (19 + 20 + 21) have sub- 
etworks I, II and III as in Fig. 6(5). Here we call these 
0-tie branches’, and these subnetworks ‘subnetworks of node 
mpe’. 

(b) We make sets of meshes equivalent to those in the above 
gbnetworks. For example, I, II and UI in Fig. 7(b) are equiva- 


mt to I, II and III in Fig. 6(b)._ The former are ‘subnetworks 
f mesh type structurally equivalent’ to the latter. If mesh 
npedances in structurally equivalent subnetworks are equal to 
jose in the original subnetworks, the former are called ‘elec- 
‘ically equivalent subnetworks of mesh type’. These relations 
re shown as matrix expression as follows: 


Zoe ei gs) (OD) 


This 


© satisfy the above relation, we put the branch-impedance 
latrix 2g of the equivalent subnetwork B equal to the mesh- 


npedance matrix of the original B, because the mesh-branch 
idence matrix of each equivalent subnetwork is a unit matrix 
nd hence its mesh-impedance matrix equals its branch-impe- 
ance matrix, i.e. 


(10d) 


127, 
and then, by eqn. (9d), 


IIS 


2 |, 5M ots oe nce) 


where, if we denote the mesh-branch incidence matrix of the 
original B by Rg, and its branch-impedance matrix by Za, 


Ze = ReZeRy (125) 


For example, if the impedance of each branch element equals 
1 ohm in the subnetwork 8 = 1 in Fig. 6(5), the mesh-impedance 


matrix Zui is determined as 


12, Dae BY 1 OEE Ba 
7 ae le es pe ee | 
Ont (Oar pee a] (13) 
(PZ1E 6 | awe S fare 13 
PPE 
ce La | 
OQ tel eeet 
ered 
1p 3-1-1 
Therefore Z,=2)-1 3-1 (146) 
~ 3L-1 -1 3 


(c) Joining equivalent subnetworks together by co-tie branches, 
we have the equivalent network shown in Fig. 8. Next, since 


Zy = Zyy = Z we have 
3 —1 —1 
Z=2Zy=2Zy=|—-1 3-1 (15d) 
—1 -—-1 3 
and then Dee | eal 
¥, = Yn = Yin = 4)1 2-1 (16d) 
=e ee jens 
Hence the branch-admittance matrix of the equivalent network is 
Ie ea til acct eye eee lige erecta | (2 
1-2. eo 0 
Pyle real 0 
pel a oes 0 
ORO Oe eaten 0 
O70; OSI 2ael £0 0 
OOF Oral ols Boe Ole eee eee) 
bed fe Nise aah hn Wee cae? 
0 OPT 24 1.0 520"0 
0 OTE A2™ 000 
0 040 0 
a LO 0 4 0 
Ds 120 0 4 


‘In the equivalent network, it is postulated that there are only 


equivalent mesh voltage sources E and no branch current 
sources E, Therefore, denoting mesh voltage sources by E and 
branch current sources by S in the given network, it must hold 
that 


=F = RZS (185) 


and =a On. (198) 


Im {tee 
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Since, from Section 2.2, 


ZJ — E — RZE in the given network 


ZI=E in the equivalent network 
and, from eqn. (9a), Z= Z, 
by the definition of equivalence 


J=J 


For example, if each of the self-resistances is equal to 1 ohm 
and if 


if (oe ee oe ee nO eee 

B= |=2) (45562 73! 0 [0 2 —i}-F Gop) 
are 8 21 

S(t ie One vile. 2 yc Ok 4 a Ie) 


{see Fig. 9(b)], then, since 


eqn. (22b) is in col. 2 


=D) at oa a i 

4 1 wlan 

a ai Se 

=3 0 age 
E=E — RZS = Sas firs 2 (23d) 
= 0 0 0 

0 1 = 

2 0 pM te 

=f 0 =1 19 


(d) Finally we may analyse the given networks by examining 
the equivalent networks of Fig. 8(6). This equivalent network 
of mesh type has the same number of meshes as, but has less 
nodes than, the given network. Therefore it is convenient to 
put node potentials V as unknown quantities. This method of 


solution has been shown in eqn. (7a), i.e. 


V = (DYD’)~'(— DYE) 


(since S = DS=0), where E is any set of branch voltage sources 
satisfying RE; = E, and where D and R are found by inspection 
from Fig. 8(b). “After node potentials V have been determined 
the mesh-currents J can be found, and these are equal to J in the 


given network. lf J is known, the other quantities such as L I 
and U in the given network can easily be determined. 


(S) CONCLUSIONS 


In diakoptics and codiakoptics, mutual coupling may not 
exist between subnetworks, but may exist between a tie branch 
(co-tie branch) and the others. The electrical sources may be 
voltage and current sources, and further exist in all the elements. 
The choice between diakoptics or codiakoptics must be decided 
by the type of the given network. 

Generally, with regard to a complicated network, it is con- 
venient to analyse it by repeating diakoptics and codiakoptics 
one after the other. We call this method ‘multiplex diakoptics’. 
The series of the first diakoptics and the second codiakoptics is 
most useful and called ‘double diakoptics’. 
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POLE-FACE LOSSES IN ALTERNATORS 


An Investigation of Eddy-Current Losses in Laminated Pole Shoes 
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in October, 1960.) 


SUMMARY 


A recent re-examination of the phenomenon of tooth-ripple flux 
pulsations at laminated pole-faces in alternators resulted in a new 
theoretical analysis by means of which the pole-face eddy-current loss 
can be calculated. The primary purpose of the present investigation 
has been to make measurements of tooth-ripple losses which could 
be compared with values calculated from the new formulae. In order 
to make these measurements an experimental homopolar machine 
was built and values of eddy-current losses were determined over a 
fairly wide range of flux density and frequency for four different 
thicknesses of lamination. It is found that there is moderately good 
agreement between calculation and experiment for the thicker 
laminations and in general the agreement is markedly better with the 
new formulae than with those previously developed. 


LIST OF PRINCIPAL SYMBOLS 
The M.K.S. system of units is used unless otherwise indicated. 


B,, = Average air-gap flux density, Wb/m?. 
B, = Fundamental-frequency tooth-ripple flux density at the 
pole-face, Wb/m?. 
d = Characteristic depth of penetration, m. 
J, = Tooth-ripple frequency, c/s. 
g = Length of air-gap, m. 
h = Lamination thickness, m. 
m = Odd integer in a Fourier expansion. 
n = Any integer in a Fourier expansion. 
P, = Eddy-current loss per unit pole-face area, watts/m7?. 
P,, = Hysteresis loss per unit pole-face area, watts/m?. 
s = Width of the armature slot opening, m. 
B, = Flux-oscillation factor. 
A = Armature slot pitch, m. 
ft = Absolute permeability, henrys/m. 
bt, = Relative permeability. 
p = Resistivity, ohm-m. 
w = 2nf, = Angular tooth-ripple frequency, rad/sec. 


(1) INTRODUCTION 


In the air-gap of a salient-pole alternator, the flux density, 
instead of being uniform over the main part of the pole arc, 
has superimposed upon it a ‘ripple’ resulting from the permeance 
variation along the air-gap produced by the armature teeth and 
slots. The pole-face is thus subjected to a pulsating flux density 
which gives rise to eddy-current and hysteresis losses in the 
pole shoes. At the normal frequency of the flux ripple, however, 
only the eddy-current-loss component has practical importance 
in relation to the design of pole shoes. Attention is here con- 
centrated on the eddy-current loss in a smooth laminated pole 
shoe. 

The mathematical analysis of the problem, recently made by 
Bondi and Mukherji,! has shown that there exist in a laminated 
pole shoe two different modes of flux penetration, one in 
accordance with the characteristic depth of penetration, and 
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the other of a much greater depth of the order of the slot pitch 
The phenomenon of the deeply penetrating flux has beer 
verified in detail by experiment by Greig and Mukherji.” 

It has been predicted that under normal conditions the majo: 
part of the eddy-current losses in laminated pole shoes is to b 
attributed to the deeply penetrating component of flux ripples 
Previous theoretical formulae for eddy-current loss take nc 
account of this phenomenon, and in consequence are subjeci 
to quite large errors. | 

Reference was made by Gibbs? to the scarcity of reliabi& 
measurements of pole-face losses which may be applied ‘« 
check theoretical solutions. The earliest experimental measure- 
ment of tooth-ripple losses was made with an ordinary salient 
pole alternator by the method of air-gap variation.4 Thi: 
method is, however, inherently inaccurate, for it involves taking 
the difference between two nearly equal large quantities, the 
main loss in the armature core being inevitably measured along 
with the pole-face loss. It has long been realized, however 
that the core loss due to rotation in the main flux is theoretically 
absent in the homopolar machine, and this fact was first turnee 
to account in the measurement of pole-face losses by Aston 
and Rao.>»® In the homopolar machine, cylindrical symmetry 
will eliminate the main core loss in the rotating member, aia 
the only major loss present is then that due to hysteresis ana 
eddy currents in the pole shoe. It is therefore possible t# 
measure the pole-face loss directly, utilizing the normal methoo 
for separating the effect of friction and windage. 

The principle of the homopolar machine has been utilizee 
for this purpose in the present work. In the experiment: 
machine to be described, great care was taken in the design t 
ensure magnetic symmetry and to minimize magnetic leakage 
Losses were measured by the retardation method, and _ th: 
separation of eddy-current loss from hysteresis loss was made b 
the conventional graphical method. 


(2) CALCULATION OF EDDY-CURRENT LOSS 


A mathematical analysis of the phenomenon of tooth-ripph 
eddy currents in smooth laminated pole shoes is given in 
recent paper by Bondi and Mukherji.!_ This analysis involves 
simplifying assumption regarding boundary conditions whicd 
appears to be thoroughly justified, but whose validity it woul 
be valuable to confirm. The assumption is that the eddy 
current distribution in the pole, resulting from the applicati 
of a given flux distribution at the pole-face, is unaffected by tk 
proximity of the armature teeth and slots. In other word: 
viewed from the pole-face, the effective air-gap is infinite. 

We have re-examined’ the problem and have found it pra« 
ticable to develop a modified solution in which an infinite aii 
gap is not assumed. The new idealization involves a perfectli 
smooth air-gap of the correct length and the same applied flu 
distribution at the pole-face. The concept is in fact that of ’ 
smooth rotor magnetized with the requisite number of conse 
quent poles but retaining a sufficiently high permeability for tt 
induced magnetic field due to the pole-face currents to entd 
its surface normally. The modified solutions have been evaluate 
for certain values of parameters in the range glh>0:1 ar 
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4, > 100, and compared with values calculated from the earlier 
ormula. It is found that in this range the modified boundary 
-onditions produce no significant difference. 
_ The new formula for tooth-ripple eddy-current loss per unit 
\ole-face area (watts/m*) has been derived elsewhere.’ It 
-omprises nine components as given below. 


P. = B?[(A) + (B) +(C) +) +(2) +(F)+(@+ (4+) 
Btn reere | Eg 


[he complete expressions for the loss components (A) to (/) 
n eqn. (1) are given in Section 8. In terms of the average 
uir-gap flux density, B,,,, eqn. (1) can be rewritten as 


Pe= ,PiBnl(4) + B) +... +O] af) 


where [, is the flux-oscillation factor, determining B, as a ratio 
with B,, for given values of s, A and g. A family of curves show- 
ing the variation of 8; over a wide range of the ratios s/g and 
s/A has been given by Gibbs,> and is reproduced in Fig. 1. 


Fig. 1.—Gibbs’s f; curves. 


Numerical examination of eqn. (1) shows that a close approxi- 
mation may be obtained by considering only the two major loss 
components (A) and (£). The approximate loss formula is 
given below. 


a op? aAhon3!2 i sinh(h/x/2d) — sin (h]4/2d) | 
P. ~ BiBh, 644/24/(psyo2 | sinh? (h/2\/2d) + sin2(h/2,/2d) 
hwil2 52 co 1 
SS eee R SS ES. 
f Ex (py) =| i ee (76893 } ey 
(1 — fh jh 
where Wise cot Sele Tees 
ee ae 


k 
‘ 2n7p, tanh ee 


ga & WAL TDA 


m odd ar Ore 
Gaye aE Aine) 
Go — re Lae ye 


6: = faa +i)" 
Key = 2or(? + ele 


¥ and @ denote the moduli of y and a, and 0,, is the complex 
conjugate of 0/.. 

For h/d < 4, the second term on the right-hand side of eqn. (3) 
becomes negligible, and the formula is further reduced. 

The approximate formula [eqn. (3)] is found to give results 
accurate to within about 10°%. Fig. 6 shows a comparison of the 
losses as calculated by the approximate formula and the com- 
plete formula [i.e. eqn. (1) and Section 8]. 


(3) EXPERIMENTAL INVESTIGATION 
(3.1) The Experimental Machine 


As has been stated, an experimental homopolar machine 
was specially constructed for the purpose of investigating tooth- 
ripple losses in laminated materials. The machine (see Fig. 2) 
had two active portions symmetrically disposed about its trans- 
verse mid-plane. These each comprised a stack of ring stampings, 
forming part of the magnetic circuit of the stator and repre- 
senting the active part of the alternator pole. Separated by the 
air-gaps from the inner cylindrical faces of these stacks of 
stampings were the corresponding active portions of the rotor, 
formed by two, mild-steel sleeves slotted to represent the slots 
and teeth of an unwound armature. 

The rotating member consisted of the shaft, mild-steel rotor 
body and the two identical slotted sleeves. In order to minimize 
the magnetic end-leakage, the shaft was made of stainless steel, 
the rotor body being keyed to it and held in place by two brass 
locking rings. The slotted sleeves, made detachable to permit 
substitution, had a close clearance fit to the rotor body and were 
keyed to it, each being held in position by a brass locking ring. 
The rotor sleeves with which the present series of experiments 
were made had each 24 parallel-sided open slots milled in them. 
The dimensions of these rotor sleeves were as follows: 


Outer diameter of the sleeves = 7:9in 
Air-gap =O F051 
Slot width = (SR 9st 
Slot pitch = 1-034in 
Slot depth == osm 
Axial length of the slots = ileSim 


It should perhaps be mentioned in passing, in relation to the 
design of the machine, that for a given rotor diameter and 
average air-gap flux density there is a limitation on the practical 
axial length of the active part of the machine. This limitation 
results from the fact that the total flux, which enters the rotor 
radially, has to be carried longitudinally in the rotor body at an 
acceptable flux density. 

The stator frame of the machine was of cast iron. The end 
brackets carrying the bearings were made of aluminium in order 
to reduce magnetic leakage, and the machine was bolted to 
wooden bearers by brass bolts. The two field coils, wound in 
brass formers, were mounted symmetrically about the mid- 
plane of the machine, and separated by an air duct. For con- 
venience in assembly, in relation to the insertion of search coils 
behind the pole-face, the stacks of pole stampings under test 
were assembled in cylindrical mild-steel shells which had a close 
clearance fit in the stator housing. Each stack was held between 
two aluminium stiffening rings; these were in turn tightened by 
a system of a clamp and bolts. 

The rotor was designed to run at speeds up to about 9 000r.p.m. 
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Fig. 2.—Sectional drawing of the experimental homopolar machine. 


It was directly driven by a 3h.p. 2-pole high-speed squirrel-cage 
induction motor having a rated speed of 8570r.p.m. at a supply 
frequency of 150c/s; this supply was obtained from an alternator. 
The cage rotor of the induction motor was mounted directly 
on the extension of the main shaft, and the stator was housed 
in an aluminium frame bolted to the end bracket of the homo- 
polar machine. It may be mentioned here that the rotor body 
of the homopolar machine was balanced dynamically, and to 
facilitate this a number of threaded holes for balance weights 
were provided on the end surfaces of the rotor. At the maxi- 
mum speed of the machine, the tooth-ripple frequency for the 
24-slot rotor was approximately 3 400c/s. 

The field excitation for the homopolar machine was supplied 


by a storage battery through a variable resistor, an ammete 
and a reversing switch. For demagnetizing purposes, a discharg: 
resistance was also arranged in the field circuit. To determin: 
the average flux density in the air-gap for a given field current 
two circular single-turn coils having the inner diameter of thi 
ring stampings were mounted in the positions marked X and ° 
in Fig. 2. The difference between the total flux linking thi 
search coil X and that linking the coil Y (i.e. the end-leakag: 
flux) measured the radial flux entering the stack of stampingg 
In making a measurement, the two coils in opposition and 

Grassot fluxmeter were connected in series. The measurement 
were carried out for the two air-gaps of the machine, the tw 
results being found to be almost identical. The average flu. 
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jensity was then obtained by dividing the total useful flux by 
he air-gap surface area. In the measurements of losses to be 
lescribed, the required flux density in the air-gap was established 
Xy applying the appropriate field current, the direction of the 
surrent being first reversed a number of times. 

In order to ascertain the amount of leakage flux, fluxmeter 
‘eadings were taken for the circular single-turn coil Z located 
‘oughly at the mid-point of the stator and having the inner 
liameter of the field coil (see Fig. 2). The difference between 
he reading for the coil Z and that for the pole search coils 
X and Y in opposition), for the same field current, thus indicated 
he total leakage flux. At an air-gap induction of 1 Wb/m2, 
he total leakage was found to be about 7% of the total useful 
jux in the air-gap. 


(3.2) Materials of Pole Stampings 


The ring stampings for the two pole-pieces of the homopolar 
nachine were punched from sheet steel, and had outer diameters 
of 12in and inner diameters of 8in. These built up each pole- 


diece to the same axial length as that of the rotor sleeve, no » 


idded insulation being applied between the laminations. The 
‘otal active area of the pole-faces was approximately 75-4 in 
486-4cm7). The pole-faces were not tampered with mechani- 
cally after the stampings had been assembled. 

Four sets of stampings of different lamination thicknesses 
were used for the pole-pieces in the present investigation; two 
sets of thin stampings (A = 0:406mm and 0-635mm) were of 
)-4% silicon sheet steel, and the other two of thicker stampings 
“4 = 1-625mm and 3:18mm) of cold-rolled close-annealed 
(c.r.c.a.) sheet steel. A rectangular strip was cut out of each 
set for the measurement of the electrical resistivity of the 
material. For the magnetic measurement, ballistic tests were 
performed on ring specimens made up of the actual ring 
stampings which were used for the experimental pole-pieces. 
Measurements of incremental permeability were carried out on 
these specimens, employing the normal ballistic method.® 
Average values of the resistivity and incremental permeability 
to be used for the loss calculation are given in Table 1, the 
latter being obtained with a polarization of approximately 
0-8 Wb/m? and a modulation of H of about 50%. 


Table 1 
ELECTRICAL AND MAGNETIC PROPERTIES OF POLE STAMPINGS 


Incremental 


Lamination nt 
permeability 


Material rhickness Resistivity 


H/m 
SAOz? 


4m X 275 


ohm-m 
x 10-8 


0:-4% silicon sheet 19 
‘steel 


Cold-rolled close- 15 
annealed sheet steel 
(c.r.c.a.) 


(3.3) Method of Measurement 


The retardation method was adopted as a convenient means 
of measuring losses in the homopolar machine. This requires 
the determination of the instantaneous angular retardation 
from the speed/time relation as the machine runs down, the 
retarding torque being calculated from the relation: 

Torque = (moment of inertia) x (angular retardation) 
Hence, the loss can be evaluated for any given speed. 

‘The moment of inertia of the rotor was determined by the 

bifilar suspension method. The speed/time relation was obtained 
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by the ‘point-to-point’ method, using a stroboscopic disc and a 
flash tube as a means of measuring the rotor speeds. The 
repetition frequency of the flash tube (100c/s) was determined 
by a quartz-crystal frequency standard, and 1 sec interval pulse 
signals were obtained from a crystal-controlled clock. A 
recorder was employed as a chronograph, one of the pens 
marking the time by second impulses from the clock, and 
the other receiving signals from a manually operated key 
to record the instants at which known speeds were observed 
stroboscopically. 

Before commencing the retardation test, the machine was 
kept running at its rated speed for some time for the bearings 
to settle down to a steady condition. During this run, demag- 
netization of the machine was carried out by the normal method 
of reversing progressively smaller field currents. Complete 
demagnetization was indicated by the absence of the tooth- 
ripple e.m.f. in a search wire on the pole-face. In carrying out 
the retardation test, the machine ran down from its rated speed, 
the run-down speeds being recorded at intervals of 200, 100 and 
50r.p.m. for high, intermediate and low speeds, respectively. 
The tests were then repeated with various values of field current, 
thereby varying the air-gap induction. In the present series of 


‘ measurements, the test results covered a range of air-gap 


induction from 0:2 — 1 Wb/m?. 

The pole-face loss was obtained by taking the difference 
between the loss under a given condition of excitation and that 
under a demagnetized condition at the same speed. The loss 
with the machine demagnetized represented the effect of bearing 
friction and windage. It may be mentioned that the experi- 
mental results in the present investigation were found to be 
repeatable with an accuracy of about +5%. 

Tests were carried out on the four sets of pole stampings (see 
Table 1). The stampings were used as received, but check tests 
with added paper insulation between the laminations showed 
that the differences in losses were negligibly small. Finally, in 
order to ascertain the degree of freedom of the homopolar 
machine from other stray losses, retardation tests were made 
with an unslotted rotor having the same dimensions as the 
slotted rotor. At an air-gap induction of 1 Wb/m? and speed 
of 4000r.p.m., the stray loss was found to amount to only 
about 0:5% of the pole-face loss in the 0:406mm stampings, 
and less than 0-:07% in the 3:18mm stampings. These experi- 
ments served to confirm that a satisfactorily high degree of 
symmetry had been achieved in the field distribution of the 
machine. 


(3.4) Experimental Results 


Typical torque/speed curves are shown in Fig. 3. These 
curves, when extrapolated to zero speed, make positive inter- 
sections with the torque axis. These intercepts represent the 
bearing-friction torque in the demagnetized case [see Fig. 3(a)], 
and the sum of the friction and hysteretic torque when mag- 
netized. The presence of other stray losses, such as extra 
bearing drag,? or of mechanical losses due to unbalanced 
magnetic pull, would make a combined appearance in the inter- 
cept on the torque axis together with the hysteretic torque. 
The experiments with the plain rotor, already described in 
Section 3.3, indicated, however, that these stray losses were 
negligible compared with the tooth-ripple loss. The difference 
between the intercepts in the magnetized and demagnetized 
cases was therefore taken to be due entirely to hysteresis. 

In evaluating the hysteresis component of the tooth-ripple 
loss, the hysteretic torque for a given air-gap induction was 
assumed to be independent of speed. No account was there- 
fore taken of the modification in hysteresis loss produced 
by skin effect at higher frequencies. In fairly thick stampings 


134 GREIG AND SATHIRAKUL: POLE-FACE LOSSES IN ALTERNATORS 


DEMAGNETIZED CONDITION 
ae Ee ed 


TORQUE, LB=Fi 


le) 100 200 300 400 500 600 700 800 
SPEED, R.P.M. 


(6) 
Fig. 3.—Torque/speed curves. 


(a) 0-4% silicon sheet steel. h = 0-635 mm, 
(6) C.R.C.A. sheet steel. A = 1-62 


*625 mm. 
the skin effect will be very pronounced, but as in this instance 
the hysteresis loss calculated on the assumption of negligible 
eddy-current shielding is less than 10% of the total core loss, 
it is reasonable to assume that the resultant uncertainty in the 
magnitude of the eddy-current loss will be small. After deducting 
the hysteresis loss from the total tooth-ripple loss measured at 
a corresponding speed and condition of magnetization, the 
remainder was taken to be that due to eddy currents. Table 2 


Table 2 


EXPERIMENTAL RESULTS OF Loss MEASUREMENTS 


Loss 


Lamination 
thickness 


Material 


Friction and 


windage Hysteresis 


Eddy current 


nm watts watts 
0-4% silicon 0-406 105-5 39-4 121 
sheet steel 0-635 105-5 


39°4 204 


105-5 57 
105-5 sy} 


C.R.C.A. 
sheet steel 


By, = 0-6 Wb/m2; speed = 4000 r.p.m.; ff = 1600c/s. 


gives some examples showing the relative magnitudes of the 
eddy-current loss and the hysteresis loss for B,, = 0-6 Wb/m? 
and f, = 1600c/s, together with the corresponding friction and 
windage loss for the present set of slotted rotor sleeves employed. 


Experimental curves of eddy-current loss per unit pole-fac 
area (watts/m?) against speed are shown in Figs. 4 and 5 fo 
the four sets of pole stampings. The results covered range 
of average air-gap flux densities from 0-2-1 Wb/m?, and o 
speeds up to 8000r.p.m. corresponding to tooth-ripple fre 
quencies up to 3200c/s. It was therefore possible to stud. 
from the test results the effects on the eddy-current loss o 
the flux density, frequency and lamination thickness. Th 
effects of these variables were conveniently investigated b 
plotting on a double logarithmic basis the eddy-current los 
against each variable individually, keeping the rest constant 
the mean slope of these curves thus represented the index o 
that variable in relation to the loss. In double logarithms 
plots of loss and lamination thickness, the two sets of thi 
laminations (A = 0-406 and 0-635mm) were considere 
separately from the other two sets of thicker lamination 
(A = 1-625 and 3:18mm), the former sets being of silico: 
sheet steel, while the latter were of c.r.c.a. material. From th 
analysed results, the measured eddy-current loss per unit poie 
face area may be expressed as follows: 


P, = k,qB2;\f 7h'-? watts per square metre 


for 0:4% silicon sheet steel with lamination thickness from 
0-406 to 0:635mm, 


P, = k,,B2;1f'7h watts per square metre 


for c.r.c.a. sheet steel with lamination thickness from 1-625 t& 
3-18mm, where k,, ~ 298 and k,, ~ 80 for the present 2: 
open-slot rotor. 


TOOTH-RIPPLE FREQUENCY, kc/s 


EDDY-CURRENT LOSS, WATTS/m? 


| +H= 
ee 
ee 
ee 
vege 
er 
La 
BEz 


SPEED, RPM. 
(b) 
Fig. 4.—Experimental results for 0-4% silicon sheet steel. 


(a) Lamination thickness = 0:406 mm, 
(6) Lamination thickness = 0-635 mm, 
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Mig tag al et atl FREQUENCY, ke/s 
2 3 


4000 6000 
SPEED, R.P.M. 


(6) 


8000 


Fig. 5.—Experimental results for c.r.c.a. sheet steel. 


(a) Lamination thickness = 1-625mm. 
(6) Lamination thickness = 3:18 mm. 


Hysteresis losses in the pole stampings, determined on the 
assumption already explained, could be analysed in a similar 
way. The hysteretic torques at a given air-gap induction were 
found to be practically the same for pole stampings of the same 
material, irrespective of the lamination thickness. The index of 
the average air-gap flux density in relation to the hysteretic 
torque was found to be approximately 1-4 for the silicon sheet 
steel and 1-5 for the c.r.c.a. sheet steel. Assuming the hysteresis 
loss to vary in proportion to the tooth-ripple frequency, the 
hysteresis loss per unit pole-face area may be expressed as 
follows: 


P, = kB}; 4f, watts per square metre for 0-4% silicon sheet 


steel 
P, = ky,Bl; *f, watts per square metre for c.r.c.a. sheet steel 


where k,, ~ 1:04 and k,, ~ 1-48 for the present 24 slot rotor. 


(4) COMPARISON OF THEORY AND TEST 


The formula for tooth-ripple eddy-current loss given in 
Section 2 involves summations of a number of infinite series 
which are functions of 4, g, A, d and y,. For common values 
of these variables encountered in practice, however, each of 
these series is found to converge fairly rapidly, and the evalua- 
tion of loss from the formula is in fact not as tedious and 
Jifficult as might perhaps appear.* A number of calculations 
of losses has been made by means of the formula for comparison 
with the measured values. The dependence of eddy-current loss 
on the factors B,,, f, and h as established from the theoretical 
analysis has been examined and compared with experiment. 
For the most part these comparisons have been made between 
he tooth-ripple loss as determined from experimental results 
ynd the calculated loss at fundamental frequency, it being 
yssumed that, to a first approximation, the losses at harmonic 
requencies could be neglected. 


* Numerical calculations covering a practical range of these variables are being 
nade with the aid of an electronic computer. It may be possible to present at a later 
fate the formula in a form more convenient for direct use. 


(4.1) Variation of Loss with Certain Factors 


The loss formula given in eqn. (1) shows that the eddy- 
current loss per unit area of a laminated pole-face is proportional 
to B?, B, being the amplitude of a sinusoidal flux density at the 
pole-face and proportional to the average air-gap flux density B,,,. 
This characteristic variation of loss with flux density is in agree- 
ment with all previous theoretical and experimental work on 
tooth-ripple losses, and is also substantially confirmed in the 
analysis of the present test results for all four sets of pole 
stampings. 

The effects on the eddy-current loss of variations of the 
lamination thickness and of the tooth-ripple frequency in the 
loss formula are not obvious. The manner in which the loss 
varies individually with these two factors cannot be determined 
without a major analytical work on transformation of the 
formula. It is, however, possible to study the variation of loss 
with these factors from numerical results calculated for the 
formula. 

In Fig. 6 is shown on a double logarithmic scale the variation 
of the calculated eddy-current loss, P,/B?, with the lamination 
thickness for a fixed frequency of 1kc/s. The calculations were 
made for pole shoes with six different lamination thicknesses of 
0-203, 0-406, 0-635, 0-812, 1-625 and 3-18mm, the values of 
resistivity and permeability being assumed to be as those of the 
c.r.c.a. Sheet steel (see Table 1); other parameters were taken to 
coincide with those of the homopolar machine. It can be seen 
in Fig. 6 that there is a change in the index of the lamination 
thickness in relation to the eddy-current loss, represented by the 
change in the slope of the curve, as the thickness exceeds a 
certain limit. This limit is found to depend practically solely 
on the ratio of two parameters, the lamination thickness and the 
characteristic depth of penetration, i.e. h/d. For the case under 
consideration, in which d = 0-301 mm, the loss is shown to be 
proportional approximately to the square of the thickness in 
the range 0-203-1:2mm (corresponding to h/d = 0-68-4), 
while in the thicker laminations with thickness from 1-2 to 
3-18mm (corresponding to h/d = 4-10-57) it varies practically 
linearly with the thickness. 
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Fig. 6.—Calculated results of P.|B? for different lamination thicknesses. 


—-.——.-— Full formula. 


x —— x — Approximate formula. 
e = 15 x 10-8 ohm-m uw = 4m x 210 x 10-7 henry/m 
@ = 2m xX 103 rad/sec d = 0-301 x 10-3m 
A = 2:627 x 10-2m g = 0:°127 x 10-2m 


The linear variation of loss with lamination thickness for pole 
stampings in the 1-2-3-18mm range is verified by the present 
series of measurements in the 1-625 and 3-18 mm laminations, 
and is also in agreement with Aston and Rao’s experimental 
results.>»® For thinner laminations, however, the variation of 
loss as the square of the lamination thickness is not satisfactorily 
corroborated by the present measurements. The analysis of 
the test results in fact shows that the eddy-current loss varies 
more nearly linearly with the thickness rather than as the square 
of the thickness. Previous experimental data on tooth-ripple 
losses in thin laminations with which a comparison may be made 
are those of Spooner and Kinnard,’ but their results were pre- 
sented without separating them into the eddy-current and 
hysteresis components. However, it has been pointed out else- 
where® that after deducting the appropriate hysteresis losses 
from their results of total tooth-ripple losses, the remaining 
eddy-current loss is shown to be proportional approximately to 
the first power of the lamination thickness. 

To study the effect of the tooth-ripple frequency on the eddy- 
current loss, the theoretical formula was used to evaluate the 
losses in a pole shoe of a given lamination thickness for three 
different frequencies of 500c/s, 1kc/s and 2kc/s. The cal- 
culations were made for the four different lamination thicknesses 
employed in the experimental work. The variation of loss with 
frequency was conveniently determined by plotting the cal- 
culated results for each set of laminations against frequency on 
a double logarithmic scale. The index of the frequency in relation 
to the loss was thus given by the slope of a straight line in each 
case. It was found that this index varied from about 1-5 to 2, 
depending on the lamination thickness. For the two sets of thin 
laminations the indices were approximately 2 and 1-9 respec- 


tively, and for the other two sets of thicker laminations the 
indices were found to reduce to about 1-6 and 1-5 respectively. 
This change in the index of the frequency with respect to the 
lamination thickness was not demonstrated in the present 
experimental results. It was found in fact that for the same 
range of frequency (500c/s-2kc/s) the measured loss tended 
to vary very closely as (frequency)'*? in all four sets of 
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Table 3 
VARIATION OF EDDyY-CURRENT LOSS WITH CERTAIN FACTORS 


Indices of 


Lamination 
thickness Bn fr 


Experiment | Theory | Experiment | Theory | Experiment | Theory | 


1:0 


08 


06 


ie) 
BK 


9° 
nm 


EDDY-CURRENT LOSS, WATTS /m* 


© 1000 2000 3000 4000 5000 
SPEED, RPM. 


(b) 


Fig. 7.—Comparison of calculated and measured eddy-current 
losses. 
(a) 0:4% silicon sheet steel. 
(6) C.R.C.A, sheet steel. 
(i) h=0-406mm. (iii) A = 1-625mm. 
Gi) h = 0:635mm. (iv) A = 3-18 mm. 


Measured. 
— — — Calculated. 
Bm = 0:8 Wb/m2, 
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laminations. However, so far as the two sets of thick lamina- 
tions are concerned, the observed index of about 1-7 agrees 
fairly well with the corresponding calculated value. In the case 
of the thinner laminations, the calculated value of the index 
differs appreciably from the observed value, but this is not 
unexpected in view of a similar discrepancy in the variation of 
loss with lamination thickness in this range. 

Table 3 shows a comparison of the indices of the flux density, 
the lamination thickness and the tooth-ripple frequency in 
relation to the eddy-current loss, as derived from experiment 
and from theory. 


(4.2) Calculated and Measured Eddy-Current Losses 
Fig. 7 shows a comparison of the calculated (fundamental 
frequency) and measured eddy-current losses for B,,, = 0-8 Wb/m2 
at speeds up to 5000r.p.m. corresponding to tooth-ripple fre- 
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mentioned that the harmonic flux amplitudes from which these 
have been calculated were experimentally determined. The 
fundamental and harmonic frequency component e.m.f.’s 
induced in a single search wire on the pole-face were measured 
by an electronic wave analyser. The 2nd, 3rd and 4th harmonic 
flux densities as percentages of the fundamental were 40-5%, 
5-8% and 10%, respectively. 

It has long been realized that the eddy-current loss in thin 
laminations is invariably found to be considerably higher than 
that predicted from classical formulae. A loss anomaly factor 
of about 2 or 3 has been commonly observed in experiments on 
low-silicon sheet steels with approximately the same thickness 
as the two sets of thin laminations employed in the present 
investigation. This problem has been discussed by a number 
of authors,!!~!3 but general theory concerning its cause is still 
incomplete. 


Table 4 


COMPARISON OF CALCULATED AND MEASURED EDDY-CURRENT LOSSES 


Eddy-current loss per unit pole-face area 


0-4% silicon sheet steel 


Method of determination 


C.R.C.A. sheet steel 


t Measured value 
Present formula: 
Fundamental only 5s sis fe 
Fundamental, 2nd, 3rd, 4th harmonics .. 
Gibbs’s formula ‘ aM a. 
Carter’s formula 


10-2m 
Bm = 0-8 Wb/m2 


quencies up to 2kc/s for the four sets of pole stampings investi- 
gated. This comparison is also shown in Table 4 for the fre- 
quency of 1 kc/s, and here the calculated values taking account 
of 2nd, 3rd and 4th harmonics are also given. Corresponding 
values calculated from Gibbs’s and from Carter’s!® formulae are 
included. 

It will be noted that both Gibbs’s* and Carter’s formulae give 
results which differ considerably from the measured losses, the 
former predicting somewhat higher losses and the latter only 
fractions of the measured values. Moderate agreement is 
obtained between the measured results and the values cal- 
culated from the present formulae for the two sets of thick 
stampings (h = 1-625 and 3-18mm). For the other two sets 
of thinner stampings (h = 0-406 and 0-635mm), however, the 
measured losses are shown to be substantially higher than the 
calculated losses. 

Referring to the estimation of harmonic losses, it should be 


* Gibbs’s formula is applicable only when 4 > 0-8 mm. In the present units and 
notation, Gibbs’s general formula for eddy-current loss per unit area of laminated 
pole-face can be written 


2 -23(B1Bim)2f3'2Ah tt re metre 
ee wattsipensaua 5 
(ev)1/2 


It should be noted that Gibbs’s fiux-oscillation factor, 2, in which the effect of har- 

monic losses is incorporated, is invalid for the calculation of eddy-current loss in 

laminated pole shoes. This results from the fact that flux penetration in laminated 

poe shoes is not confined within the characteristic depth, as has been assumed by 
ibbs, - 


h = 0-406 mm 


h/d = 1-37 


g = 0-127 x 10-2m 


h = 0°635 mm h = 1:625mm h = 3-18 mm 
hi/d = 2-14 h/d = 5-40 h/d = 10-57 
kW/m2 kW/m2 kW/m2 
3-44 10-08 21-00 
1-64 9-95 17-90 
Pay 13-4 20-0 
— 24:00 46-95 
0-04 0-50 2-06 
X = 2-627 x 10-2m 
6, = 0-28 Speed = 2500r.p.m. 


(5) CONCLUSION 


In the comparison between theory and test, moderate agree- 
ment has been obtained in the case of coarsely laminated pole 
shoes, both in the magnitude of the eddy-current loss and in 
the characteristic variation of loss with flux density, frequency 
and lamination thickness. Marked discrepancies, however, 
have been found to exist between theoretical and experimental 
results in the case of finely laminated pole shoes, the experi- 
mental loss being found to exceed the theoretical loss by a factor 
of about 2 for the thinnest laminations. It is believed that the 
experimental results are reliable, and that the assumptions in 
the theoretical solutions are justified. Although it would not 
be justifiable on the evidence available to suggest reasons for 
this deviation with thin laminations, it is worth noting that this 
phenomenon is not inconsistent with that normally described 
as anomalous losses in magnetic sheet materials. 

Tooth-ripple eddy-current losses are normally small fractions 
of the total losses in alternators, even in the coarsely laminated 
pole shoes‘commonly employed. The present work cannot 
therefore be regarded as contributing towards any appreciable 
improvement in the efficiency of electrical machines. The 
results do, however, suggest that prediction of losses may 
become practicable on a valid theoretical basis rather than the 
empirical or semi-empirical basis which has been customary in 
the past. 
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(8) APPENDIX | 
Complete Results of Eddy-Current Loss Equation 


In eqns. (1) and (2), the complete results of the loss com: 
ponents are as follows: | 


er hrw3/? [ sinh (h/4/2d) — sin (h/1/2d) | 
abs 16y/24/(pp)or| sinh? (h[24/2d) + sin? (h]2s/2d) | 
_ _ V(px) Cr ot 
(iB) =- wool y coth TJ 2d = aaa 
ra} 27 p x et 
ie - ieo4| a 
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81/2p n(0,2 — 6/2) 
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Chey. 6” and Be are the complex conjugates of «,,, 6, and & 
respectively; & «, is the modulus of «,; other symbols are alreac 
explained in the text. 
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SUMMARY 

| An audio signal may be decomposed into components having 
vertain frequency and phase. Half the information of the signal is 
sontained in the phase of the frequency components. Since the 
luman ear is almost insensitive to phase, one may eliminate the phase 
nformation without causing a noticeable reduction in the signal 
quality. The elimination of the phase information implies a per- 
nissible reduction of the bandwidth required for the transmission of 
he signal to one-half and a reduction of the signal power by 3dB 
without increase of distortions due to additive white normal noise. 
f, method for the elimination of the phase information is based on 
he decomposition of the audio signal by correlation with a set of 
orthogonal functions. These correlations yield for each orthogonal 
‘unction one coefficient which is represented by a voltage. One may 
ea these coefficients in analogue or digital computers to reduce 
‘urther the bandwidth required for the transmission of audio signals 
with certain spectral distribution, e.g. voice signals. 


(1) INTRODUCTION 


_ Audio signals may be decomposed into components having 
rertain frequency and phase. One-half of their information is 
sontained in the phase of the frequency components, since any 
oscillation may occur in two phases that are orthogonal to each 
other, e.g. as sin wt or cos wf. The human ear is insensitive to 
the phase according to Helmholtz’s theory of hearing, although 
1 slight phase sensitivity is observed. Elimination of the phase 
nformation thus hardly reduces the quality of an audio signal: 
Qn the other hand, it permits the reduction of bandwidth and 
signal power in a communication channel to one-half or a 
doubling of the playing time of a gramophone record. 

In order to analyse signals of such variety as audio signals 
‘t is convenient to represent them by a superposition of ortho- 
zonal functions. In this way the time variation of the signals 
s replaced by that of the orthogonal functions, which is the 
same for all signals, while the signals are characterized by the 
umplitude coefficients of the orthogonal functions. The analysis 
of the transmission of all possible audio signals through a 
inear system is thus equivalent to the much simpler analysis 
of the transmission of the orthogonal functions. 

_ The experimental decomposition of audio signals by sets of 
orthogonal functions is in general rather difficult, since multi- 
dliers are required which work over the whole frequency range 
and which have in addition a sufficiently large dynamic range. 
These two requirements can be met economically by using 
silicon diodes in a ring modulator circuit as multiplier. Certain 
roefficients, represented by voltages, result from the decom- 
dosition and these equal the correlation between the ortho- 
zonal functions and the signal. This representation of the 
signals by a set of voltages permits complicated mathematical 
dperations on the signal to be performed in a simple way. For 
nstance, a variable voltage-divider replaces a filter with variable 
ittenuation. More generally, one may feed these sets of voltages 
nto a computer and obtain a flexibility for scientific investi- 
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gations that cannot be equalled by filtering of the original 
signal. 

The following analysis discusses the decomposition and 
recomposition of audio signals by orthogonal time functions 
and the application of this technique to the elimination of the 
phase information from the signals. 


(2) GENERAL THEORY 
Consider a time function f(t) in the interval —47 << t< 47, 
In general, such a function can be represented by an expansion 
into a set of functions F,,(¢) which are orthogonal in this interval: 


‘Oe om GRY) sod, adie 
1 7/2 
ee | FOF (oat ea Ty 
ba 7/2 1 forn =k 
w | Ecoreoar = 3, =14 Sas PCNA) 


The decomposition of the time function f(t) into coefficients a, 
is called time sampling if the functions F,(t) are the delta 
functions! 8(¢ — 1,), ie. 


G, = [ tose — t,)dt = f(t,) 


Let f(t) stand for an audio message represented, for instance, 
by the output voltage of a microphone. 7 ‘may then equal the 
duration of this message and be arbitrarily large. 

For a certain set of orthogonal functions, F,(7/), the time 
function f(t) is specified by the values of the coefficients a, and 
only these coefficients have to be transmitted in a communication 
system. To perform this transmission one may multiply the 
function G,(t’) of a set which is orthogonal in the interval 
—47< t< 4rwith the coefficients a, and transmit the sum $(?’): 


f(t’) = & Gt) «sts tall rate 14) 


At the receiver the coefficients a, are recovered from eqn. (4) 
by correlation: 


4/2 (oo) 
W-'| Galt) YS a,G,(0d" = 4,8m - - ©) 
—1/2 n=— © 


The original time function, delayed by a certain time, is 
obtained by multiplying the coefficients a, by the functions 
F,(t’) and taking the sum [eqn. (1)]. The functions F,(¢’”) are 
delayed by at least 27 compared with the functions F,(¢), since 
two correlations over an interval of duration 7 are performed 
in eqns. (2) and (5). To simplify the notation no primes will be 
written for the delayed functions G,(¢’) and F,,(¢’”). 

Fig. 1 shows the block diagram of an audio communication 
system using orthogonal functions. 

Since the functions G,,(t) are orthogonal there is no redundancy 
in the transmitted signal ¢(t). Redundancy may be introduced 


[ 139 ] 


140 


ADDER 
Za,Gplt) 
1 


e---- 


CORRELATORS 
aa 
“ty f(t) F(t) dt 


MULTIPLIERS 


TRANSMITTER 


CORRELATORS MULTIPLIERS ADDER 

a! F(t) 

ep Ont) Ean Gnit)at On Fa\t) Eonhatt) 

a 1 

o(t) BODEN 

a_,F((t) 
eee 

ae bi a 


RECEIVER 


Fig. 1.—Block diagram of an audio communication system. 


in two ways. First, a, may be multiplied by several orthogonal 
functions, a,24G,(t), i= 1, 2,... This process is equivalent 
to the repetition of a message. The second way is to decompose 
a, in some fashion and to multiply each member of the decom- 
position by an orthogonal function G,(t). The best-known 
example of this process is the decomposition of a, into binary 
digits and their transmission as a sequence of pulses. 

In the special case F,(t) = G,(t) one obtains from eqns. (4) 
and (1) #(4) =f(#. In this case the transmitter of Fig. 1 is 
eliminated and the receiver performs the function of an ideal 
low-pass filter. 

Consider the set of orthogonal functions F,,(t) in the interval 
—0 </t< + © which are defined by the frequency spectra 
A(n, v) discussed in Section 8. The first eight spectra are shown 
in Fig. 2. A(w, v) is symmetric for n = 2i and skew symmetric 
for n = 2i +1. The time functions are obtained in an explicit 
form by applying a Fourier transformation to A(n, v): 


~ 


1 ice) 
F(t) = — | A(2i, v) cos 2avOdv 


m~—o 


poe a AQi + 1, v) sin 27vOdv 


m aie “ ' (6) 
sin 7 
Fo) = —— 
ol?) TV yO 
sin 7v,,,0/2 
F,(t) = sin 47rv,,0 Sip 
where 0 t/a, n= fr 
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Fig. 2.—Frequency-limited orthogonal functions A(7, v). 


From the symmetry of the frequency spectra A(2i, v) follow: 
the symmetry of the time functions F,,(¢); an equivalent state 
ment holds for the spectra A(2i+1,v). Furthermore, th: 
orthogonality of the frequency spectra A(m, v) implies t 
orthogonality of the functions F,(4). Two frequency specir 
A(2i, v) and A(2i + 1, v) consist of frequency components w.é' 
the same amplitude but a phase difference of 477. 

A time function f(7) is represented by coefficients a, which ar 
obtained by substituting F,,(f) from eqn. (6) into eqn. (2): 


iO) = dn 


Vin 


oS co 

x | [a,,A(2i, v) cos 27rvO 
i=0 ~—o 
| + ay; ,,A(2i + 1, v) sin 27vO 1d; 


(oo) ice) 
pale > | A(2i, v)(ay; cos 27VO — ag; 14 sin 2arvO)dv 
i=0 70 


m 


<S 


2 
Vin 


> i (a3; + a3; 1)'/7AQi, v) cos (2rv0 — y)dv . ({ 
i=0 %0 


where tan 7 = — 944 4/4; 


A phase-insensitive receiver like the human ear does not mak! 
use of the information contained in 7 and there is no need 1 
transmit this information. Elimination of the phase informatic( 
distorts f(¢) into f,(1): 


f,(.) = ee > 


Vin i=0 


i (a3; + a3; 4)" A(2i, v) cos 2avOdv 
0 


6B | 
= x, (a5; ate @,, ;)P P50) or aL vies ee eve ee oe ( 
= 


The functions F,(¢) of eqns. (6) permit the phase informatid 
of f(t) to be separated. Instead of transmitting the coefficier! 
a, individually one may thus transmit them in_ pail 
(a3, + a3,,1)'?, with a resulting reduction of the informatid| 
rate to one-half. At the receiver the function f,(¢) is construct 
from F,,(t) with either even index only—as in eqn. (8)—or ov) 
index only. Since it would be very difficult to produce ¢/ 
functions defined by eqn. (6) it is necessary to find more practi! 
ways of eliminating the phase information from f(?). 


(3) PHASE ELIMINATION BY TRIGONOMETRIC FUNCTIO)D) 
Consider the functions F,(2): 


F,;_ (4) = a/2 sin 2in0 
F,(t) =4/2 cos 2in8 
F< Ort decetlgi2 ema tall 
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Fig. 3.—Time-limited trigonometric functions. 


Which are shown for n = 0, 1, 2, 3, 4 in Fig. 3; their frequency 
pectra are plotted in Fig. 4. 


i | 
He Onvii= sin 7v 
TV 
' La, sin m(v — 1) es sin mv + Z| 
a(s, i, v) v2] av — i) amv + i) * . (10) 


sin 7(v — 7) 
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. sin m(v + i) 
ACE, BD = v2} av + i) | 


== fe J 


[he frequency spectra a(s, i, v) and a(c, i, v) are closely similar, 


but one is skew symmetric and the other symmetric. This 
means that these functions consist of frequency components 
with equal amplitudes but with phase differences of 47. Let the 
functions of eqn. (9) be used to decompose a voice signal f(r) 
with frequency components between 0-3 and 3kc/s. The period 
may be chosen as 3-3 millisec. The number of functions required 
to represent f(r) can be inferred from Fig. 4. Fo(t) has practically 
all its energy below f = v/t = 1/7 = 0:3kc/s, which is below 
the required band. F,(t) and F,(f) have their maximum at 
about v/r = 0:3kc/s, Fyo(t) and F(t) at v/r = 3ke/s. f(t) 
will thus be represented with great accuracy by the expansion: 


10 


i@)— x [2oiFoi(Q) + ao) 1Foj_\0)] (11) 
1/2 
oe = v2| f(t) cos 2imbd8 
ae) . 
(12) 


1/2 : 
Ae v2] f(t) sin 2imOd0 
—1/2 


The Fourier integrals of eqn. (12) yield the correlations between 
the signal f(t) and the functions cos 2i7@ and sin 2i70. The 
resulting twenty coefficients a,;, a);_; are reduced to ten coeffi- 
cients (a3; + a3;_,)'/? as shown in Fig. 5, where the notation 
w = 2/7 is used. 

At the receiver the ten functions F,,(t) = 1/2 cos iwt, i = 1, 
...10, are multiplied by the coefficients (a3; + a3,_,)'/?; the 
sum of the resulting products is the wanted time function f,(f): 


10 
f,) = > (a; ate a; _ 1)? Fo(1) 
i=] 


The coefficients are present at the points la—10a in analogue 
form, e.g. as voltages. They may be transformed into digital 
form and transmitted like telegraph signals. This mode of 
transmission has been discussed in previous papers.© For the 
transmission in analogue form reference may be made to Fig. 6. 
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Fig. 5.—Decomposition and composition of an audio signal by time-limited trigonometric functions. 


The functions G,(¢) of an orthogonal set, e.g. those defined by 
eqn. (9), are multiplied by (a3; + a3,_,)'/* and the sum 


10 
$0 = XG + 43;_DFO 
(7) 


is transmitted. The coefficients are recovered at the receiver by 
correlation: 


(13) 


1/2 
GB, + o_)'? = KI HOF (Dab 


A saving in equipment is obtained if the functions of eqn. (9) 
are used for the transmission in the sequence shown by Fig. 6, 
since in this case one may omit the first five correlators in the 
receiver of Fig. 6 and the first five multipliers in the receiver 
of Fig. 5. The function i = i(n) then has the following form: 


TED Cie pet atts 5D) O. one OP LO 
bah Orgs #7 Zar 8s 30 9A Oa 


The correlation of a sample, g(t), of white normal noise with a 
function G,(¢) of duration 7 equals the integral over the noise 
sample after it has passed an ideal low-pass filter of bandwidth 
47. Since F,(t) are orthogonal the noise contributions to f(t) 
at the receiver of Fig. 1 add arithmetically. If twenty functions 
G,(t) are used to transmit f(t) with phase information and a 
frequency band from 0-3 to 3 ke/s, the contribution of noise to 
the receiver output is the same as if the noise had passed a filter 
of bandwidth 20/27 = 3kc/s. If no phase information is trans- 
mitted, only ten functions G,(f) are required and the contri- 
bution of noise to the receiver output is reduced to one-half. 
Hence, 3 dB signal power can be saved with no resulting increase 
of distortion due to noise by not transmitting phase information. 


(4) SINGLE-SIDEBAND MODULATION 
Among the radiocommunication systems in use at present, 
those with single-sideband modulation require the least band- 
width. The single-sideband modulation will be investigated by 
means of orthogonal functions in order to compare the trans- 
mission of audio signals with and without phase information. 
Consider the carrier 1/2 cos 27rvp modulated by the function 
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Fig. 6.—Transmission of analogue signals by time-limited trigont 
metric functions. 


HARMUTH: 
| (t). Let f() be represented by an expansion of orthogonal 
‘unctions F,(t) defined by eqn. (6): 


V2£(t) cos 278 
= 4/2 x. [a2;F (4) Se 4x4 44 F 411] Cos 2790 (14) 


vhere G =f}, Vp = Sor 


The frequency spectrum A(v9, v) of eqn. (14) is obtained with the 
aelp of eqn. (23): 


| (vo, v) 


=h/2 » {aa [A(2i, v — vp) + A(2i, v + v9)] 
| + apy s[AQi + Lv — 9) + AQ + 1, ¥ + i) 5) 


_ The spectra A(2i, v + vo) and A(2i + 1, v + vo) are obtained 
oy shifting the centres of the spectra A(2i, v) and A(2i + 1, v) 
Df Fig. 2 from v = Oto v= + vp. 

_ Let the lower sideband of A(v%, v) be eliminated by a filter. 

The resulting frequency spectra A*(2i, v + vg) and A*(2i + 1, 

7 + vo) may be represented as follows: 


A*(2i, v — Vo) =4[A(Q2i, v — v9) — AQi +1, v — v9)] 
A*(2i +1, v — v9) = —4[AQi, v — 19) —AQi+1,v—v)] 
A*(Qi, v +- vo) =4[A(2i, v + vp) + AQi +1, v + v)] 

A*(2i + 1,v + v9) =4[AQi, v + v9) + AQi +1, v + ¥%)] 


(16) 


_ The suppression of the lower sideband transforms A(v, v) 
nto A*(v, v) which is obtained by substitution of A*(n, v + vo) 
‘or A(n, v + vo) in eqn. (15): 


1,v + v9) 


K*(p, ») = 4/2 ¥ {a [ACi, v + m) + AQI 4 
i=0 


| 

: + A(2i, v — v9) — AQi+1, v — v%)] 

) + ay; [AQi, v + v9) + AQi + 1, ¥ + vo) 
| ENO yp) ACI EM 79) > (17) 


Phe time function belonging to the spectrum A*(vp, v) is obtained 
xy inserting the time functions represented by the spectra 
A(n, v + vo) + A(t, v + vp) as given by eqn. (23): 


[y/2F() cos 2rvy9]* = 44/2 2 {a2;[Foi(0) cos 27790 


+ F410 sin 276] + Agj41 [F,(t) sin 27) 


— Fy.cos 2nvp]} . (18) 


Demodulation of eqn. (18) by 1/2 cos (277799+¢) yields, after 
filtering out the high-frequency components, 


{1/28 (1) cos 2rvpl]]*/2 cos (27198 + Pfr = f*(H 


a) =+ > {a2;[Fo,() cos $ — Fy; ,;(¢) sin d] 
i=0 

= ay; +4 [Foi(t) sin 6 + Foj341() cos ol} 
The spectral composition of f*(t) is obtained by inserting 
F(t) from eqn. (6): 


(ft) = = 5 [(ap; cos & — 4p; Sin p) J Ag, v) cos 2avOdv 


— (ay,,, cos 6 — a; sin ) | Aci + 1, v) sin 27v@dv] 
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1 
7 Ss Kk (@; + a 4.1)'2AQi, v) cos Qrv8 — n)dv . (19) 


Ai41 COS P + ay, sin p 


where : 
4; COS f — ay, sing 


tan 7 = — 


Comparison of eqn. (19) with eqn. (7) shows that single-sideband 
modulation transmits the phase information conta in 7. 
The carrier phase does not affect the amplitude (a3; + a3;.,)"/. 
For a phase-insensitive receiver the carrier +/2 cos 270 pro- 
duced at the transmitter and the carrier +/2 cos (2710 + ¢) 
produced at the receiver may have a phase difference ¢ without 
loss of information. This does not hold for phase-sensitive 
receivers, since 7 depends on ¢. The bandwidth required for 
voice communication with single-sideband modulation may thus 
be reduced to one-half by modulating the carrier with (¢) of 
eqn. (13) rather than with f(A. As was pointed out before, 
this would also permit a reduction of 3 dB in the signal power 
without increase of distortion caused by white normal noise. 
The price paid for this improvement is the requirement for the 
phase difference p to equal zero. 


(5) CONCLUSIONS 


The decomposition of audio signals by orthogonal functions 
yields a presentation of the signal by a set of quasi-constant 
voltages. Simple mathematical operations on these constant 
voltages, such as voltage division or amplification, are equivalent 
to filtering of the original signal, but much more complicated 
operations can be performed. In particular, it is possible to 
eliminate the phase information from the audio signals, which 
contains half the information of the signal but is practically of 
no use to the human ear. It is shown that the phase-free 
information can be transmitted by single-sideband modulation, 
but that a phase lock between the carriers produced at the 
transmitter and the receiver is necessary. 
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(8) APPENDIX 
(8.1) The Functions A(n, v) 
The function A(0, kv) is defined by 


te for —v,,/2k > v ) 
A(O, kv) = 3.1 for —v_ [2k << v< V_[2k >. (20) 
[0 fOr-v v.20) | 


A(0, kv) = A(O, — kv) 


The notation A(0, v — v,) is used to represent the function 
A(0, v) with its centre shifted from v = 0 to v = vy. One may 
write the functions A(v, v) as follows (Fig. 2): 


A(O, v) = A[0, 207 + v_/4)] + A[0, 2@ — v,,/4)] 
A(1, v) = A[0, 207 + Ynf4)] — A[0, 27 — rnf4)] | 
AQ, v) = A[l, 2(v + v,,/4)] — A[l, 2 — v,,/4)] 
AG, v) = A[I, 20 + v,,/4)] + ADL, 20 — v,/4)] 


* Q) 


AQi, v) = A[i,2ev + v_l4)] + (— DALE, 20 — ¥n/4)] 
AQi+1, v) = A[i,2@ 4+ v,,/4)] —(—DIA[i, 20 — v,2/4)] 


A(2i, v) is an even function of v and A(2i + 1, v) an odd function. 
The orthogonality of A(2i, v) and A(2i + 1, v), 


co 
| AO ACR ae, =O 
— 0 


is a consequence of the symmetry of A(2i, v) and the skew- 
symmetry of A(2i+1,v). To show the orthogonality of 
A(2i, v), A(Qi + 1, v) and A(Q2k, v), AQk + 1, v) it suffices to 
show the orthogonality of A[i, 2(v — 4v,,)] and A[k, 2(v—41,,)], 
since A[n, 2(v + 4v,,)] and A[n, 2(v — 4v,,)] are identical 
except for the shift v + 4v,,. 


[ ALi 20 — yl IATE, 20 = 2/4) av 


os J ON CaPLyV GOD HE +] AG yyACe Dae 


The last integral is zero if i is odd and k even or vice versa, 
owing to the symmetry or skew symmetry of A(n, v) for even 
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or odd numbers n. If i and & are even one may repeat th 
transition [eqn. (22)] for i/2, k/2. If i and k are odd one may 
do the same for (i — 1)/2, (K — 1)/2. After the transition ha: 
been repeated sufficiently often one will arrive either at i (kK 
even and k (i) odd or at i(k) zero. The proof of orthogonalit; 
is thus completed if the integral 


| ACOWAGE ayes i NG ae =O 


is shown to hold. This integral is zero since all functions A(”, v 
are obtained by contracting, shifting and multiplying by + | 


ice) 
the function A(1, v), and | A(1, v)dv = 0 is seen to hold fron 
Riga 2: =e 
The orthogonal set of functions A(n, v) is related to ar 
orthogonal set of time functions F,,(t) by the Fourier integrals 
1/2 
| Fao cos 2mv8a9 = A(2i, v) 
—1/2 


1/2 
| Fop.100 sin 2avd0 = AQi +1, ¥) 
—1/2 


Multiplication of the functions F,(f) by +/2 cos Arvo o 
4/2 sin 27rv99 produces the following frequency spectra: 
1/2 
a/ 2{ F,,(t) cos 271v98 cos 27rvOd0 
=1/2 
= 4/2[A(Q2i, v — v9) + AQi, v + ¥)] 
1/2 
v2] F2y(t) sin 2rrv90 sin 2rrvOa 
=} 


= $4/2[A(2i, v — vp) — A(2i, v + %)] 
1/2 (23 
v2] Poy 1(t) cos 27rv9 sin 27vOd6 
= $/2[A(2i + 1, v — v9) + AQi + 1, v + v9)] 
1/2 
v2] Faj1(0 sin 2rrv96) cos 2mv0d0 


= —4/2[AQi + 1, v — %) — AQi + 1, v + %)] | 


| 
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SUMMARY 

' The paper reviews the practicability of setting up physically, in the 
‘orm of specialized networks, several of the equivalent circuits repre- 
nting an unbalanced 2-phase induction motor. This motor is 
ufficiently general to include, as special cases, most induction machines 
vith balanced secondary windings. 


| LIST OF SYMBOLS 
_ 14 = Auxiliary stator-winding current. 
_ Ip = Backward sequence component of 
currents. 
I; = Forward sequence component of stator-winding currents. 
Inq = Main stator-winding current. 
7, = Rotor current of Chang circuit due to auxiliary winding 
current. 
J, = Backward sequence component of rotor current referred 
to main winding. 
J, = Forward sequence component of rotor current referred 
to main winding. 
I, = Rotor current of Chang circuit due to main winding 
current. 
M, = Mutual inductance for measurement of Jp. 
My = Mutual inductance for measurement of /;. 
R, = Resistance of auxiliary winding. 
Ry = Resistance of main winding. 
Rr = Resistance of rotor winding referred to main winding. 
S, = Shunt for measurement of Jy. 
V4 = Voltage applied to auxiliary winding circuit. 
Vi, = Voltage produced in auxiliary winding of Morrill circuit 
by main winding current. 
Viz = Voltage applied to main winding. 
Viz = Voltage produced in main winding of Morrill circuit by 
auxiliary winding current. 
V4, = Voltage across backward sequence magnetizing reactance 
of auxiliary winding of Morrill circuit. 
V4r = Voltage across forward sequence magnetizing reactance 
of auxiliary winding of Morrill circuit. 
= Voltage across backward sequence magnetizing reactance 
of main winding of Morrill circuit. 
Viur = Voltage across forward sequence magnetizing reactance 
of main winding of Morrill circuit. 
X, = Leakage reactance of auxiliary winding. 
Xj = Leakage reactance of main winding. 
Xp = Leakage reactance of rotor winding referred to main 
winding. 
Xn = Magnetizing reactance referred to main winding. __ 
Z,4 = External impedance connected in series with auxiliary 
winding. 
a = Turns ratio, auxiliary winding to main winding. 
f = Supply frequency. 
s = Fractional slip. 
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(1) INTRODUCTION 


Equivalent circuits of machines have long been widely used as 
mnemonics for the voltage equations which have been solved 
manually with nothing more elaborate than a slide-rule. The 
detailed knowledge of the performance now required in the 
design stage has however rendered this method inadequate. 
There are three devices which enable predetermination of per- 
formance to be effected more speedily: digital computers, 
Blackburn analysers and network analysers. It is indisputable 
that, apart from cost, the digital computer is the most satisfactory 
of the three in that, in addition to the actual performance 
calculation, it is capable of determining the machine parameters 
from the dimensions according to whatever formulae the 
designers favour. With both transformer and network analysers 
this operation has to be performed manually with slide-rule or 
desk calculating machine. Economics may, however, preclude 
the installation of a digital computer for motor design alone, 
and if there is no such computer otherwise available, considera- 
tion of other types is justified. Both network!»? and Black- 
burn? analysers have been applied to the determination of 
induction-motor performance. The purpose of the paper is to 
consider the practical requirements of a specialized network 
analyser designed to treat this one problem only. 

Consideration is initially restricted to the unbalanced 2-phase 
motor, since this includes, as particular cases, most single- and 
polyphase machines. Some special cases are considered in 
Section 6.5. 

The circuits shown relate only to machines with a single 
balanced polyphase secondary winding. Double-cage motors 
can be represented if additional circuit-elements are provided 
similar to those representing the secondary winding of a machine 
with only one such winding. 


(2) REQUIREMENTS OF ANALYSER 


The data for the performance calculation, whether by network 
or transformer analogue, comprise the machine resistances and 
reactances, the external impedance, if any, connected in series 
with the auxiliary winding, and the applied voltages. The 
desirability of attempting to include core loss in the equivalent 
circuit is controversial, and it will be assumed here that allowance 
will be made for it subsequently. 

From this information it is required to compute, for any given 
values of slip, (a) the magnitude of the current in the main 
winding, (b) the magnitude of the current in the auxiliary 
winding, (c) the magnitude of the total current, (d) the phase 
angle of the total current (and possibly of other currents), and 
(e) the torque. It is desirable that all these can be read directly 
from indicating meters for each value of slip without any further 
calculation. It may also be desirable to read the rotor current, 
or, at least, its components in whatever reference system is used. 

The immediate purpose is, of course, to compare the per- 
formance with that specified and thereafter to make any changes 
indicated to the design. For capacitor motors, the main-winding 
design is, in practice, more or less standardized, and the problem 
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consists mainly of adjusting the turns ratio of the auxiliary 
winding, the value of the capacitor and the rotor-winding 
resistance. In general the transient electrical solution is not 
required, the steady-state solution being sufficiently accurate for 
acceleration calculations since, as usual with electrical machinery, 
the electrical time-constants are small compared with the 
mechanical one. 

For capacitor-start motors it is necessary to have at least part 
of the torque/speed curves of both capacitor and single-phase 
operation in order to determine the optimum speed or main- 
winding current at which to cut out the starting winding. This 
applies also to motors having different values of capacitance for 
starting and running, and to split-phase motors. 

Some calculation of the circuit-elements from the machine 
constants is not particularly disadvantageous if only a little of 
this calculation has to be repeated when a change is made to 
one of the constants. For the calculation of torque/speed 
curves it is therefore desirable although not essential that the 
rotor resistance, Rr, and the slip, s, which is associated with 
Rp in the equations, can be varied independently. There is a 
high probability that a change to Rpg may be required and this 
will involve appreciable recalculation of Rp/s, etc., if these 
terms have to be set directly in the analyser. 


(3) EQUIVALENT CIRCUITS 


The unbalanced 2-phase motor is, in its most general practical 
form, the capacitor motor, and much has been written on its 
performance determination. Morrill’s® equivalent circuit is 
widely used as a basis for calculation. Kron’ published a 
circuit more suitable for network analysers. Veinott! produced 
a specialized network analyser of the type considered in this 
paper, using an equivalent circuit of his own devising. All 
three circuits are based on the so-called ‘revolving-field’ theory. 
Chang® developed an equivalent circuit based on the ‘cross-field’ 
theory. These two theories were derived from different physical 
interpretations of the mode of operation of the motor. Kron? 
showed that fundamentally both theories are identical and the 
voltage equations of each can be derived from those of the other 
by a simple linear transformation. The most important dif- 
ferences between the two circuits lie in their ability to include 
departures of the actual machine from the ideal. The cross- 
field theory makes it possible to take differing magnetizing reac- 
tances on the two stator-winding axes, thereby allowing for any 
difference between the degree of saturation on these axes. 

On the other hand, the revolving-field circuits make it possible 
to allow for the difference in resistance of the rotor winding to 
the two components of its current arising from the different 
eddy-current effects at the two frequencies, namely, sf and 
(2 — s)f- 

The inclusion of core loss in the circuit is probably more 
justified in the cross-field case than in the revolving-field circuits. 

Although it has been stated> that the Morrill and cross- 
field circuits are unsuitable for network analyser, being unsym- 
metrical, both can in fact be set up as networks. The Morrill 
circuit requires two active elements, but the cross-field circuit in 
the form devised by Chang? (given also by Kron?) requires only 
passive elements. It has been further stated> that the Kron 
circuit requires ‘a good deal of auxiliary calculation’ to convert 
from the actual to the transformed variables and vice versa, 
whereas the additional calculation required is merely the deter- 
mination of half the difference of two complex numbers and the 
division of two real numbers and one complex number by the 
turnsratio. These divisions are necessary for a network analyser, 
irrespective of the circuit used, being the reference of the auxiliary 
winding quantities to the main winding. 
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(4) PRACTICAL CIRCUIT CONSIDERATIONS 
(4.1) Conjugate Representation 


The construction of decade inductances is difficult, an 
inductors of sufficiently high Q-factor are costly. It is ape | 
therefore, to use resistance and capacitance in place of resista 
and inductance as this will lead to circuits containing only om 
inductance. This change could be made in three ways: 


(a) Using a conjugate network!° in which inductive reactan¢: 
is replaced by capacitive reactance and vice versa. This reverse 
the sign of all phase angles. ) 

(b) Using a network in which capacitance replaces resistanc 
and resistance replaces inductance. This is impractical her 
since a negative resistance would be required to represent thi 
capacitor. 

(c) Using a dual network in which the relation v = Zi i 
replaced by the analogous i = Yv. This would require curreri 
sources and hence complicates the supply problem unduly. 


The conjugate network is, therefore, preferable. It neces 
sarily restricts the solution to the steady state but as alread: 
noted this is acceptable for the present purpose. The use of 
conjugate network necessitates the conversion of three value 
of reactance to the equivalent capacitances. This is a sma: 
labour compared with the calculation of the reactances ther 
selves from the motor dimensions. Inverse-capacitance ackal 
units are available up to 1.F, but the use of these would undul: 
restrict the impedance level and, to be of any advantage, wou!’ 
require the frequency to be a muitiple of 1/7. 


(4.2) Impedance Level 


The circuit will obviously have to be designed with an impe 
dance several or even many times that of the actual machines 
The use of a per unit system does not appear to be necessar! 
and would require more calculation prior to setting up th: 
analyser. A simple scale factor is adequate, but it must 5: 
chosen sufficiently low for voltage dividers to be used in tix 
torque measurement without appreciable loading of the networt 
and for the smallest significant capacitance to be well abov\ 
stray-capacitance level; and sufficiently high for the regulation 
of the supply and switch-contact resistances (of which there ari 
many) to be negligible, and for the physical size of the capacitor 
required not to be an embarrassment. 


(4.3) Current and Voltage Level 


If the impedance level is fixed, the voltage and current level! 
are interdependent. The voltage level must be high enough ted 
give voltages across shunts sufficiently high for noise not to be 
a source of error without the shunt resistance becoming ai 
inconveniently high proportion of the circuit resistance. Ov 
the other hand, the currents must be low enough not to causé 
difficulties by overloading the supply units, by causing appre: 
ciable regulation or by overheating the network resistors. 

A further practical consideration is that it is necessary te 
represent voltages V,/4/2a or V,ja. Since a may be as low a: 
0-5, it is important to choose a voltage scale which will no: 
make the voltage corresponding to this inconveniently large. 


(4.4) Choice of Frequency 


All circuits considered require a 2-phase supply, which, tc 
avoid phase shifts on load, must have a low source impedance 
Operation at standard supply frequency enables this requiremen 
to be met by Scott- and Leblanc-connected transformers followec 
by variable-ratio auto-transformers to permit voltage adjustment 
However, operation at standard frequency increases the poten 
tiality of stray pick-up to cause errors in the amplifier meters 
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us making a higher power level necessary. The alternative of 
deration at other than standard frequency complicates the 
dwer supply equipment. 


(4.5) Auxiliary Winding 


H 

r There appears to be no reasonable alternative but to refer all 
axiliary-winding quantities to the main winding by calculation. 
\;his applies, irrespective of the circuit used, to the winding 
pnpedance, its applied voltage, and the shunt used for measuring 
|s current. By varying the resistance of the shunt in this manner 
j2€ meter gives the actual current directly. This technique is 
jssential for the measurement of the total current, which is the 
vector sum of the actual currents of both windings. 


(4.6) Rotor Winding 


The rotor winding is conventionally referred to the main 
vinding in all cases. 


(4.7) Resistances 


_ The only resistances requiring special consideration are those 
sepresenting the rotor branches of the circuit. These are of the 
orm Rr/s and either Rr/(2 — s) or Re/(1 — s), according to 
he circuit used. It is considered to be one of the requirements 
: to avoid the necessity for calculating these, it should be 


rossible to set Rr and s separately into the network. This can 

done by using several decade units for Re which are set 
simultaneously by one set of ‘Rp’ dials. These are then selected 
ind connected in parallel by ‘s’ dials. For example, let the 
Rp’ dials set the eight resistances 100Rp, 50Rpz, 50Rp, 20Rp, 
lORp, SRpr, SRe and 2Rpz. By suitable paralleling by two 
decade ‘s’ switches, all values of Rr/s from s = 1 to s =O can 
be obtained in 0-01 steps. 

An exactly similar set switched in the opposite sequence will 
set Rp/( — s) from s = 1 tos = 0. 

To set Rp/(2 — s) one extra resistance unit, Rp, is required 
to cover the range s=1 tos =O. This unit is not required 
for Rp/(2 — s) between s = 2 and s = 1 and it may therefore 
be used for Rp/s over this range of slip, so that normal motoring 
and plugging can be covered. However, since negative resistance 
is excluded, it is not possible to represent super-synchronous 
speeds, either in the same or in the opposite direction to the 
field, by revolving-field circuits since they involve both Rp/s and 
Rr/(2 — s). With the cross-field circuit which involves Rp/s 
and Rp/(1 — s) the range is restricted to the motoring condition. 

This scheme of setting the rotor resistances is admittedly 
extravagant in switches and resistors, and its value has to be 
assessed by considering the saving of time which results from 
removing the necessity of calculating these resistances. 


(4.8) Inductance 


The use of the conjugate network reduces the number of 
inductances required to one—that corresponding to the capacitor. 
The inductors must be arranged with decade tappings and their 
design is necessarily a compromise between linearity with current, 
high Q-factor and reasonable physical size. 


(5) MEASUREMENT TECHNIQUES 


(5.1) Currents 
5.1.1) Magnitude. 

Current magnitudes are most conveniently measured by 
shunts, the voltages across which are amplified by a feedback 
mmplifier connected to a voltmeter. The resistance of the shunt 
nay be adjusted to allow for the turns ratio for those currents 
which are ‘referred’ in the network. However, irrespective of 
he circuit employed, to measure the magnitude and phase of 
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the total current it is necessary to measure the sum of two 
currents, one, and only one, of which is, in the network, in 
quadrature with the corresponding current in the actual machine. 
Its signal voltage, therefore, has to be phase shifted by 90° 
before the summation. This can be accomplished by using a 
mutual inductance in place of a shunt for this part of the net- 
work. This method has the further advantage that the secondary 
winding of the mutual inductance is not connected electrically to 
the part of the circuit of which it is measuring the current, and 
it may therefore be connected in series with a shunt in another 
part of the network to effect the summation. 


(5.1.2) Phase. 


Many electronic devices for measuring the phase angle between 
two sinusoidal voltages have been described. The only par- 
ticular requirement here is that the meter must accept the signal 
corresponding to a current which varies over a wide range of 
magnitude. It is not acceptable to have to make manual adjust- 
ments of amplifier gain to compensate for this, and hence this 
signal voltage must be chopped and amplified sufficiently to 
give a square wave with an adequately steep side over a suffi- 
ciently wide range of input-voltage amplitude. Stray pick-up 
is very important when the motor current is small, having more 
effect on the phase than on the magnitude of the signal in some 
operating conditions. 


(5.1.3) Effect of Harmonics. 


The circuit in conjugate form is an RC network and there- 
fore results in a higher harmonic content in the currents than 
in the supply voltage. In addition, the mutual inductance 
used for current measurement is a differentiating element 
which increases the magnitude of the harmonics relative to 
that of the fundamental in proportion to their order. Any 
high harmonic, such as a tooth-ripple, present in the supply 
voltage therefore appears at the amplifier terminals with an 
amplitude considerably increased relative to that of the 
fundamental. Whilst the fundamental component is reason- 
ably large, as in split-phase and capacitor-start motors, such 
a harmonic causes very little error in the measurement of the 
fundamental currents if a rectifier meter is used. However, 
when the fundamental is small, as in capacitor-run motors at 
low slips, the error may be very great and it is essential to 
suppress the harmonic. This may be done either at the supply 
to the network or in the input to the meter amplifier. Such a 
harmonic can also cause considerable trouble in the measure- 
ment of the phase angle even when the fundamental current is 
not small, if the phase meter depends for its operation on 
detecting when the instantaneous current passes through zero. 
The suppression of the harmonics is therefore very desirable. 


(5.2) Voltage 


The only voltages required to be measured are the input 
voltages to the network. It is convenient to use the same 
amplifier-voltmeter combination as is used for current measure- 
ment. It is not always possible to supply it from a voltage 
divider since it may be that neither terminal is at earth potential. 
A small voltage transformer avoids this difficulty. 


(5.3) Torque 


Excluding that of Morrill, all circuits considered lead to the 
torque in synchronous watts in the form of the sum or difference 
of two scalar products of voltage and current vectors. The most 
direct method is, therefore, to employ a 2-element dynamometer 
instrument, each of the four windings of which is supplied from 
a feedback amplifier using shunts and voltage dividers to provide 
the input signals. 
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(6) COMPARISON OF EQUIVALENT CIRCUITS 


The circuits will be compared first for suitability for capacitor- 
motor performance determination and secondly for convenience 
in representing other types of motor. 


(6.1) Morrill Circuit 


The Morrill circuit, Fig. 1, appears to be favoured as a basis 
for the manual solution of equations. This probably arises, at 


Fig. 1.—Morrill circuit. 
Vip = —iVas — Varia Vy =i Ving — Verda 
Torque = 3{(Ijy + a21%, (Ry — Ro) + 2al aT a(R + Ry) sin b] 


where J4 leads Jy by an angle ¢, 


Ry = x2 58 [ey + (Xm + Xn)?] and Ry = ot, + Un + Xn] 
least in part, from its priority, although some!! hold that it 
involves slightly less labour. It is possible to set up this circuit 
but it is not attractive for a network analyser since it requires 
many more circuit-elements than the other circuits, it requires 
two active voltage sources in addition to the applied voltages, 
and it is not possible to obtain simply a direct indication of the 
torque from the measurable voltages and currents of the network. 


(6.2) Kron Circuit 


The Kron circuit, Fig. 2, raises no insoluble problems and has 
a number of advantages, e.g. all signal voltages required for 


Fig. 2.—Kron circuit. 


Vr =(Vala+iVuylV2 Ve =(Vala —jVy)/ V2 
Iy = — jUr — Ip)/V/2 I4 = Ur + Ip)/V2a 
Torque = I7Rar/s — I; Rr/(2 — s) 


torque and current measurement have one side at earth potential. 
The supplies required are two equal voltages of j Vulv/2 and 
one of V4/4/2a. There are four separate values of impedance 
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to be set, three of which are duplicated but can be set withou 
additional labour by ganging: | 
(a) Two of Ru PIE GYE 
(b) Two of jXy. 
(c) Two of Rr and jXp. 
Ry +jX4 + Za 
“a 


(d) One of i] (Ry 4 ixw)}. 
As shown in Fig. 6, two mutual inductances My and M, Bp ar 
required, having a combined secondary voltage proportional t 
Iy = —iUp — Ig)/\/2, and also a shunt Sy having a voltags 
drop proportional to Iy = (Up + Ig)/1/2a. By connecting t 
secondary windings of the mutual inductances in series with th 
shunt S4 a signal proportional to and in phase with the told 
current is obtained. The shunts Sy and S, give signals propor 
tional to the rotor current components Jy and J,, both for thy 
measurements of the magnitudes of these currents and also f 
supplying the current signals to the amplifiers of the torqi 
meter. The torque is given by the difference of the power 
dissipated in the resistances Re/s and Rp/(2 — 5). 

The denominator 4/2 which occurs in this circuit arises frer 
the concepts of tensor analysis. It has no practical significar ! 
here beyond being a part of the voltage and current scalia 
factors, but is retained to conform with the analysis given 9 
Kron.’ 


1:1 TRANSFORMER 


Fig. 3.—Veinott circuit. 


Torque = 17Rp/s — I;RRI2 — 5) 


(6.3) Veinott Circuit 


The Veinott circuit, Fig. 3, requires two supplies with voltage: 
in quadrature, V,, and —jV,/a. 

There are four impedance values to be set some of which are 
duplicated: 


(a) One of Ry + jXyy- 

(b) Two of jX,n/2 

(c) One of a ab Be as a 
(d) Two of Rajz and jXp)/>. 


This circuit requires one impedance branch less than the Kror 
circuit in which (Ry + jXy4) is duplicated, but it requires ir 
addition a unity-ratio current transformer. 

Although the actual winding currents exist in this circuit, tha 
of the auxiliary winding is advanced in phase by 90° compare 
with the actual motor current and is also referred to the mait 
winding. Current measurements must therefore be made in ; 
similar manner to those described for the Kron circuit, but onl; 
one mutual inductance will be required. 

The torque can be measured directly as in the Kron circuit 


jae currents in the magnetizing and rotor branches being exactly 
fie same in the two cases. 


(6.4) Chang Circuit 


The cross-field circuit is not wholly suitable for the present pur- 
> ose i in the form given by Chang, Fig. 4, since it is impracticable 
9 set Rp and s independently to provide (1 — s)Rp/s(2 — 5). 


| 
q 
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i Fig. 4.—Chang circuit. 
i! Torque = [UmRal(2 — s) + Um + Tal — s)Rals(2 — s)Ma 
1 + UaRe/@ — 8) + Cn + Ta — s)Rpls2 — s\n 
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Fig. 5.—Modified Chang circuit. 

However, if the star network of resistances is replaced by the 
equivalent delta, Fig. 5, the values required are Rp/s and 
‘Rr/(1 — s), which can be obtained in the manner already 
described in Section 4.7. Although this circuit contains the 
same total number of circuit-elements as the Kron and Veinott 
Circuits it includes an additional element dependent on s, which 
is a distinct disadvantage. 

‘The voltage supply and current measurement are the same as 
in the Veinott circuit. 

The measurement of torque, although similar in practice, is 
fundamentally different in theory from the previous cases. It is 
given by the sum of the powers represented by the voltage across 
each of the Rr/s branches and the current entering the opposite 
terminal of the delta, Fig. 5. This adds to the practical difficulty 
of the amplifiers since there can be no common point at earth 
potential. On the other hand, it inherently gives a more 
accurate measure of the torque than methods depending upon 
the difference of the two inputs to the dynamometer instrument. 


(6.5) Representation of Motors other than Capacitor Motors 


All references to capacitance and inductance here refer to the 
conjugate network. 
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(6.5.1) Split-Phase Motors. 


The Kron circuit will require no change. The inductance 
required will be small and could be negative. To represent 
this a relatively large capacitance would be required and it 
could probably be neglected. For both Veinott and Chang 
circuits the inductance would have to be replaced by a capaci- 
tance of the same order as Xj; this constitutes an additional 
circuit-element. 


(6.5.2) Single-Phase Motors (including Capacitor-Start under ‘Run’ 
Conditions). 
In all circuits this corresponds to Z4, = 00 and implies an 
open-circuit. It might be desirable also to open-circuit both 
windings of the current transformer of the Veinott circuit. 


(6.5.3) Balanced Polyphase Motors. 


The following is equally applicable to balanced or unbalanced 
supply voltages (assuming that zero-sequence currents are 
excluded in 3-phase machines). 

Since the machine is balanced, a = 1, Ry + jX4 = Ru + jiXnz 
and LA = 0. 

For the Kron circuit the impedance common to both meshes 
becomes zero and the applied voltages have to be adjusted 
according to the unbalance of the motor supply. For a 
balanced supply only the jV,,/1/2 supply would be used. Some 
adjustment of scaling factors is necessary. 

For both Veinott and Chang circuits the impedance 
(Ry +jX4 + Z4)/a* becomes equal to Ray + jXjy. The adjust- 
ment of the voltage is such as to require an additional supply, 
since —jV4/a has to be made more nearly equal to Va, in phase 
as the unbalance decreases, in addition to being changed in 
magnitude. 


(7) CHOICE OF CIRCUIT 


The choice of circuit will depend in the first instance on the 
user’s preference for cross-field or revolving-field theory. If he 
wishes to allow for the different degrees of saturation on the 
main and auxiliary winding axes, the cross-field circuit must be 
used. If he wishes to use different rotor-winding resistances for 
the two rotor current frequencies, one of the revolving-field 
circuits must be used. If neither of these refinements are 
required, any circuit can be used irrespective of the user’s 
preference for manual-calculation purposes. All circuits will 
give the same solutions, and externally there need be no way of 
telling which circuit is in fact employed. Under these conditions 
the simpler rotor-resistance arrangement and the wider range of 
slip of the revolving-field circuits is considered to be sufficient 
to outweigh the theoretically greater accuracy of torque measure- 
ment associated with the cross-field circuit. 

Between the revolving-field circuits of Kron and Veinott there 
is little to choose. Although the Veinott circuit appears to have 
a slightly smaller number of elements when representing the 
capacitor motor, additional elements are required to represent 
the split-phase and balanced machines, so that the advantage is 
lost. Although for exact representation of a split-phase motor 
in which X,/a* is greater than Xq, the Kron circuit would require 
large capacitances in place of the inductance, such difference 
would always be small and most probably negligible. Similarly, 
the Kron circuit could not represent a motor in which Ry/a* 
was less than Ray. If this were the case it would suggest a 
curious design and would require an interchange of the main 
and auxiliary winding representation and possibly an extra 
inductance unit. Since the inductance occurs in the Kron 
circuit in a branch whose impedance is only half the difference 
between the impedances of the main and auxiliary windings its 
ohmic value is less than half that required in the Veinott circuit. 
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Taking all factors into account the Kron circuit seems prefer- 
able, unless the special characteristics of the cross-field circuit 
in respect of magnetizing reactances and core loss are desired. 


(8) PRACTICAL EXPERIENCE 
Three of the circuits discussed were set up and examined. 
The Veinott circuit was excluded since experience of operating 
an analyser using this circuit has already been recorded! and 
the problems it poses also arise either in the Kron circuit or 
the Chang circuit. 


(8.1) Kron Circuit 


The conjugate Kron circuit, Fig. 6, was set up with full instru- 
mentation arranged for the rapid determination of the currents 


TO 
AMPLIFIERS 
TO AND 
AMPLIFIER TORQUE 
Al METER 
AMMETER 


Fig. 6.—Conjugate form of Kron circuit showing supply and 
measurement arrangements. 


and torques at various slips, with the exception that the separate 
setting of Rr and s was not employed since this analyser was 
not intended for use in the economic conditions of a manu- 
facturing industry. 

The three components of the applied voltage were provided 
by Leblanc-connected 3-phase transformers, the magnitude being 
adjusted by three variable-ratio auto-transformers, each supplied 
from a separate transformer secondary winding. These voltages 
were measured by the same amplifier-voltmeter combination as 
was used for the current measurements. The input to the 
amplifier was obtained from a voltage transformer so that the 
amplifier might operate with one terminal earthed. 

The decade resistors and capacitors used have errors of 1% 
or less. The decade inductance unit was specially constructed 
using C-cores and pancake coils to permit adjustment of the 
numbers of turns of the various tappings after the air-gap had 
been adjusted. Owing to the non-linearity, the error at the 
extremes of current is of the order of 29%. The resistance of the 
inductors and the effect of the core loss was taken into account 
in setting the resistance in series with it. It was found con- 
venient to bring the effective resistance of the inductors up to 
the same value on each tap by adding external resistors. 

The mutual inductances used for the measurement of Ij, have 
Mumetal cores and a very large number of secondary turns. 
The primary consequently has few turns and a negligible 
impedance. A very high degree of linearity with current was 
obtained by using a relatively large air-gap. 

Linearity of the amplifiers used in the measurement of voltage, 
current and torque was achieved by using considerable feedback. 


(8.1.1) Impedance Level. 


The parameters of a number of motors between 1/20 and 
3/4h.p. were examined and it was found that an impedance 
scale of 100: 1 was convenient for most, although for some 
1000 : 1 would permit a smaller number of decades in some of 
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the elements. This also confirmed, in an indirect manner, th 
choice of 50c/s as the operating frequency. The range « 
capacitors required to set the highest magnetizing reactance anil 
the lowest leakage reactance to within 1% was found to occuf] 
the whole of the available range between the limits imposed t 
physical size on the one hand and stray capacitance on the othet 
Choice of impedance level thus also fixes the frequency, am 
50c/s was suitable. 


(8.1.2) Voltage Level. : 

To enable an adequate range of voltage to be availab) 
to provide V4/,/2a from a standard variable-ratio auté 
transformer, V4 as actually applied to the circuit must nd 
exceed 180 volts. A scale of 3 : 4 is, therefore, practicable f¢ 
240-volt motors, but for simplicity a scale of 1:2 was preferre¢ 


(8.1.3) Current Level. 

The resulting current level is 1/200 (or occasionally 1/2000 
of the current in the actual motor, and individual currents at 
unlikely to exceed 100mA. This in turn is sufficiently small * 
the regulation of the supply transformers to be negligible. 


(8.2) Chang Circuit 


The Chang circuit was set up in conjugate form with the sam 
impedance and voltage levels and a few cases were examinee 
In view of the authors’ preference for the revolving-field circuits 
however, full instrumentation was not provided and measure 
ments were restricted to the magnitudes of the separate windim 
currents, using resistive shunts in both cases. Full instruments 
tion would require the use of a mutual inductance for one currer: 
to permit summing the two currents. 


(8.3) Morrill Circuit 


Although it has no practical advantage and several importar 
disadvantages, the Morrill circuit was set up as an exerciss 
using voltage sources of variable magnitude and phase for ir] 
generator elements and adjusting them manually in succession 
using a null detector as in the balancing of a bridge. Th 
required reference voltages, which are both the differences ¢ 
the voltages of two elements in series, can be obtained by t 
well-known bridge method. In the form published by Morrt) 
these generator voltages are in quadrature with their respectiy 
reference voltages. It was found more convenient to shift az 
voltages and currents in the auxiliary winding, including th) 
applied voltage, by 90°, thus bringing the generator voltages int) 
phase with their references. This complicates the supply anj 
also the measurement of the total current in a manner similar t 
the other circuits considered. Adjustment of these voltag/ 
sources, which is an iterative process, was found to take a tim 
of the order of one minute. This process could be eliminates 
by the use of amplifiers, but the difficulty of measuring th 
torque directly makes development work on this circu 
unjustified. 

(8.4) Accuracy 


The aim was to provide for 1% accuracy in the setting of t 
circuit-elements, the supply voltage and the current measuremen) 
ensuring a reading better than +3°%. Since more accurati 
components increase the cost disproportionately, a smalle 
tolerance was not considered economically justified in view 
the possible inaccuracies in the calculated values of the mota 
parameters. It was appreciated that all elements of the circu 
are not of the same significance in respect of the accuracy of t 
results, but, in view of the wide range of both parameters an1 
operating conditions, a detailed investigation of the relatiw 
importance of the accuracy of the various elements was nc 
justified. It is apparent, however, that the accuracy of thi 


I 


. wants and mutual inductances used for measuring the currents 
, of particular importance. Some of the components were 
,|atside the desired tolerance; in particular, the variation of the 


Table 1 


CURRENTS OF A SPLIT-PHASE Motor 


I4 
% Error % Error % Error 
amp amp. amp i 
71-3417 8-5367 15-470 
7:34 | —0-02 | 8-45 | —1-02 
7:50 | +2-16/ 8-40 | --1-6 |15-4 —0:45 
(a) | 6-9715 7-7293 14-681 
0-50 (6) | 7-00 | +0-41 | 7-67 | —0-76 
ik (c) | 7-10 | +1:84 | 7-63 | —1-28 |14-6 —0:55 
it (a) | 5-713 7:3629 12-7325 
| 0-20 (b) | 5-675 | —0-67| 7-35 | —0-18 
(c) | 5-70 | —0-23 | 7-30 | —0-85 |12-7 —0-26 
(a) | 4-846 4 | 7-6660 11-526 
0-10 (6) | 4-80 | —0-96 | 7-65 | —0-21 
(c) | 4:75 | —1-98 | 7-60 | —0-86 |11-5 —0:23 
(a) | 4-2806 8-031 10-794 
0-05 (6) | 4-22. | —1-41 | 8-00 | —0-39 
(c) | 4:20 | —1-88 | 8-00 | —0-39 /10-8 —0-06 
(a) | 38986 8 +3442 10-332 
0-02 (6) | 3-86 | —1-00]| 8-30 | —0-53 
(c) | 3-85 | —1:24 |] 8-30 | —0-53 |10-4 +0-66 
(a) | 3-63 8-5975 -  |10-024 
0-00 (6) | 3-58 | —1-38| 8-55 | —0-56 
(c) | 3-60 | —0-82 | 8: -14 |10-05 


Table 2 
CURRENTS OF A CAPACITOR-START MOTOR 
% Error % Error 
Mm (a) | 7-3415 3-0335 8-85 
1:00 (5) | 7:35 +0-:12 | 3:10 +2:20 
(c) | 7°45 +1-:46 | 3-00 —1-11 | 8-9 +0-57 
(a) | 6-401 2:6558 8-525 
0:50 (6) | 6:45 +0:77 | 2-71 +2-04 
(ye 6: 52 +1:88 | 2:60 —2-09 | 8:6 +0:88 
(a) | 4-7345 2°8877 7:621 
0:20 (d) | 4-78 +0:96 | 2:95 +2-16 
(ce) | 4°75 +0-33 | 2°85 —1-30 | 7:6 —0:28 
: (a) | 3-8053 3-4064 6:932 
0-10 (5) | 3-85 +1-17 | 3°46 +1-57 
(GQ) esere) —1-:46 | 3:40 —0-19 | 6-9 —0:46 
(a) | 3°3365 38495 6:425 
0-05 (6) | 3-40 +1-90 | 3°88 - +0-79 
(c) | 3-30 +1:-10 | 3-82 —0:77 | 6:35 —1:17 
| (a) | 3:1322 4-1942 6:043 1 
0-02 (6) | 3-19 -+-1-85 | 4:22 +0-61 
(@) | Bow) = 5/008) |) CI) —1-06 | 5:93 —1-87 
(a) | 3:0611 4-4504 5°7329 
0-00 (4) | 3-10 +1-27 | 4-48 -+0-67 
(c) | 3-00 —2-04 | 4:42 —0-68 | 5:6 —2°32 
od a a eee 
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inductance of the decade inductors with saturation, although 
small, was sufficient for the tolerance to be exceeded at small 
currents. 

Some results are shown in Tables 1, 2 and 3, in which (a) gives 
the calculated values, (5) the values obtained from the Chang 


Table 3 


CURRENTS OF A CAPACITOR-RUN MoToR 


Iu 
% Exror % Error 

( 5 0: 
1:00 (6) | 7-35 | +0-12 | 0- 
(c) | 7-40 | +0-80 | 0- 
(d)| 7:38 +0:53 | 0- 
( 6-491 0- 
0:50 (6) | 6°51 +0:29 | 0- 
(On ING-55 +0-91 | 0°: 
(d)| 6:56 | +1:06 | 0- 
(a) | 4-229 0: 
0:20 (6) | 4:23 +0-02 | 0: 
(c) | 4-30 +1-68 | 0- 
(d)| 4:22 | +0-21 | 0- 
(a) | 2:5286 0- 
0:10 (6) | 2:525 | —0-14 | 0- 
(c) | 2-63 +4:00 | 0: 
(ail 2253 +0-06 | 0: 
(a) | 1-383 0: 
0-05 (6) | 1-40 | +1-23 | 0: 
(c) | 1°54 +11-4 | 0- 
(d)|, 1-395 +0-87 | 0- 
0: 
0: 
0- 
0: 
0- 
0: 

O72 

0-709 


circuit, (c) the values obtained from the Kron circuit without 
filtering out the harmonics, and (d) the values obtained from the 
Kron circuit with the harmonics removed from the amplifier 
input. It will be noted that the Chang results seem better than 
the Kron results, but this apparent superiority arises from the 
use of resistive shunts for both currents in the Chang case. 

This could not be done if the total current were also measured, 
as it would then be necessary to use a mutual inductance as in 
the Kron circuit. 

The supply contained fifth and twenty-fifth harmonics of 1% 
and 0:2°%, respectively. The necessity for filtering these out is 
apparent in the case of the capacitor-run motor, Table 3. The 
accuracy of the results for low slips with this motor, using 
the filter, was reduced, however, by the attenuation of the 
filter, which results in relatively small meter deflections and 
enhances the effect of stray pick-up. A filter causing less 
attenuation at 50c/s would therefore improve the accuracy of 
measurement of such small currents. 

The accuracy of the torque indication is almost entirely depen- 
dent upon the accuracy of the dynamometer instrument avail- 
able. Since the elements are in opposition the accuracy is 
inevitably reduced and may not be better than 2% full-scale 
defiection, leading to appreciable errors at low torques as at 
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starting with capacitor-run motors with a single low-value 
capacitor. However, if desired, any torque can be checked 
quickly by calculation from the measured rotor current com- 
ponents J, and J,. 


(9) CONCLUSIONS 


It seems that the two revolving-field circuits of Kron and 
Veinott and the cross-field circuit of Chang are all suitable for 
motor performance calculations and, with attention to the 
appropriate details, will give results of sufficient accuracy for 
most design purposes. The choice is determined largely by the 
considerations which have already been discussed. 
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OPTIMUM COMBINATION OF PULSE SHAPE AND FILTER TO PRODUCE A 
SIGNAL PEAK UPON A NOISE BACKGROUND 


By H. S. HEAPS, B.Sc., M.A. 


(The paper was first received 21st January, and in revised form 19th July, 1960. It was published as an INSTITUTION MONOGRAPH 
in October, 1960.) 


SUMMARY 


The paper concerns the generation of a signal pulse for transmission 
through a propagating, medium and its subsequent detection as a 
single peak after it is received upon a noise background. It is supposed 
that the propagating medium behaves as a linear filter and that the 
noise background is independent of the signal. The pulse is con- 
veniently described as consisting of a central portion attached to a 
leading edge and a trailing edge. It is found that for a given length of 
central portion there is an optimum combination of transmitted pulse 
shape and predetection filter. The results are compared with those 
arising from the use of certain non-optimum systems, and it is found 
that the optimum system leads to a significantly high signal/noise ratio. 

The results of the paper imply that for the range of parameters 
considered it is advantageous to transmit a succession of short pulses 
of a determined form rather than a single smooth pulse. 


LIST OF SYMBOLS 


d = nt = Duration of central portion of transmitted 
signal. 
F(w) = Fourier transform of V;(t). 
H(w) = Transfer function of filter. 
Py = Root-mean-square noise output. 
Ps; = Peak output signal. 
T(qw) = Transfer function of propagating medium. 
Ty = Time at which peak output signal occurs. 
W, = Energy of generated signal. 
V(t) = Transmitted signal at time ¢. 
V(t) = Signal at output of filter. 
W = Energy of transmitted signal. 
W(T){n7r = Mean square of n samples of transmitted signal. 
a = Parameter of Butterworth filter. 
P3IPX 
W(T) 
_|o(w)|? = Power spectrum of noise input to filter. 
7 = Time interval between samples of transmitted pulse. 


X = Maximum value of 


(1) INTRODUCTION 


A problem which frequently arises in connection with the 
‘propagation of acoustic or radio waves is the design of a suitable 
means of transmission and reception of a pulsed signal which 
travels through a propagating medium and is received in the 
presence of a noise background. If the travel time of the pulse 
between the transmitter and the receiver is sufficiently large, 
the shape of the pulse at the receiver may differ significantly 
from its shape at the transmitter. For example, a change of 
shape results if the propagating medium contains inhomogeneities 
or reflecting surfaces so that the pulse which reaches the receiver 
is the sum of a number of pulses which travel by different paths 
and with different travel times. 

Since the received signal pulse is most easily detected when it 
produces the greatest change in the noise background, it is 
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often desirable to include in the input to the detector a filter 
whose function is to increase the signal/noise ratio. 

Dwork! obtained an expression for the transfer function of 
the filter which, for a given input signal, would produce at its 
output the greatest possible value of instantaneous peak signal 
voltage consistent with a fixed value of mean output noise power. 
Further consideration of the problem was made by Zadeh and 
Ragazzini.2 Heaps and McKay? obtained the transfer function 
of the filter required to produce at its output a signal voltage 
whose value averaged over a given finite time is as large as 
possible in comparison with the mean-square noise. If the 
detector responds to the square of the voltage input, the filter 
should be chosen to maximize the ratio of the mean-square 
signal voltage to the mean-square noise. The transfer function 
of such a filter was found in a previous paper.* 

The papers referred to above concern the optimum transfer 
function of a filter whose input is a given shape of signal upon a 
given noise background. The noise background is, of course, 
given statistically and not as a specific function of time. In 
general the optimum signal/noise ratio is a function of the shape 
of the input signal. The problem of determining the best shape 
of the transmitted pulse was discussed by Chalk,> whose criterion 
for determining the form of the input pulse was based upon the 
minimization of adjacent-channel interference or upon the 
maximization of signal energy at the output of a given filter. 
The influence of the particular form of the noise background 
was not considered. 

In many instances both the shape of the generated pulse and 
the transfer function of the filter are open to choice. Accordingly, 
there arises the problem of determining the optimum combina- 
tion of transmitted pulse and filter transfer function so as to 
produce at the detector the highest possible signal/noise ratio. 
The present paper determines the best combination of generated 
pulse shape and filter function required to produce at the output 
the greatest possible instantaneous peak signal in relation to the 
r.m.s. noise. The effect of distortion of the signal during its 
passage through the propagating medium is allowed for, subject 
to the assumption that the propagating medium behaves as a 
known linear filter. In order to ensure that the resulting opti- 
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Fig. 1.—The transmitted pulse. 
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mum signal shape conforms to the description of a pulse rather 
than a continuous wave, it will be supposed that there is a finite 
time interval over which 7 successive samples of the signal have 
a given average value. This time interval is the portion BC of 
the signal shown in Fig. 1. 


(2) FORMULATION OF THE PROBLEM 
The generated signal may be represented in the form 


Vie oe [ Ferettde (1) 


ao 
where F(w) =a Vine Sotdt . (2) 
— oo 
Suppose the signal is transmitted through a propagating 
medium that is equivalent to a linear filter of transfer function 
T(w). After passage through a further filter of transfer function 


H (a) the signal becomes 


V(t) = = | FO T@)H(w)e'de (3) 


It is supposed that the function T(w) includes the effect of 
whatever transducers or aerials are included in the propagating 
path between the generated signal, V,(t), and the input to the 
filter of transfer function H(w). 

Let the power spectrum of the noise input to the filter be 
|o(w)|?.. The mean-square noise output is then 


cas 5 J lotan|PLH1(ap/Pdeo (4) 


According to the method of Dwork, for a fixed value of mean- 
square noise power the greatest possible instantaneous peak 
signal output is obtained at time 7», when the transfer function 
H(w) is chosen to be 


F*(w)T*(w) 


Ho) =~ Nota)? 


exp (—jwT) (5) 


The asterisk denotes complex conjugation and X is a constant 
whose value does not affect the signal/noise ratio. The resulting 


optimum ratio of peak signal to r.m.s. noise is 


PZ ay FFOPIT@)? , 


cele 6 
FES Sa Tee ts) 
The total signal energy is 
eo 1 co 
Woe J mopar =~ [ \Fe/2de (7) 


Before proceeding to determine the form of F(w) required to 
maximize PeiB the significance of the expression (6) will be 
discussed in reference to some specific instances. 

If the transmitted pulse is unaffected by its passage through 
the medium and if the noise is white, |T(w)|? = |o(w)|? = 1. 
Eqns. (6) and (7) then indicate that for a given input signal 
energy the optimum signal/noise ratio is independent of the 
shape of the signal. If the noise is not white, let wo be the value 
of w at which |o(w)|? least. For a given value of W the opti- 
mum ratio P$/P%, is clearly a maximum when the signal has 
infinitesimal bandwidth centred upon w = w 9. P2/P%, is then 
W]||c(wo)|?. However, the energy in the generated signal is then 
distributed over an infinite time and any finite sample of the 


regarded as an optimum pulse shape, since for any constant wy 
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generated signal contains an infinitesimal amount of energy, 
Thus the generated signal does not have the form of a pulse. 

If |o(w)|2/|T(w)|2 = exp (—K2w2) and V(t) = (sin Q0/Q1Pr 
then F(w) = 7Q-'? when |w| <Q and F(w) =0 when 
|w| > Q. Thus W = zm and | 
| 

PS Zig 4 k2w)dw = WU ex k2w*)dw | 

Pz, Cea ouls ) rales ) 
For a given value of W the optimum ratio P3/P%, may be made 
as large as required by the use of a pulse (sin Q4)/Q1/?t in which 
Q is sufficiently large. As Q tends to infinity (P?/P3,)/W tends 
to infinity. However, the limit of (sinQd/Q'/?r cannot be 


a pulse for which F(w) = 7/QU? if |w — w,| <4Q and F(w) =€ 
if |w — w | > 4Q leads to a larger value of (P3/Px)/W. It is 
clear that the maximum value of (P3/P%,)/W results when the 
generated signal is a continuous wave of infinite frequency, but 
that (P3/P3,)/W may be made as large as is required by the 
of a pulse of form (sin Qr)/Q'/*7 of sufficiently narrow bandwidta 

If |o(w)|?/|T(@)|* = exp (— k?w*), an infinite value of 
P2/P%, is obtained for any transmitted pulse whose frequency 
spectrum tends to zero less rapidly than |o(w)|*/|T(w)|? as « 
tends to infinity. An example of such a pulse is the rectangulan 
pulse of unit amplitude and duration extending from time 
t = — atot =a; in this instance F(w) = 2 (sin wa)/w. 

Since in practical transmission systems |T(w)|* is finite anc 
|o(w)|? is never zero, it appears reasonable to exclude the cas 
in which P2/P%, becomes infinite and to base the analysis uper 
the assumption that the right-hand side of eqn. (6) remains 
finite. 

The generated signal may be described as having the charactex| 
of a pulse if it contains a finite amount of energy and if there; 
exists a finite time interval, d, which contains a finite, and no» 
infinitesimal, amount of energy. 

The mean square value of the generated signal sampled aij 
times 7, T — 7, T — 27,..., T— (n — I)ris 


(1/n) & | V,(T — rz)|? 


n 


where the summation in r is from 0 ton — 1. If W(T) denotes} 
the expression 


W(T) =7T X|V,(T — rz)|? (83 
then as t->0 for a fixed value of d = nr the expression fop 
W (T) tends to the energy in a continuous sample of the generatec 
signal over a time extending from T — d to T. For finite 7 the! 
mean square value of the 7 samples is (1/n7)W(T). Substitutior! 
of V;(t) from eqn. (1) enables expression (8) to be written as 


W(T) = (A/2n)27 = | F(w) exp [jo(T — rt) ]dw x 


{ F*(w,) exp [— jw\(T — r7)]dw, . (9) 


The problem considered in Section 3 is the determination 0%) 
the pulse shape, V;(¢), which for a fixed value of W(T) makes! 
P2/P%, of eqn. (6) have a maximum, but finite, value. The 
term ‘maximum’ is here used to signify a stationary value oi 
P2/P%, which is reduced by all infinitesimal variations of Viti 
from the determined form. 


(3) DETERMINATION OF THE OPTIMUM SYSTEM 
For a given value of W(T) the stationary values of P3{PR 


are obtained when F(w) is chosen to satisfy the conditior! 
0Q/0F = 0 where 
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_ 1 |FO)P7|T@)|? 
20 |o(w)|? 
iy 

(27)? 


& F(w) exp [jw(T — rz)] x 


J F*(w,) exp [— jo (T — r7)]dw, . (10) 


and A is a Lagrangian multiplier.© The condition J0/0F = 0 is 


satisfied when 


1 F*(w)|T(e)|? 
Zari |o(e)|* 


Ar 


Gry L exp [jw(T — rz)] x 

F*(w,) exp [— jw,(T — rt) |dw, 
» A F*(w)|T(w)|? 
— 2nr —_jola)|? 


= = Ar & V;(T — rz) exp [jw(T — rz)] (11) 


Since the procedure used to obtain eqns. (10) and (11) forms 
the basis of the theory of the present paper, a more detailed 
derivation is included in the Appendix. 

It follows from eqn. (11) that 


|o(w)|? 
[T(w)]* 


Substitution of F(w) from eqn. (12) into eqn. (1) shows that 


F(w) =Ar 2X VT — rr) exp [jw(rt — T)] (12) 


V(t) =Ard b(t — T + rt) VAT — rz) (13) 
where f(t) = : J yr [otw)|? exp (jwt)dw (14) 
Fad Mee Fea) | alia 
In particular, for each integer s between 0 and n — 1, 
VAT — st) = a7 > Ort — st)VAT — rt) . (15) 


The maximum value of A for which the n equations (15) have 
a solution in the n quantities V;(T — rv) is the greatest possible 
value of (P3/P%)/W(T). The corresponding solutions V(T — rv) 
may be substituted into eqn. (13) to determine the optimum 
pulse shape. From eqns. (6), (12) and (14) it follows that 


PelPs. = NPLIV(T — rt) V4*(T — st) b(rt — 57) (16) 
Although the value of W(T) depends only upon the portion 


of the generated signal between times T — (m — 1)7 and T, the 


value of P3/P%, in eqn. (6) is dependent upon the entire pulse. 
Minimization of (P3/P3,)/W(T) thus determines the whole pulse, 
which may be envisaged as consisting of a ‘build-up’ portion 
prior to the time T— (m — 1)z, a central portion extending 
from time T — (n — 1)r to T, and a ‘fall-off’ portion subsequent 


‘to the time 7. The three portions of the signal are indicated in 


Fig. 1 as AB, BC, and CD respectively. 

Since ¢(r) as defined by eqn. (14) has a maximum at 7 = 0 and 
tends to zero as t > 00, if 7 is sufficiently large the function V;(t) 
of eqn. (13) will exhibit a ripple of period 7 as drawn in Fig. 1. 

It may be noted that if T — st and T — rv are denoted respec- 
tively by ¢ and t,, then as t — 0 for a fixed value of d = nr, eqns. 
(15) reduce to the Fredholm integral equation 


Pe & 
Vt) =A [ e0 — ty) Vitae (17) 
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It should also be noted that, for fixed d = nr, W(T) does not 
necessarily represent the total energy in the generated pulse, but 
only the energy between the times T—d and T. The total 
energy is given by 


Ww, =| VAD Pat = 2x2 DD VT — ra) V4(T — st) x 


ioe) 

| MELT end T+ pat (18) 
==00: 
regardless of whether 7 is finite or tends to zero. 

Eqn. (18) represents the least amount of energy required to 
generate a pulse of the optimum shape for a fixed value of 
W(T). Thus the maximum possible value of (P32/P3)/W, is 
equal to A,,..W(T)/ W,, and V;,(t) according to eqn. (13) 
represents the most efficient pulse shape to utilize the energy W, 
for given values of 7 and n. 

For a given input noise background the maximum value of A 
is the greatest possible value of P?/P3, in comparison with the 
signal energy W(T) between the times t = JT — d and T. An 
increase in the noise background will clearly decrease A. The 
mean-square input noise energy in the time d = nt is 


nT 


27 . 


but |o(w)|? affects the maximum A only through |c(w)|?/|T(@)|?. 
In Section 5 it will be found convenient to introduce Ay defined 
as the magnitude of the maximum A multiplied by the factor 


NT fri |o(w)|? 
2m J_ |T(@)|? 


[ leo) \2deo 


— oo 


dw = dd(0) 


When |7(w)| =1, ie. the component frequencies of the 
signal suffer phase change but no change in amplitude during 
passage through the propagating medium, Ag denotes the 
maximum value of 


(Output peak signal)?/(Mean output noise power) 
W(T)/(Unit energy of noise input during the signal duration d) 


When ¢(t) = 0 for |t| >7, eqn. (15) reduces to an identity 
subject to the condition A =[74(0)]~! = (u/d)/¢() and hence 
Ap =n. Egn. (13) then shows that the transmitted pulse must 
consist of a sequence of pulses each of shape ¢(¢), and arbitrary 
heights, centred at the times 7, T — 7, T — 27,..., T — (nm — 1)r. 
Then 


am Rae paver- rn)? 
PR, “1 60) 1 * 

The value of 1 obtained for Ag indicates that the optimum filter 

combines the individual members of the received pulses to pro- 

duce their sum at the output. 


(4) PHYSICAL REALIZABILITY OF THE OPTIMUM FILTER 
According to eqns. (5) and (12) the optimum filter has the 


transfer function 


H(w) = al 2, VAT — rT) exp [jo(T — rT Ty) ] . XLS) 


T(w) 

and hence is a filter of transfer function 1/T(w) followed by a 
certain linear combination of time delays. 

For the transfer function (19) to be realizable by a physical 

network, it is necessary that the filter have a positive memory 

in the sense that the response to a unit impulse applied at time 
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t = 0 should be zero for t< 0. Now the response to the unit 
impulse is 


he) — (1/2n) | H(w) exp (jwt)dw 


ST em rr)y(t + T—rr— Tp) (20) 
oar Sy 
a, fae j 21 
where Y(t) = (1/27) iD To) exp (jwt)dw (21) 
The condition that /(t) = 0 for t < 0 is fulfilled if 
it) = On fot t <a Ty ox (22) 


It follows from eqns. (21) and (22) that the condition for 
physical realizability of the optimum filter depends only upon 
the form of T(w) and is independent of the form of the input 
noise. This result is in contrast to the results of earlier papers,*> + 
in which for a given form of input signal the condition for 
physical realizability of the filter was found to depend upon the 
form of |F(w)|/|o(w)|?. 

The remainder of the present Section is concerned with 
illustrations of the significance of condition (22) for particular 
choices of the function T(w). The condition includes, of course, 
the requirement that the right-hand side of eqn. (21) exists. 

Suppose that the pulse suffers no distortion during its passage 
through the propagating medium but acquires a time delay fo. 
Then T(w) = exp (— jwtg) and 


Ht) = (A/2x) | exp [iealt + to)]deo = BU + to) 


where 6(t) denotes a unit impulse at time ¢ = 0. Condition 
(22) is then satisfied if Ty > T+ to. Thus the entire central 
portion of the pulse as shown in Fig. 1 must have entered the 
filter prior to the instant at which the output peak is formed. 
However, the trailing edge does not need to have entered the 
filter and hence does not contribute to the signal peak. 
Accordingly, it is clear that the sole function of the trailing edge 
is to terminate the pulse conveniently. 

Suppose that the propagating medium contains two possible 
paths by which the pulse may travel from the transmitter to the 
receiver. Such a case would arise if the propagating medium 
were homogeneous and bounded by a perfectly reflecting plane 
boundary, so that the Lloyd mirror effect would be produced. 
Let the travel times along these paths be ¢, and f,. If there is no 
distortion of the pulse along either path, 


T(w) = exp (— jwt,) + exp (— jut) 
1 


and F(a) 


= texp ja(t, + t,)] sec Galt, — 1]. 

The function (t) of eqn. (21) does not exist in view of the 
infinite behaviour of sec4tw(t, — t;) when w = a/(t, — f)). 
This result is in agreement with the intuitively obvious statement 
that a linear filter cannot recombine two identical signals so as 
to eliminate the time delay between them. 

Suppose that the propagating medium contains two possible 
propagating paths of travel times ¢; and 7, and that the pulse is 
unchanged during its passage along the first path but is multiplied 
by the factor c during its passage along the second path. Then 
T(w) = exp (— jwt,) + c exp (— jut). If |c| <1, then 1/T(w) 
may be expressed as a convergent series of the form 


1 
Fie) exp (jwt,)X(— 1)"c™ exp [jma(t, — t)] (23) 
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with summation in m from zero to infinity. Then 


(o3) 


Y(t) = os x (— 1)"c" | exp [ja(t + mt, + ty — mt) |dw 
7 eo) 


=X (— 1I)ed(t + mt, + ty — mt) 
Hence condition (22) is true if, for each m, 
ky = T+ ty + mut; ae ty) 


Now if t, > 7; condition (25) implies that the peak output must 
occur at a time Tp chosen so that Ty) > T + f,. Thus the secon 
pulse is not required and the peak is formed from the first, and: 
greatest, pulse only. 

If T(w) = exp (— jwt,) + cexp(— jwt,), where t > ty 
and |c| < 1, condition (25) implies that Tg = co and the opti+ 
mum value of (P2/P%)/ W(T) cannot be obtained for an obser- 
vation at a finite time. However, if only the first M terms i: / 
eqn. (23) are used to approximate 1/T(w), condition (23) 
becomes Ty > T+ t, + M(t, — t2) and the resulting values: 
of (P3/P3,)/W(T) may be made as close as desired to the true 
optimum by sufficiently large choice of M. The transfer functio 
H(w) has the form 


H(w) =7 exp [ja(t, + T— T)] > VT — rt) exp ( — jwrty 
YC 1c" exp [jwm(t, — t)] 


in which the effect of the factor 
3, (— Leer exp [jwm(ty — ty) | 


is eventually to eliminate most of the first pulse so that detectic 
is of the second, and greatest, pulse only. 


(5) COMPARISON WITH TWO SIMPLE NON-OPT 


FILTERS WHEN n=3 

In this Section the result of using the optimum system of pulse 

shape and filter described in Section 3 is compared with the 

result of using two simple non-optimum filters. It will 
supposed that n = 3 and that 


|o(w)|?/|T(w)|? = exp (— k?w?) . (26) 


Although the form (26) is assumed for mathematical sim. 
plicity, it is believed to be of some practical interest in the 
case of a noise background in which the low frequencies 
predominate. 

From eqn. (26) it follows from eqn. (14) that 


‘ 1 2 
(rt — st) = OniPk exp |- (r — s)? ne | (27) 


If n = 3, then d = 37 and the condition for eqn. (15) te 
possess a non-zero solution in V;(T), V(T — 7) and V(T — 277 
is that 


(Ar)~! = $0) — $(27) 
or = (0) + 4@(27T) + 4[p?(27) -- 8h°(7) |! 
The maximum value of Ad ¢(0) introduced at the end of Section : 
is thus 
sage nd(0) 

© $0) + $$ 27) — HPA) + 86%]? 

and the solution of eqn. (15) is 
VE ay 


19 = = NEO 


(28% 


sii o> 
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Substitution of VT), V(T — 7) and VAT — 27) into eqn. (12) 
'determines the appropriate transfer function F (w). 

| For 7/2k = 1/3, 2/3, 1, 4/3, 5/3, and 2 it follows from 
eqns. (26) and (27) that the respective values of Ap are 199, 17-3, 
6-14, 3-94, 3-29 and 3:08. The corresponding values of 
WAT — 7)/V,(T) are —1-82, —1-55, —1-44, —1-42, —1-414, 
‘and —1-414. The case of white noise is included by putting 
k = 0, when Ap = 3. It is clear that a large value of Ay may 
‘be obtained by choosing +, and hence the duration, d, of 
the transmitted pulse, sufficiently small in comparison with 2k, 
,which is proportional to the time required for a significant 
decay of the function (7). 

For comparison with the result of using a non-optimum 
System it may be noted that, when 7/2k = 1, the optimum Xo 
is 6-14 and is obtained when VT — 7) = — 1:44V,(T). The 
i shape of V,(t) is as shown in Fig. 2. 


| Fig. 2.—Shape of the optimum pulse V;(t) when n = 3, 
|o(@)|2/|T(w)|2 = exp (—k2w2) and t/2k = 1. 


' For any parameters Vo, V,; and V, eqn. (12) with VT), 
VT — 7) and V,(T — 2r) replaced respectively by Vo, V,; and 
_V, gives a transfer function, F(w), for which P3/P%, is according 
to eqn. (16) but is not, in general, an optimum. For the chosen 
values of Vo, V,; and V, the right-hand side of eqn. (15) may be 


evaluated to give the quantities V;(T), VT — 7) and V;(T — 27). 
Substitution of these latter quantities into eqn. (8) leads to the 
Be ropriate value of W(T). If Vp and V, are chosen to be 
unity, and V, is chosen as —oo, —40, —1-44, 0, 1-40 and oo, 
the respective values of Ap are 2-36, 3°84, 6-14, 2-34, 3-57, and 
2-36. The optimum of 6-14 is thus significantly higher than 
_ the other values. 
_ The result of using the optimum combination of transmitted 
pulse and filter may also be compared with the result of using a 
‘rectangular pulse of duration 37 and a 2-pole Butterworth filter 


Fig. 3.—The 2-pole low-pass Butterworth filter. 


of circuit as shown in Fig. 3. The transfer function of the filter is 
Ry 1 

Ri + Rp 1 + ajw — Bw’ 

where (5. = GE, + R,RO)/(R, ale R)) and B = R LCR + Ro). 

The filter is said to have Butterworth response if 6 = 4°, so 

that 


(30) 


H(w) 


Ry 1 


; Sil 
Ww)? = (ge) 1 + atw4/4 (31) 
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For a rectangular pulse input of unit height over the time from 
t=0tot = 37 =d, W(T) = 37 and 


F(w) = a [exp (— 3jwr) — 1]. (32) 


When T(w) = 1 and |o(w)|* = exp ( — k*w?), eqn. (3) leads 


oe Ry [ i Heh t so Luli 
LOMA) (Ri +Rp|! (exp “) (cos z + sin 4 Ne (eb 


and 
Vio) = ae | (exp Lael = (cos L — f = =) 
sin | (33) 
a 


t t 
(exp ) (cos } 
(od (of 
ive Be R, exp ( — k?w?) 


2A elie 
d 
oe Ry + @) =f 1 + a4w4/4 rh 


For various values of the filter parameter « the corresponding 
values of Ay may be calculated. For example, if « is chosen equal 
to 7 it follows from eqn. (33) that Vo(A)max=1°042R2/(Ri +R), 
which occurs when 21 Se Also, when 7/2k = 1, 
P%, = [Ro/(R; + R>)]* (/7)-385) and hence Ay = 2°25. For 
values of the filter parameter « between 0:57 and 37 the corre- 
sponding values of Ag are plotted in Fig. 4. The maximum value 


+ sin 


if t>d. Eqn. (4) gives 


(0) 


(0) 1 Q 3 


a/r 
Fig. 4.—Values of Ao for the 2-pole low-pass Butterworth filter of 
parameter « and a rectangular pulse input of duration 3c. 


of Ay is approximately 2:5. Thus the maximum value of Ap which 
may be obtained by use of a rectangular pulse and a 2-pole 
Butterworth filter is significantly less than the value of 6:4 
obtained by use of the optimum system. 


(6) CONCLUDING REMARKS 


In Section 5, in order to permit relatively rapid calculation of 
results for comparison with non-optimum systems, it was 
supposed that n = 3. Some calculations have also been under- 
taken for other values of n with |o(w)|?/|T(w)|? as given in eqn. 

6). 
¢ ee n = 10 and d/2k = 6, 9 and 15, the respective values of 
Ao are 250, 35 and 12, in contrast to the values of 3-08, 3 and 3 
which result for the same values of d/27 when n = 3. It turns 
out, in fact, that for a fixed pulse length d the optimum value of 
Ao increases very rapidly as n increases. 

It was found in Section 5 that when n = 3 the optimum pulse 
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consists of two positive portions separated by a negative portion, 
and hence the optimum pulse may be described as a sequence 
of three separate pulses. When ” = 10 and d/2k varies between 
4 and 12, the optimum pulse contains nine distinct portions 
which are alternatively positive and negative; when d/2k = 3 
the pulse contains seven distinct parts. In general, the number 
of separate parts of the optimum pulse increases as n increases. 
An application of the results stated in the previous two 
paragraphs is that, in order to produce a maximum value of 
output peak signal in relation to the mean noise background, 
it is advantageous to divide the transmitted pulse into a number 
of distinct short pulses. Such a result is not surprising in view 
of the fact that the peak signal is required at a single instant only 


and hence could well be formed from a superposition of short - 


impulses. 

When 2 = 1 this analysis becomes trivial and leads to the result 
thatA) =1. Thus the optimum system using a single transmitted 
pulse in the form of a short impulse does not produce as large a 
peak signal as does that in which the transmitted pulse is divided 
into a sequence of separate short pulses of shape given by eqn. 
(13). As shown in Section 5, the value of Aq is affected signifi- 
cantly by changes in the relative amplitudes of the separate pulses. 

The formulation in the present paper has led to the con- 
clusion that, if the noise is not white, for a fixed value of the 
mean of n successive samples of the squared signal there is an 
optimum signal shape and filter. The optimum signal shape is 
given by egn. (13) in which the values of VT — rz) are chosen 
to satisfy eqn. (15). 
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(9) APPENDIX 
The procedure used to obtain eqns. (10) and (11) may b 
explained as follows. 
With arbitrary small error, eqn. (6) may be written in th 
form | 


1g oh antl [F717 s)|? , 
Py In? 2 lo@op a 


where F, denotes F(w,) and values of w, are chosen at interval 
Aw apart along the range of —oo to o. Similarly, eqn. & 
may be written in the form 


W(T) = (1/27)*7BAw > D F, exp [jw(T — rz)] . (3 
r KY 


where B denotes an integral with respect to wy. | 

Now P2/P%, and W(T) may be regarded as functions ¢ 
mde penaent comple: parameters F, or as functions of inde 
pendent real parameters R, and J,, where F, = R, + jl,. #4 
stationary value of (P2/P% 2)f W(T) results when, for each valu 


of s, 


Since (P2/P%,)/W(T) is real, eqn. (36) is equivalent to 


PayPe | 
2 [eek Qe eee ‘| 


in which F* is regarded as a constant during the differentiating 
with respect to F,. 

If A is the value of (P2/P%)/W(T) when F, is chosen to satisé| 
eqn. (37), then eqn. (37) may also be written in the form 


1 d(PS/Px) 
WT) oF, 


(3€ 


NOW (T) 


or = 0) ,! bon oe 


and so, for each value of s, 


r) { as 6 Sas (a 
oF | a(w,)|? 


’ | 
= ics TB x F, exp [jw,(T — ro} 


However, if eqn. (39) is true, it follows by letting Aw tend t 
zero that the equation is also true when w, is replaced by of 
which is allowed to take any value. Hence eqn. (10) is true fc} 
each value of w. 
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} SUMMARY 
_ A thermionic system formed of two parallel plane emitters facing 
zach other is analysed. By means of Tables, the distribution of 
lpotential between the emitters and the net space-charge-limited 
current which flows between them can be obtained for any emitter 
‘potential, temperature and saturation current density. The results 
‘are applied to practical problems including the thermo-electric and 
conductivity characteristics of oxide cathodes. 
i. 
LIST OF SYMBOLS 
ii T, T’ = Temperatures of facing parallel plane emitters 
i K and K’. 
__ J;, J, = Saturated electron current densities of K and K’. 
f ’ J = Space-charge-limited current density of electrons 
passing from K to K’. 
J’ = Space-charge-limited current density of electrons 
| passing from K’ to K. 
JSxx:Jx'x = Net current density of electrons passing from K to 
; K’ or from K’ to K. 
x = Co-ordinate of point between emitters referred to 
origin at K. 
x’ = Co-ordinate of K’. 
Xm = Co-ordinate of potential minimum. 

V = Potential at point x referred to potential origin at K. 
V’ = Potential of K’. 
V,, = Potential at potential minimum. 


” = x-directed velocity of electron at position x. 
v,, = x-directed emitted-electron velocity (from K). 
n(v,.) = Emitted-electron velocity distribution function. 


p(x) = Space-charge density at position x. 
| ¢ = Emitter work-function. 
A = Constant in emission equation. 
: e = Magnitude of the charge on an electron. 
m = Electron mass. 
k = Boltzmann’s constant. 
€9 = Permittivity of free space. 
_ P(z) = Probability function defined by eqn. (8). 
h(z),h’(z) = Functions defined by eqns. (22) and (23). 
oe u = Parameter defined by eqn. (4). 
] = Parameter defined by eqn. (28). 
€, 7 = Generalized Langmuir parameters related by eqns. 
(30) and (32). 


(1) INTRODUCTION 


_ The flow of space-charge-limited current between two infinite 
parallel plane electrodes, when one is a thermionic emitter, was 
determined by Langmuir! in his classic paper of 1923. His 
solution has proved to be of great practical importance, because 
the plane diode forms the basis of many thermionic devices. 
Subsequent papers on the subject have presented Langmuir’s 
solution in more convenient or more detailed form,?~* but his 
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basic mathematical approach has not been superseded, although 
its validity has recently been questioned by Meltzer? and defended 
by Winwood.® The present paper is an extension of Langmuir’s 
treatment to the more general problem of determining the space 
current when both the electrodes are thermionic emitters. 

The results of the analysis can be applied to at least three 
distinct problems associated with thermionic systems, of which 
the calculation of the characteristics of the plane diode is one. 
The second is the determination of the thermo-electric power of 
either the pore of an oxide cathode as measured by Young’ or 
of the symmetrical diode system used by Metson and Holmes.!° 
The third problem is the evaluation of the electrical conductivity 
of the matrix of an oxide-coated cathode, as has been discussed 
by Loosjes and Vink.!! All the experimental work referred to 
in this paragraph has been supported by analyses which are 
essentially approximations to the solution now presented. 

In the application of the results. of the analysis it will be 
found that the potential minimum, characteristic of the space- 
charge regime, frequently disappears into one or other of the 
emitters. The analysis is then no longer valid and must be 
replaced by simple formulae appropriate to conditions described 
as the retarding/saturation regime. 

Except where clear indication is given to the contrary, 
rationalized M.K.S. units are employed. 


(2) THE SPACE-CHARGE REGIME 


(2.1) Density of Space Charge 


Consider two plane parallel emitters K and K’ facing each 
other as shown in Fig. 1. Let the emitters have temperatures 


Fig. 1.—System of facing parallel plane emitters. 


T and T’ and saturated electron current densities J, and Jj. 
Let the location of any point between the emitters be defined 
by x such that the origin of x is the emitter K and let x’ define 
the position of the emitter K’. Let the potential at any point 
between the emitters be defined by V, where the potential of 
the emitter K is taken as zero, and let V’ be the potential of the 


emitter K’. 


15oe} 
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Assume that, at a point x, between the emitters, a potential 
minimum forms, of value V,,. The region between the emitter 
K and the plane through x,, will be called the «-space and the 
region from this plane up to the emitter K’ will be known as the 


B-space. 


(2.1.1) Space-Charge Density due to the Emitter K. 


Suppose that an electron leaving the emitter K with an 
x-directed velocity v, reaches the point x with a velocity v. 
Also, let n(v,)dv, be the number of electrons leaving the emitter 
K with a velocity in the range from v, to v, + dv, crossing unit 
area of the emitter per unit time. If, then, p(x) is the space- 
charge density at x due to the emitter K, 


ps) = —e | Meats da Onseaetate) 


‘where the integration is carried out over all the electrons crossing 
the plane containing x. 

If the velocity distribution of the emitted electrons is 
Maxwellian, 


nv,) = exp (— 5 ae eacerene 20 2) 
which yields 
2m 1/2 V 
p(x) = — J, (=) exp =) J exp(—u?)du . (3) 
m \12 
where y= ee sas iD amelie (2 


In order to evaluate the above integral, separate consideration 
must be given to the «- and f-spaces. 
a-space.—In the «a-space the electrons emitted from the 
emitter K contribute to the space charge at the point x in two 
ways. Thus, contributions are made to p(x) 
(a) By those electrons with sufficient energy to surmount the 
bairier presented by V,,,. 
(5) By those electrons with sufficient energy to reach x but not 


enough to reach Xm} such electrons will pass x twice and make a 
double contribution to the space charge at x. 


Thus 
1/2 

p(x) = —1,(% exp 7 = HI I [es exp (— w*)du 

e2— a 

2 exp (= Wau | (5) 
z= b 
1/2 1/2 
where a= (-*~"") and b = _ 2eV 
m m 


If now J denotes the current density of electrons which sur- 
mount the barrier presented by V,,, then, by the retarding-field 
equation, ' 


ev, 
We df we 
s XP Tr wah tee ae (O) 
so that eqn. (5) becomes 


PN ; 
— (SS) etl + PQ} 2. @ 


where P is the probability integral or error function and y isa 
measure of potential defined, respectively, by 


p(x) = 


Z 


2, 
INGA) = ire] ex (~ wa ee ee mS) 


e 
and iter ar’ Vo oO) PF af} ONES 2) 
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B-space.—In the B-space the electrons leaving the emitter FI 
contribute to the space charge at x in one way only—from thoss 
electrons with sufficient energy to surmount the barrier presentee 
by V, 

Accordingly, 


2m\ 1/2 ela: 2 
— J,(—= — — u’)d 
1.(Z) EXP exp (— u*)du 


Ve =a 


p(x) = (1a 


which leads to | 


Me \ 
pa) = — I(T wr) etl — POD] (i) 


(2.1.2) Space-Charge Density due to the Emitter K’. 


Ina manner similar to that of the previous Section, expression; 
can be obtained for the space-charge density p’(x) in the « 
and B-spaces due to the electrons leaving the emitter K’. If } 
denotes the current density of electrons from the emitter } 
which surmount the barrier presented by V,,,, 


J’ = Soexp mn yy 


and the expressions for p’ (x) are as follows: 
For the «-space: 


P Caretta (a) 


For the B-space: 


piSeher sisted (er) 


e 
= 1 
ErAY — Ke.) . . . . ( . 


"ll — Pa] . GO 


Pen + P(7/'?)] . 


te 


where n 


(2.1.3) Total Space Charge at Any Point x. 


The total space charge at any point x, either p.(x) or pelx 
according to the space concerned, can be expressed by the suri 
of eqns. (7) and (13) («-space) and eqns. (11) and (14) (8-space! 


to give 
am \ 112 
Ee 1 1/2 
( en{1 + P(y M x 


ate (Gye 


(2.2) Potential Gradient 
For a space-charge density of p(x), Poisson’s equation is 


pax) = 


on 


TL = P@’')] Gd 


aay dd 
dx? €o ‘ 
from which it readily follows that 
dV\2 2p(x) 
(Hy =-¥ 
ae = dV. 2. ae 


Integrating both sides of this equation from x,, to x yields 


(Ge) —— ZI pooar ee || 


Substituting the value of eqn. (16) for p(x) then gives, for th 
o-space, 


d ar fa 
dx 


Pay’) (2e) 


jand for the B-space, 
}. (av\? Ne 
| oa = Gg 2armkT)'PH () + = OmmkT’)'Ph(’) (21) 
where / and hf’ are functions given by 
1/2 
A(z) = e% — 1 + e#P(z1I2) — 2(=) (22) 
| 7 
f 
A 12 
jand RG) Se Ls oePG2y + 2(=) Bee ng (23) 
; 7 
Now from eqn. (9), 
| e 
} and with eqn. (15), 
nly’ =T'/T (25) 
so that, for the a-space, eqn. (20) becomes 
ig dn ify 7 TA nT 8? 
i or) ees a ae 
i ah + Ham +7(2) : a | ee) 
_ and for the B-space eqn. (21) becomes 
dyn 1 J (TN pay |'2 
SEN Sn A a sae 
cab etre +2) a) oe 
; 1/2 
_ where : = & (2am) 'I4(kT)— 3/4 (28) 
“0 


| (2.3) Potential Distribution 


In order to generalize the integration of eqns. (26) and (27) it 
I will be convenient to eliminate / by the introduction of a new 
/ measure of distance, €, which for the «-space is defined by 
Xm — x 

i 

| By differentiating eqn. (29) and invoking eqn. (26), it follows that 
} 


(29) 


n 254) 
“LO Nts ig aay 
E,, -| h(n) + = =) h ( I) dn (30) 
~o 
| : 
i Similarly, by defining € for the B-space by 
f= aH (31) 
it follows that 
| a 
) JT N22, pn TY |= 1? 
23 , 32 
és | [ko (a) # i dy. (32) 


It should be noted that €, and &g are always positive. 
From egns. (30) and (32) it follows that €, and &, can be 


- particularly since there exists a different set of Tables for each 
pair of values of J’/J and T’/T. A selection of €/n Tables is 
given in Section 9. 


; (2.4) Calculation of the Space Current 


Let nx and 7x: be the values of 7 at K and K’, and let £nx(= x) 
and ox (=£x") be the values of & at K and &g at K’, respec- 
tively. It then follows that, from eqn. (9), 


9f 
Me aseles (o).) 0 rte 33 
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| tabulated in terms of 7, but the task is obviously formidable, _ 


161 
and, with eqn. (6), 


nx = log, J,/J (34) 
With the additional aid of eqn. (12), 
saEEE exp (nx = ox) (35) 
7 be ees iG 
and from eqns. (29) and (31), 
fx t fg 2% (36) 


Substituting values for the physical constants of eqn. (28) yields 


(37) 


3/4 / 
ite faoso nen oases: (és) 
Xoo NGL 


If Jez: is the net electron current density passing from K to K’, 
ys 

des J hex -) 
KK ( 7 


If now, in a system of parallel plane emitters, x’, T, T’, J, 
and J, are known, eqns. (34)-(37) together with the appro- 
priate set of €/n Tables define a particular potential distri- 
bution for every value of J’/J. It is therefore necessary to 
choose an arbitrary value of J’/J and then find the values of 
J, nx and 7x: (see Section 9) which satisfy all the eqns. (34)-(37). 
Substituting these values in eqns. (33) and (38) then yields the 
voltage, V’, between the emitters and the corresponding space 
current JK. 


(38) 


(3) THE RETARDING/SATURATION REGIME 


In the limiting conditions of the space-charge regime the 
potential minimum forms on either K or K’—a condition easily 
recognized in the course of any current/voltage determinations 
based on Section 2.4 by the descent of either nx or nx-, respec- 
tively, to zero. Beyond these limits the space current is simply 
compounded of the retarding field current from one emitter 
and the saturation current of the other. 

When the minimum has disappeared into the emitter K, 


‘ eV’ 
Juxx: = J, — Szexp (— Fe) (39) 
V’ having a positive value. 
When the minimum has disappeared into the emitter K’, 
eV’ P 
dg = dh O40 (=) — J; (40) 


V’ having a negative value. 


(4) RESULTS 


Before applying the methods of Section 2 to new problems, 
two checks were made. First the €/n Tables for J’/J =0, 
T’/T = 0 were checked against Kleynen’s version of Langmuir’s 
Tables and everywhere found to agree. Secondly, two values 
of the potential minimum taken from Loosjes and Vink’s Table 
were checked using the tables J’/J = 1 and T’/T = 1, and agree- 
ment was obtained to within one unit in the last decimal place 
shown by them. 

All the curves of the following Sections are based on the 
assumption that the saturated current density is lamp/cm? at 
1000°K. Of the various forms of the emission equation, as, for 
example, summarized by Herrmann and Wagener,!? none is 

6 
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significantly superior to the others in experimental terms; the 
equation of de Boer 


(41) 


has been used on the score of simplicity. 


(4.1) Potential Distribution Between Parallel Plane Emitters 


The most general problem to which the analysis can be applied 
is that of two facing emitters differing in temperature and 
saturation current density, having different potentials and having 
a net flow of space-charge-limited current (in either direction) 
between them. 

As an example of the general solution, consider a system of 
parallel emitters spaced 100 apart, one emitter operating at 
1000°K and a saturation current density of 1 amp/cm? and the 
other operating at 900°K, the saturated emission being deter- 
mined from the assumptions of Section 4 with the work function 
setatd =1-0eV. Values of , and &, have then been abstracted 
from ,the Tables. for J’jJ = 10,\7°/T =0-9 and J’]J = 0-1, 
T’/T =0-9. With the aid of eqns. (9), (29) and (31) the 
potential at any point in the system can be obtained and so 
yield the distributions shown in Fig. 2. The transmitted currents 
shown in Fig. 2 are readily determined from eqns. (37) and (38). 


EMITTER K’| 


EMITTER K 


POTENTIAL RELATIVE TO EMITTER K, VOLT 


° 10, 729 _ 30 749 50) 60) 70 


MICRONS 


80 90 100 


Fig. 2.—Typical potential distributions between parallel plane emitters 
of dissimilar potential, temperature and saturation current 
density. 

(a) Jer’ = 14-8mA/cm2, 
(6) Jx’x = 15-6mA/cm2, 


(4.2) Thermo-Electric Properties of the Symmetrical Diode 


The symmetrical diode comprises two plane parallel emitters 
facing each other. If no external circuit links the emitters, then, 
in general, a potential difference will exist between them which 
can be regarded as a thermo-electric voltage. The magnitude 
of this voltage can be investigated using the present analysis 
with the restriction that the transmitted current is always zero. 
For all thermo-electric calculations, therefore, J’/J = 1. 

The curves in Fig. 3 show the variation of the thermo-electric 
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Fig. 3.—Thermo-electric voltage of symmetrical diode system. 
Emitter temperatures: T constant and T”’ variable. 
Emitter spacing: x’ = 
(aj) T= 1000°K 
(a2) T= 900°°K }$ d=1-3eV. 
(a3) T= 800°K 


(6) T = 1000°K; ¢ = 1-0eV. 


voltage when one emitter (the ‘fixed’ emitter) is held at a fixed) 
temperature T and the temperature of the other emitter (the? 
‘variable’ emitter), T’, is varied down to values below T. The: 
polarity of the thermo-electric voltage is then such that the fixed! 
emitter is positive. 

The striking feature of the curves in Fig. 3 is the linearity of! 
the dependence of the thermo-electric voltage on the tem-4 
perature of the variable emitter, provided, however, that the: 
disparity in the temperatures of the emitters is not too great.| 
The extent of the linear region of the curves increases with thez 
temperature of the fixed emitter. In the course of the calcula-- 
tions for these curves it is readily apparent that the departures 
from linearity corresponds to the approach of yx to zero,) 
indicating that the potential minimum is nearing the emitter K’.. 
If the temperature of the variable emitter is lowered still further,’ 
the potential minimum disappears into the emitter K’ and ther 
thermo-electric voltage is given by the simple relationship. 


v=—$(-1) na} 


derived from eqn. (40). The thermo-electric voltage them 
depends on the reciprocal of the temperature of the variables 
emitter. 

The broken lines in Fig. 3 show how the thermo-electric voltage: 
would have behaved if eqn. (42) were applicable at all values of 
T’. It is then clear that the existence of a potential minimum/ 
causes a straightening of a limited region of the smooth curved 
which would otherwise be obtained. | 

Over the linear region of the curves their slope expresses thed 
thermo-electric power of the system, actual values beingy 


(425) 


= a aa 


= = << 


— 
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— closely to 


_ from eqn. (42). 


_ thermo-electric power is seen to be linearly dependent 


_ ting to that for which the calculations of this Section 


the fixed emitter, but this is evidently not so, although eae 
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_ Fig. 4.—Influence of work function on the thermo-electric power of 


symmetrical diode system. 


Emitter temperatures: T = T’ = 1000°K. 
Emitter spacing: x’ = 100. 


1:73mV/degK at T =1000°K, 1-76mV/degK at T = 900°K 
and 1-81mV/degK at T = 800°K, showing that the thermo- 


electric power increases, albeit slowly, with a decreasing tem- 
perature of the fixed emitter. If T is reduced sufficiently, how- 
ever, the region of linear relationship between the thermo- 
electric voltage and the variable emitter temperature will become 
vanishingly small. It will still be possible to define the thermo- 
electric power as TJ’ — T, the value approximating ever more 
FAG VS RRR Ae (43) a 

Further attention to the factors influencing thermo- 
electric power will be given in Section 4.3, but the effect 
of work function can be conveniently studied from 
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emitters. The discrepancy could therefore be due to the spacing 
being in excess of 100 on account of coating shrinkage during 
decomposition of the carbonates. Experimental support for 
the dependence of thermo-electric power on temperature is 
provided by Young’ who, with a symmetrical diode of about 
300 yz spacing, measured values ranging from about 2:2 mV/degK 
at 1100°K to 3:2mV/degK at 700°K. 


(4.3) Thermo-Electric Properties of the Pore of an Oxide 
Cathode 


In order to explain observed conduction properties of oxide- 
coated cathodes, Loosjes and Vink!! proposed that the oxide 
matrix be regarded as a porous aggregate of crystals, all the 
crystal surfaces having uniform thermionic properties. They 
then postulated that, if the cathode temperature were high 
enough, the transport of current through the matrix was due to 
the successive emission and absorption of electrons from and by 
the walls of the pores. It is easy to show that, if the temperature 
distribution along a chain of pores can be assumed to be linear, 
the thermo-electric power of the matrix is equal to that of its 
constituent pores. In order to study the thermo-electric power 
of an oxide matrix, therefore, it is necessary to examine only a 
single pore, which—being merely a miniature symmetrical diode 
—permits a qualitative application of the results given in the 
previous Section. 

In order to appreciate more fully the factors which influence 
thermo-electric power, Fig. 5 has been prepared to show its 
dependence, as T’ — T, on the reciprocal of the pore tempera- 
ture. The curves illustrate particularly the effect of pore size 
and work function. The broken lines are given by eqn. (43); 
their slope and position depends only on work function, so that 
the curves for any given size of pore will approximate to the 
line of appropriate work function as the pore temperature is 
reduced, the approximation at any given temperature being the 
closer the smaller the pore. 

The curves show at once that the thermo-electric power 
increases with increasing spacing between the emitters, as 
suggested in Section 4.2. They also show that it is unsafe to 
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Fig. 3, which shows the effect of a change in ¢ from 
1:3 to 1:O0eV. The dependence of thermo-electric 


iS 


power has also been calculated for a range of work 


functions reasonably compatible with a saturated 
emission of 1 amp/cm?, and is shown in Fig. 4. The 


on the work function of the variable emitter. 


nN 


In some practical measurements by Metson and 
Holmes!® on a symmetrical diode closely approxima- 


THERMO-—ELECTRIC POWER, mV/DEG K 
Ww 
rik 


aC 


apply, the results presented in Fig. 3 are amply sup- 
ported. They do, however, conclude that the thermo- 


electric power is independent of the temperature of 


the variations quoted above are small enough to be 
easily lost in experimental error. The value of the 
thermo-electric power quoted by Metson and Holmes 
is 2-23mV/degK, which is certainly higher than the 


value of 1:73 mV/deg K (at 1000°K) quoted here. It 


will, however, emerge from Section 4.3 that thermo- 
electric power increases with the spacing between the 


iy 
LL 


eee, DEG kK"! 


el 
tel ee f 3 1-4 hs 


Fig. 5.—Thermo-electric power of the pore of an oxide cathode. 
Oxide temperature = T°K; pore size = x’ microns. 
(a) x = 


(a2) x’ 
(b) x’ 


Orsay site 
2 d= 1-3eV. 
10u; ¢=1-0eVv. 
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PORE CURRENT DENSITY, Jy x AMP/CM* 


VOLTAGE ACROSS PORE, V; mV 


Fig. 6.—Resistive characteristics of the pore of an oxide cathode, 


Oxide temperature = ee ¢ = 1:3eV; pore size x’ = 10. 


a) T= 1100°K 


(c) T= 900°K. 
(d) T= 800°K. 


use the slope of any experimentally plotted curve to estimate the 
work function, as Young’ has done. The curves in Fig. 5 are 
not even linear, although they might well be mistaken for 
straight lines when obtained from practical measurements over 
a restricted range of temperature. It should be clearly under- 
stood that such curves are never truly linear, no matter how 
small the pore, because a potential minimum always forms 
between the walls of two identical emitters at the same tem- 
perature and potential. If the position of the appropriate curve 
for the symmetrical diode system of Section 4.2 is imagined 
plotted in Fig. 5 (it will lie off the top of the grid tending to the 
line for ¢ = 1-3), it is easy to see why some authors (Metson 
and Holmes) have concluded, from measurements, that thermo- 
electric power is independent of temperature while others 
(Young), using an oxide matrix, have reported a linear dependence 
on the reciprocal of the temperature. ; 


(4.4) Electrical Conductivity of the Coating of an Oxide Cathode 


Provided that the cathode temperature is sufficiently high, the 
electrical conductivity of the matrix of an oxide-coated cathode 
can be calculated from the results of the present analysis by 
again adopting Loosjes and Vink’s concept of pore conduction. 
Each pore is a pair of facing parallel plane emitters of equal 
temperature. Current/voltage relationships for the pore can 
then be obtained by setting T’/T = 1 and varying J’/J. 

Typical resistive characteristics for a 102 pore are shown in 
Fig. 6. The curves show that, as the voltage across the pore is 
increased, the transmitted current increases in an almost linear 
manner at first, subsequently becoming distinctly non-linear 
until the current density approaches a constant value. Over the 
substantially linear portion of these curves the potential mini- 
mum is moving from the centre of the pore towards the wall of 
lower potential. Before the potential minimum reaches the 
wall, the marked curvature of the current/voltage characteristic 
has set in. When the minimum reaches and passes into the 
wall the conditions of the retarding/saturation regime prevail 
and eqn. (39) applies. The broken lines in Fig. 6 show what the 
current/voltage relationship would have been if eqn. (39) were 
valid at all voltages. Once again, therefore, the action of the 


at the origin. 
The importance of Fig. 8 is believed to be twofold. First, 1:1 
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potential minimum is one of straightening: out an. 
otherwise non-linear curve. The constant values to) 
which the curves are asymptotic are, of course, the: 
saturation current densities of the walls of the pore. 

The effect of the pore size on the resistive charac- | 
teristics is illustrated by Fig. 7 at two different matrix | 
temperatures. All the curves of one temperature are} 
seen to merge into the same retarding field/saturation | 
line, the extent of the linear portion of each curve 
being greater the larger the pore. 

It is clear that curves such as those of Figs. 6 and 7) 
can be used to determine the specific conductivity of/ 
an oxide matrix, although the non-linear character of / 
the resistive curves demands care in the definition of/ 
conductivity. In the results which follow the specific ’ 
conductivity has been determined from the slope of’ 
the current/voltage curves at the origin. The depen-- 
dence of specific conductivity on the reciprocal of! 
temperature is then shown by Fig. 8, arranged in a way ' 
which illustrates the influence of work function and 
pore size. The broken lines on the Figure represent’ 
the slopes of the retarding/saturation characteristics ; 


illustrates the hazards in interpreting the slope of any seemingly 


linear curve obtained from an experimental plot of the logarithm 


of the conductivity against 1000/7; the effect of the potential 
minimum in pores of 2 4 width is not negligible, but by the time 


the size has reached 10, the curvature is very marked. | 
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Fig. 7.—-Influence of pore size on the resistive characteristics of the} 


pore of an oxide cathode. 
Oxide temperature = T°K; ¢ = 1:3eV; pore size = x’ microns. 
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Fig. 8.—Specific conductivity of the pore of an oxide cathode. 


* 
Oxide temperature = T° K; pore size = x’ microns. 
(a) x’ = 10 a7 
(3% SK boa t3ev. 
(6) x’ =10u; ¢=1-0eV. 


Secondly, although the curves embrace a modest range of pore 
size and work function, they all converge to a value of about 
0-004mho/cm at about 1050°K, which is a typical working 
temperature for an oxide-coated cathode. 

Comparisons between theoretical and measured values of 
conductivity must inevitably be treated with some reserve, on 
account of the difficulty of interpreting the words ‘pore size’. 
Of the few experimenters who have attempted to assign a 
number to this quantity, Loosjes and Vink!! quote 2-5 and 
Metson® 10. With 5 and a work function of 1-3eV, Fig. 9 
shows a comparison between the resistive characteristics of 
Loosjes and Vink* and the calculated values now obtained. The 
agreement is considered to be very reasonable. Some curves of 
the logarithm of the specific conductivity against the reciprocal 
of the oxide temperature published by Loosjes and Vink, 


_ Hensley! and Metson? for ‘well-activated’ oxide matrices are 


plotted in Fig. 10 against the theoretical background. The 


- curve due to Metson is typical of the many such curves which 


have been published in this temperature range, from the slopes 


- of which values for the activation energy of the conduction have 


often been quoted in the region of 0:4-0-SeV. In their paper, 
Loosjes and Vink have concluded that, on the pore conduction 


theory, the activation energy should be equal to the work 


function of the emitting surfaces. They considered that curves 


of the type obtained by Metson are not truly representative of 


pore conduction and must be corrected for the effects of a solid 
conduction process through the crystals of the oxide matrix. 


_ After making such a correction they produced the curve shown 


* The parameters on Loosjes and Vink’s curves are not precisely 1 000° and 1 100°K, 


‘but they show sufficient curves at other temperatures to permit the fairly accurate 


interpolation shown in Fig. 9. 
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Fig. 9.—Theoretical current/voltage characteristics of oxide layer 
compared with experimental values. 


Oxide temperature = T°K; pore size x’ = 5; $= 1-3eV; thickness of layer = 100 p. 


(3 ae es } calculated. 


(b1) T = 1000°K 
(62) T = 1100°K 


from the measurements of 
Loosjes and Vink. 
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Fig. 10.—Comparison of theoretical and experimental values of specific 
conductivity. 


Oxide temperature = T°K; ¢ = 1-3eV. 
Theoretical curves as a function of pore size shown by broken lines. 
Experimental curves (a) Loosjes and Vink. 

(6) Hensley. 

(c) Metson. 
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on Fig. 10. It is believed, however, that this correcting proce- 
dure is not entirely satisfactory; moreover, as shown by Hensley, 
when the parallel solid conduction process is eliminated by an 
ingenious experimental arrangement, the pore-conduction curve 
remains unaltered. 

From the results of the present analysis it is readily seen that 
values of the apparent activation energy substantially less than 
the work function are by no means incompatible with the pore- 
conduction theory. The range of temperature over which pore- 
conductivity measurements can be made is normally quite 
limited, owing to activation effects at high temperatures (Loosjes 
and Vink consider the limit to be 1 100° K) and the proportionate 
increase in solid conductivity at low temperatures which imposes 
a limit at about 800°K. The curvature of the theoretical curves 
of Fig. 10 could therefore be easily lost in experimental error. 
It is interesting to observe that on the originals of both Metson’s 
and Loosjes and Vink’s curves experimental points are shown 
departing from the drawn lines in the way now predicted. 
Hensley’s true pore-conduction curve shown in Fig. 10 bears a 
very satisfactory resemblance to the theoretical shape. 

It is finally of interest to observe that the independence of 
specific conductivity on pore size and work function implies 
that any well-activated oxide coating of given area and thick- 
ness will tend to exhibit a constant resistance at customary 
operating temperatures. In particular, if the value mentioned 
(0-004 mho/em) is applied to the oxide matrix used by Metson,® 
the calculated resistance of the matrix is 16-6 ohms, which is in 
very close agreement with his measured values of 14-15 ohms. 


(5) SOME CONSIDERATIONS OF ACCURACY AND VALIDITY 

As a solution to the explicit problem of the potential distri- 
bution and current transmission between parallel plane emitters, 
the analysis is believed to be accurate in so far as the mathe- 
matics is not compromised by doubtful assumptions. It is true 
that Meltzer> has recently sought to show that in Langmuir’s 
diode theory the effect of the magnetic field produced by the 
flow of current is not negligible and ought to be taken into 
account. Langmuir’s solution is, however, supported by both 
direct* and indirect!4 measurements. Since Meltzer’s views 
have also been seriously challenged on theoretical grounds,® 
the question is still an open one. If, however, it should prove 
that the present theory is in error on this account, those results 
for which the current is either zero (thermo-electric effects) or 
vanishingly so (specific conductivities) will remain unaffected. 

In the application of the results to practical thermionic systems 
the symmetrical diode fits the theoretical assumptions fairly 
closely, so that the calculated results should be accurate. When 
applied to the pore model, there are certainly several reasons 
for challenging the validity of the theory, not the least being 
that the pore of an oxide cathode is very far from resembling a 
cube. The theory also neglects the emission from those walls 
of the pores which lie parallel to the direction of electron flow. 
The effect of these side walls is considered by Hensley!> in an 
approximate theory which suggests that neglect of the walls 
does result in some underestimation of the effects of space- 
charge. It is conceivable that an analysis could be obtained 
which would solve the potential distribution within a ‘thermionic 
cube’. This notion has been developed by Paulisch,!© who 
believes that the potential depression in the centre of the cube 
causes the electrons to traverse the cube along paths close to the 
walls of the pores. 


(6) CONCLUSION 
The theory of the system of parallel plane emitters, developed 
primarily as an analytical exercise, can be applied to practical 
thermionic systems. The analysis is believed to clarify the mean- 


| 
ing of thermo-electric voltage and power as applied to systems 
of facing emitters. The analysis provides considerable support 
for the pore-conduction theory of oxide-coated cathodes, at the | 
same time explaining some of the outstanding difficulties of — 
the theory. In particular, while other writers have not over- 
looked the effect of space-charge in the pores, the present — 
results indicate that it plays a more important part than has 
hitherto been realized. The analysis would provide a firm | 
foundation for the development of any new thermionic systems | 
or devices based on facing parallel plane emitters. | 


(7) ACKNOWLEDGMENTS 
Acknowledgment is made to the Engineer-in-Chief of the 
Post Office for permission to make use of the information con- 
tained in the paper. The author also wishes to thank Miss V. S. 
Brook for preparing the digital-computer programme for the 
integrals of eqns. (30) and (32). 


(8) REFERENCES 

(1) LANcmurr, I.: ‘The Effect of Space-Charge and Initia! _ 
Velocities on the Potential Distribution between Parallet 
Plane Electrodes’, Physical Review, 1923, 21, p. 419. 

(2) KLEYNEN, P. H. J. A.: ‘Extension of Langmuir’s (€/7) 
Tables for a Plane Diode with a Maxwellian Distribution 
of the Electrons’, Philips Research Reports, 1946, 1, p. 81 

(3) VAN Der ZiEL, A.: ‘Extension and Application of Lang- 
muir’s Calculations on a Plane Diode with Maxwelliar: 
Velocity Distribution of the Electrons’, ibid., p. 97. 

(4) Ferris, W. R.: ‘Some Characteristics of Diodes with 
Oxide-Coated Cathodes’, RCA Review, 1949, 10, p. 134. 

(5) Metrzer, B.: ‘Magnetic Forces and Relativistic Speeds in 
Stationary Electron Beams’, Journal of Electronics and | 
Control, 1958, 4, p. 350, and 1958, 5, p. 348. 

(6) Winwoop, J. M.: ‘Comment on Magnetic Forces and. 
Relativistic Speeds in Stationary Electron Beams’, ibid., , 
p. 161 and 1959, 6, p. 258. 

(7) YounG, J. R.: ‘Electrical Conductivity and Thermo-: 
Electric Power of (BaSr)0 and Ba0’, Journal of Applied | 
Phystes, 1952, 23, ps 1129: 

(8) Metson, G. H.: “The Conductivity of Oxide Cathodes, ,| 
Part 1.—Potential Distribution’, Proceedings I.E.E.,, 
Monograph No. 221 R, February, 1957 (104 C, p. 316). | 

(9) Metson, G. H.: ‘The Conductivity of Oxide Cathodes, , 
Part 4.—Electron Transfer Mechanisms’, ibid., Mono- + 
graph No. 269 R, December, 1957 (105 C, p. 189). 

(10) Merson, G. H., and Hotes, M. F.: ‘The Conductivity off) 
Oxide Cathodes, Part 9.—Thermo-Electric Power’ (see 
page 83). 
(11) Loossgs, R., and Vink, H. J.: ‘The Conduction Mechanism) 
in Oxide-Coated Cathodes’, Philips Research Reports,’ 
1949, 4, p. 449. 
(12) HERRMANN, G., and WAGENER, S.: ‘The Oxide-Coated4 
Cathode’ (Chapman and Hall, 1951), Volume 2, p. 179. 
(13) HENsLeEy, E. B.: ‘Conduction Mechanism in Oxide-Coated! 
Cathodes’, Journal of Applied Physics, 1956, 27, p. 286.) 
(14) Liesmann, G.: ‘The Calculation of Amplifier Valved 
Characteristics’, Journal I.E.E., 1946, 93, Part II, p. 1384) 
(15) Henstry, E. B.: ‘On the Electrical Properties of Porous: 
Semiconductors’, Journal of Applied Physics, 1952, 23,| 
Pali: 
(16) Pautiscu, A.: ‘Uber den Hochtemperatur—Leitungs-| 
mechanismus thermisch Elektronen emittierender Oxyde’)) 
Zeitschrift fiir angewandte Physik, 1957, 9, p. 412. | 
(17) Linpsay, P. A., and Parker, F. W.: ‘Potential Distribution 
between two Plane Emitting Electrodes’, Journal of Elec-) 
tronics and Control, 1959, 7, p. 289. 


et ee ee ee ee ee ee. ee 


PLOLARE PWN MAMA ISISOSOIOSDOOSSIS 99 999999999999 99S9999S9SSSS9SSS9S00¢ 


SSSSSSSOUNSHOHARNSDOHOIA 


UNe 


CURRENT BETWEEN PARALLEL PLANE EMITTERS 167 


Table 1 
VARIATION OF € WITH 7 AND T’/T FoR J’/J = 1 


T/T =1 T’/T = 0-9 T’|T =0°8 T/T =0-7 T’|T = 0-6 
5 &e be Eg By Ee Ee Eg a Eg 
0-01414 | 0-01469 | 0-01469 | 0-01526 | 0-01528 | 0-01587 | 0-01589 | 0-01651 | 0-01654 
0-02000 | .0-02077 | 0-02078 | 0-02158 | 0-02161 | 0-02244 | 0-02248 | 0-02334 | 0-02340 
0-02449 | 0-02543 | 0-02545 | 0-02643 | 0-02647 | 0-02748 | 0-02754 | 0-02858 | 0-02866 
0-02828 | 0-02937 | 0-02939 | 0-03051 | 0-03056 | 0-03173 | 0-03180 | 0-03300 | 0-03310 
0-03162 | 0-03283 | 0-03286 | 0-03411 | 0-03417 | 0-03547 | 0-03556 | 0-03688 | 0-03702 
0-03464 | 0-03596 | 0-03600 | 0-03737 | 0-03744 | 0-03885 | 0-03896 | 0-04040 | 0-04056 
004000 | 0-04152 | 0-04157 | 0-04314 | 0-04323 | 0-04484 | 0-04500 | 0-04663 | 0-04685 
0-04472 | 0-04642 | 0-04648 | 0-04822 | 0-04834 | 0-05013 | 0-05032 | 0-05212 | 0-05239 
0-04898 | 0-05085 | 0-05091 | 0-05282 | 0-05296 | 0-05490 | 0-05513 | 0-05708 | 0-05740 
0-05291 | 0-05492 | 0-05500 | 0-05704 | 0:05721 | 0-05929 | 0-05956 | 0-06164 | 0-06202 
0-05656 | 0-05870 | 0-05879 | 0-06098 | 0-06117 | 0-06337 | 0-06368 | 0:06588 | 0-06631 
0-05999 | 0-06226 | 0-06236 | 0-06467 | 0-06488 | 0:06720 | 0-06755 | 0-06986 | 0-07035 
0-06324 | 0-06562 | 0-06574 | 0-06816 | 0-06840 | 0-07083 | 0-07121 | 0-07362 | 0-07417 
0-06632 | 0-06882 | 0-06895 | 0-07148 | 0-07174 | 0-07427 | 0-07470 | 0-07720 | 0-07780 
0-07070 | 0-07336 | 0:07350 | 0-07618 | 0:07648 | 0-07916 | 0-07964 | 0-08227 | 0-08295 
0-09996 | 0-1037 0-1040 0-1076 | 0-1082 0-1118 0-1128 0-1161 0-1175 
0-1224 0-1269 0-1273 | 0-1317 0-1326 0-1368 0-1382 0-1420 0-1441 
0-1413 0-1465 0-1471 | 0-1520 0-1532 0-1578 0-1597 0-1638 0- 1665 
0-1730 0-1793 0-1801 0-1859 0-1877 0-1929 0-1958 0:2002 0-2042 
0-1997 0-206 8 0-2080 0-2144 0:2168 0-222.4 0-2262 | 0-2307 | 0-2361 
0-2231 0-2311 0-2325 0-2395 0-242 5 0-248 3 0-2531 0:2575 0-264 3 
0-244 3 0-2530 0-2547 0:2621 | 0:2657 0:2717 0:2774 0+2816 0-2898 
0-263 8 0-273 1 0-2750 0-2828 | 0:2870 0-293 1 0-2998 0-303 8 0-3133 
0-2819 0-2917 0-2940 0-302 1 0-3069 0-3130 0-3206 0-3243 0-3351 
0-298 9 0-3092 | 0-3118 0-3201 0-3256 0-3316 0-3402 0-343 5 0-3557 
| 0-3149 0-3258 0-328 6 0-3372 0-3432 0-3492 0:3588 | 0-3616 0-3752 
0-3447 | 0-3564 | 0-3598 0-368 8 0-3760 0-3817 0:3932 0-3952 | 0-4115 
-0-3720 | 0-3845 0-388 5 0:3977 0-406 1 0-4116 0:4250 | 0-4259 0-4449 
0-3973 0:4106 | 0-4151 0:4246 0-4342 0-4392 0-4545 0-4544 | 0-4760 
0-4211 0-4350 0-440 1 0-4497 0-460 5 0-4650 0-4822 0:4809 | 0-5053 
0-443 5 0-4581 | 0-4637 0-4734 0-485 3 0-489 4 0-508 5 0-5060 0-5330 
0-4850 0-5007 0-5074 05171 | 05315 0:5343 0-5572 0+5522 0-5846 
0-5230 0-5397 0:5475 0:5571 | 0-5739 0:5754 0-602 1 0-5943 0-632 
0-5582 05757 | 0-5847 0:5941 | 0-6132 06133 06438 | 0-6332 0-6763 
0-5910 0-609 4 0-6194 0-6286 0-6500 0-6487 0-6829 | 0-6694 7s 
0-6220 0:6410 0-6522 0-6610 | 0-6848 0:6819 0:7198 | 0-7034 07572 
0-6512 0-6710 0-6832 | 0-6917 0-7178 0:7132 0-7549 0-735 5 07946 
0-6791 | 0-6994 0:7128 0-7207 0-7492 0:7429 | 0-7884 0-7659 ae 
0-7056 0:7265 0-7410 0-748 5 0:7793 0:7713 0-8205 | Jee nee 
0-7310 0:7525 | 0-7680 | 0-7750 0-808 1 0-798 3 0:8513 Dee oe 
0-7554 0-7774 0-7940 | 0-8004 0-8358 0-8243 0-8809 ogee “ae 
08125 | 0-8356 0-8549 0-859 8 0-9010 0-8849 | 0:9508 BUS Oe 
0-8649 | 0-8890 | 0-9111 0-9142 0-9612 0:9403 eae Hal ike 
0-9135 0-938 5 09632 | 0-9646 1-017 | 0:9916 1-076 019 ne 
0:9589 0-9846 1-012 1-011 1-070 1-039 1-133 eke 1g 
1-042 | 1-069 1-101 1-097 1-166 | 1-126 1239 ane te 
1-116 1-144 1-181 1-173 1-253 1-203 1o2 ies Las 
1-183 1-211 1-254 1-242 1-333 1-273 eae rps oe 
1-244 1-273 1-321 1-304 1-406 1-336 1-300 ss ae 
1-300 1-330 1-383 1-362 1-474 1-394 ie age f © 
i 158 1-590 1-582 1-905 1-586 1-832 1-621 1-974 
8! peo 1-675 1-628 1-801 | 1-663 1-941 1-698 2-097 
f 1662 1-751 | 1-696 1-887 1-731 2-040 | 1-767 2-210 
$2 fy. 1-756 1-965 1-791 2-129 1-827 2-314 
2 EIT pelle ae 011-7 Wr 881 2-410 
Le es alee oe age OL be 1.879 5130 1-614 2-322 1-951 2-540 
sae oe 2-070 pen 72 2-261 | 2-008 2-479 2-045 2-129 
en a set 2-715 2-171 3-022 
2-029 2-063 2-225 | 2-098 | 2-451 2-135 pele a ae 
2-105 2-139 | 2-322 2-174 2577 | 2-210 2-878 eeu oe 
2-151 2-185 2-384 2-220 2-661 2-256 21982 ae ae 
eee ieee ors toon . ees eer Westies - (22954 [93100 
2-212 272 ; eee 2-364 3-828 
. | 2-255 2-492 2-291 2-830 | 2-327 3-261 : 
5221 2-255 2-493 2-291 2-831 | 2:327 3-263 2-364 3-835 
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Table 2 


VARIATION OF € WITH 9 AND J’/J wit T’/T = 1 


J’/J = 0-8 J’/J = 0:4 J'/J = 0-2 J’/J =0-1 

n 

ey a) oe Ee ee 5 ees Ee 
000 1 0:01490 0:01491 0-016 89 0:01692 0-018 23 0-018 28 0:01904 0-019 10 
0002 0-021 08 0-021 09 0-023 88 0-023 93 0-025 77 0-025 87 0-02691 0:02703 
0003 0:025 81 0-025 83 0-029 24 0-029 32 0-031 55 0-031 69 0-032 94 0-033 12 
000 4 0-029 80 0-029 83 0-033 75 0-033 86 0-036 42 0-036 61 0-038 02 0-038 26 
0005 0-033 32 0-033 35 0-037 73 0-037 86 0-04071 0-040 94 0-042 49 0-042 79 
0006 0-03649 0-036 53 0-041 32 0-041 48 0-044 58 0-044 86 0-046 53 0-046 88 
000 8 0-042 14 0-042 19 0-047 70 0-047 92 0-051 45 0-051 82 0-053 70 0-05417 
0010 0-047 11 0-047 17 0-053 31 0-053 58 0-057 50 0-057 96 0-06001 0-060 59 
0012 0-051 60 0-051 67 0-058 39 0-058 71 0-062 97 0-063 52 0-065 70 0-066 41 
001 4 0-055 73 0-055 81 0-063 05 0-063 43 0-06799 0-068 63 0-070 94 0-071 76 
001 6 0-059 57 0-059 67 0-067 39 0-067 82 0-072 66 0-073 39 0-075 80 0-076 74 
001 8 0-063 18 0-063 29 0-071 46 0:07195 0-07704 0-077 86 0-080 37 0-081 43 
0020 0-066 59 0-066 72 0:075 31 0-075 85 0-081 18 0-082 10 0-084 69 0-085 86 
002 2 0-069 84 0-069 98 0-078 97 0-079 57 0-085 12 0-086 13 0-088 79 0-090 08 
002 5 0-074 44 0-074 60 0-084 16 0-084 84 0-090 70 0-091 85 0-094 60 0-09607 
0050 0:1052 0-1055 0-1188 0-1202 0:1279 0:1302 021338 0-1363 
0075 0-1288 0-1293 0-1453 0-1473 0-1563 0-1598 0-1629 0-1673 
0100 0-148 6 0-1493 0-1676 0-1703 0-1802 0-1848 0-1877 0-1936 
015 0-1819 0-1828 0-204 8 0-208 8 0-2200 0:2269 0-2290 0-2378 
020 0-2099 0:2111 0-2360 0:2414 0-2534 0-262 5 0-2636 0-2753 
025 0:2344 0:2360 0-263 4 0-2702 0-282 6 0-2940 0:2939 0-308 6 
030 0:2566 0-:2585 0-288 1 0-2962 0-308 9 0-322 6 0-3211 0:3387 
035 0-2770 0-2792 0-3107 0-3202 0-3330 0-3489 0-3461 0:3666 
040 0:2959 0-298 4 0-3317 03425 0-3553 0-3735 0-369 1 0-392 5 
045 OsSB13i7 0:3164 0-3513 0-363 5 0-3761 0-3966 0:3907 0-4170 
05 0-3304 0:3335 0-3699 0-383 4 0-395 8 0-418 6 0-4110 0-4403 
06 0:3615 0-3652 0:4042 0-4204 0-4322 0-4595 0-448 5 0-483 6 
07 0-3900 0-3943 0-435 6 0:4545 0-465 4 0-4972 0-482 8 0:5237 
08 0:-4164 0:4213 0-464 6 0:4862 0:4961 0:5324 00-5144 0-5612 
09 0:4411 0:4467 0-4918 0:5160 0-5247 0:5656 0-543 9 0:5965 
10 0:4645 0-4706 0-5173 0-5442 0-5517 0:5970 0-5717 0:6300 
12 0:5076 0:5150 0-5645 0-5967 0-601 3 0-655 6 0-6227 0-6927 
14 0:5471 0:5556 0:-6075 0-6449 0:-6465 0-7097 0-669 1 0:7506 
16 0-5836 0-5933 0:6472 0: 6898 0-688 1 0-7602 0:7118 0-8048 
18 0:6177 0-6285 0-684 1 0-7319 0-7268 0-8078 0-7515 0:8560 
20 0:6497 0:6617 0:7188 OTT 0-7630 0-°8528 0:7886 0:9046 
22 0-6800 0-693 2 0-7515 0-809 6 OM9TZ 0-895 7 0-823 5 0-9509 
24 0-708 8 0:7231 0-782 5 0-845 6 0-8295 0:9368 0:8565 0-995 4 
26 0:7362 Oe S107, 0-8120 0-880 2 0:8602 0-9762 0-8879 1-038 
28 0-7624 0-7790 0-8401 0:9134 0-8895 1-014 0:9179 1-079 
30 0-787 6 0-805 3 0-8671 0-945 4 0-9175 1-051 0-9465 1-119 
35 0-8464 0:8669 0:9300 1-021 0-9828 1-137 1-013 1-214 
40 0-900 4 0:9236 0-9875 1-090 1-042 1-218 1-074 1-303 
45 0-9503 0:9763 1-040 #155 1-097 1-294 1-129 1-386 
5 0-9969 1-025 1-090 1-216 1-148 1-365 1-181 1:465 
6 1-082 ets 15179 1-329 1-240 1-498 1-274 1-613 
7 [be LS Y/ 1-196 1-258 1-430 1-321 1-619 1-357 1-749 
8 1-226 1-269 1-330 1-523 1-394 1-731 1-430 1-876 
9 1:288 1-336 1-394 1-609 1-460 1-834 1-497 13995 
‘0 1-345 R397 1-454 1-688 1-521 1-931 1-558 2-107 
22) 1-447 1-507 1-559 1-831 1-627 2-108 1-666 2-313 
“4 1-534 1-602 1-649 19517 1-719 2-266 1-758 2°500 
6 1-611 1-686 i277 2-068 1-798 2-408 1-838 2-671 
8 1-679 1-760 1-796 2-167 1-868 2:536 1-908 2°827 
0 1-738 1-826 1-857 2-256 1-929 2°651 1-969 2-971 
32) 177192 1-884 1-911 2-335 1-983 2-756 2-024 3-103 
“5 1-861 1-961 1-981 2-440 2-054 2-896 2-095 3-281 
‘0 1-954 2-064 2-075 2-582 2-148 3-088 2-189 3°532 
10 2-081 2-205 2-202 2179 2:276 3-358 2:317 3-896 
0) DAT 2-289 2-278 2-898 29392) 3-524 593 4-125 
0 2-202 2:34] 2-324 2-970 2-398 3-626 2°439 4-267 
0 2-247 2-390 2-368 3-040 2°442 B25 2-483 4-407 
0 2-263 2-409 2-385 3-066 2-458 3-762 2-500 4-459 
0 2213 2-419 2-394 3-081 2-468 3-783 2-509 4-489 
0 Des DAT 2-419 2-394 3-081 2-468 3+783 27509 4-489 
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~ (9) APPENDIX: DERIVATION OF THE £&/n TABLES 


The integrals of eqns. (30) and (32) have been programmed 
_ for a Mercury computer, using repeated Simpsonian quadrature. 
Series expansions have been obtained to express the integrals 
in the vicinity of the origin of 7, where the integrands become 
infinite, a suitably accurate approximation being used to express 
the probability function. A desired set of Tables is readily 
obtained by punching the appropriate values of J’/J and T’/T 
on to a data tape. Tables now available include those for 
msi—0, 1 (t=0; JjiJ=0'1, “T’/T=0'60-1)1:0; J’ J=1"°0, 
T’/T = 0-6(0:05)1-0; J fs =10, T’/T = 0-6(0-1)1-0; 
J’/J = 20(10)40, T’/T=0-9 and J’/J = 0-2(0-2)0°8, 0:9, 
20, 30, 40, T’/T = 1-0. Some of the most useful selected from 
this list, are given in abridged form as Tables 1 and 2. 

Since the submission of the present paper, Lindsay and 
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Parker!’ have also obtained eqns. (30) and (32), employing a 
somewhat different analysis. Their evaluation of the integrals 
is confined to the case of T’/T = 1, for which they quote values 
in good agreement with those given in Table 2. 

Finally, it should be noted that, by no rearrangement of eqns. 
(34)-(37) is it possible to obtain an explicit expression for J. 
Computation therefore proceeds by assigning an arbitrary value 
to x’/Jin eqn. (37) and then finding, in turn, J'/*, J, J,/J, nx, 
nx’ €x, Ex’, thus yielding a second value of x’// from eqn. (36) 
for comparison with the arbitrarily chosen value. The procedure 
must then be repeated until equality is obtained. In practice, 
some preliminary test runs made to slide-rule accuracy, and 
without interpolation of the &/7 Tables, will suggest two 
suitable values to assign to x’//. A linear interpolation between 
these two values will then usually yield x’//, and therefore J, 
correct to three significant figures. 
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SUMMARY 


The paper describes a method for evaluating the propagation 
coefficients of an unbounded lossless dielectric rod of infinite extent. 
The propagation coefficients are obtained as a function of the ratio 
of rod radius to free space wavelength, r;/Ao, for the three lowest 
modes of propagation possessing fields with 0 dependence of the form 
e+i®, The method of solution enables the form of the complete 
mode spectrum to be identified. It is also established that the pro- 
duct of the rod permeability and permittivity, we, primarily determines 
the propagation behaviour; the ratio /e has only a secondary effect. 
An expression is cbdtained for the distribution of transmitted power 
between the rod and the surrounding space, and it is also demonstrated 
that the product je primarily determines this quantity. Correlation 
between power distribution and attenuation is demonstrated for a rod 
possessing small losses. 


LIST OF SYMBOLS 


(Numbers in parenthesis refer to the equations in which 
symbols first appear.) 


; A= PU — (Ky /KYPP (7) 
a. bi, a’, bé = Amplitudes of longitudinal components 
of electric and magnetic field respec- 
tively, inside and external to dielectric 

rod. (1), (2) 


E,, = Longitudinal component of electric field. (1) 
f = Function defined in eqn. (6). 


F(x) = xJ{)/J,@) (5) 
H, = Longitudinal component of magnetic 
field. (1) 
H®(y) = Bessel function of the third kind. (2) 
J,(x) = Bessel function of the first kind. (1) 
jm = mth root of J,(x). 
Ko(Uy), K;Gy) = Modified Bessel functions of the second 
kind. (12) 
K, K, = Wavenumbers respectively inside and 
outside the dielectric rod. (1), (2) 
k, =jK,, modified wavenumber for region 
outside dielectric rod. (12) 
H2"G) 
M(y) HOV) 
n = Azimuthal wavenumber. (5) 
N= ( jh é)! [2 
r, ry = Radial co-ordinate and radius of rod 
respectively. 
T,, T> = Integrals defined by eqn. (13). 
Uy = mth root of J/(x). 
ee IGG (7) 


P;, Po = Power transmitted respectively inside 
and outside dielectric rod. 


Correspondence on Monographs is invited for consideration with a view to 
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Z = (plo)! 
z = Longitudinal co-ordinate. 
B = Phase-change coefficient. 
B = Ao/A = Normalized phase coefficient. 
Eo, €, € = Permittivity of free space, dielectric rod 
and surrounding medium respectively. 
E = €/eq 
kK = Off-diagonal component of ferrite per- 
meability tensor. 
@ = Angular co-ordinate. 
Ao» A, ’ = Wavelength in free space, unbounded rod 
structure, and surrounding medium ~ 
ps respectively. 
A = = i(uoleo)'?bi/ai, 

Los Ls 41 = Permeability of free space, dielectric rod 
(or diagonal component of ferrite ten- 
sor permeability) and surrounding 
medium respectively. 

= Hl Ko 

[Ha], [4,] = permeabilities associated with ferrite 

structure. 
w = Angular frequency. 


(12)) 


(1) INTRODUCTION 


In a recent paper! the present author described an accurate } 
perturbation method for the evaluation of the propagation) 
coefficients of a circular waveguide containing a longitudinally 
magnetized ferrite rod. The perturbation comprises a change 
in the permeability of a rod from the form 


pease) AU 0 p —j« 0 
[Ma] =| 90 p—aK 0} tol[w]= lik w 0 
0 Ob 00 pb 


In order to obtain the phase-change coefficient after the per-- 
turbation has been made, it is first necessary to determine the: 
propagation coefficient for a rod characterized by a permeability 
[Ua]. This propagation coefficient can be obtained quite rapidly 
if the propagation coefficient is already known for a rod with: 
isotropic permeability [4 — n«].* Furthermore, it can be shown: 
that, with a slight reduction in accuracy but with far greateri 
simplicity, the perturbation to permeability [u,] can be mad 
directly from [4 — nx]. Also, in the general analysis of micro=: 
wave ferrite devices employing the Faraday-rotation effect, it is: 
often quite adequate to base approximate calculations on a ro 
with isotropic permeability [~ — nx]. The importance of deter-: 
mining the propagation coefficients of a circular waveguide con-: 
taining a rod with isotropic permeability is therefore evident. 
In the design of Faraday-rotation devices, the most important 
dimensional parameter is the diameter of the ferrite rod. Thus: 
graphs showing propagation coefficient as a function of ro 
* The reader is reminded that this is the permeability presented by a longitudinally. 


magnetized ferrite to a circularly polarized wave having fields with a @ dependen 
of the form e—jn0. When n = + 1 the wave is positive circularly polarized. 


; 


: 
] 


wa 1}. 


CLARRICOATS: PROPAGATION ALONG UNBOUNDED AND BOUNDED DIELECTRIC RODS: PART 1 


diameter are of most value. The effective permeability of the 
ferrite [4 — nx] is another important parameter; this may be 
chosen as a second variable. 

When the author first considered the problem of determining 
the propagation coefficients, it was apparent that very little 
information had been published on the behaviour of dielectric 
rods,* whether unbounded or bounded by a waveguide. It was 
therefore decided to approach the problem systematically and 
investigate the behaviour of unbounded dielectric rods before 
proceeding to the rod in circular waveguide. As many of the 
features of the two problems were found to be closely related, the 
detailed analysis of the unbounded rod was well justified. It is 


with this particular rod structure that the paper is concerned. 


The behaviour of a dielectric rod contained within a circular 
waveguide is considered in Part 2 (see page 177). In both papers 
discussion is restricted to modes with azimuthal dependence ¢ +/®, 

As no computer facilities were available to the author, a 
graphical method for obtaining the solution of the propagation 
equation was adopted; this is described in Section 2. Particular 
attention is paid to the behaviour of higher-order modes, since 


their properties do not appear to have been firmly established 
elsewhere. 


Section 3 is concerned with an evaluation of the 
distribution of transmitted power in an unbounded dielectric 


rod. As might be anticipated, there is close correlation between 


power distribution and the attenuation of a wave produced 
when the permeability and permittivity of the rod are complex. 


(2) EVALUATION OF THE PROPAGATION COEFFICIENTS 
FOR LOSSLESS DIELECTRIC RODS 


(2.1) Graphical Method of Solution 


__ The characteristic equation for the propagation coefficients of 


waves guided by an infinitely long unbounded rod has been 
derived by several authors.2>? The method is as follows: 
Maxwell’s equations are solved yielding wave equations for the 
longitudinal components of electric and magnetic fields, inside 
and outside the rod. Solutions of these equations are chosen 
so that the fields are finite on the rod axis, zero at infinite radial 
distance and satisfy the boundary conditions at the rod surface, 
Then, if the permeability and permittivity for r<r, 
are w and e, and forr >r,, pw, and «;, 


E, = a'J,(Kr)e"® 


1 
jae bi5,(Kne2" 5 } r<iry (1) 
E, = aHO(K,ne (2) 
H, = beHO(K,ne—0f 7"! 


where K?2 = wep — f2, K? = we,p, — £* 
and a factor ¢/(@!—82) has been omitted. J,(x) and HOC y)t 
are Bessel functions of the first and third kind; [H2(y) is now 


abbreviated to H,,(y)]. : 
On equating tangential components of electric and magnetic 


fields on the rod surface, two expressions relating the constants 


a, and b,, are obtained: 


Gag jw Kry)*(Kir1)? 

bi be nB[ (Ky)? — (Kr) ] 

) ( KrJi(Kry) a Artie Q) 
(Kr,)?_— J,(Kry) (Kyr)? H,irp) 


* The term dielectric rod is taken here to include rods with relative permeability 


different from unity. ; . . 
- + Note that KaCiKir), which is often quoted as the external radial function, differs 


from H{?)(Kjr) only by a constant factor. 
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Jo Kr)*(Kyr1)? 
np[(Kyr 1)? — (Kr,)*] 
| a. KinH(Kiry) _€ EO 
(Ky)? A, (Ky) (Kr,)? J,(Kry) 
a/b may then be eliminated between eqns. (3) and (4) yielding 


the characteristic equation for the propagation coefficients; the 
functions F(Kr,) and M(Kjr,) are defined by eqn. (3): 


wp? [(Kyry)? — (Kr? P pete we ae 
w [(Kyr1)*(Kr,)?}? (Kr,)* (Kyr,)? 


an 


pe eee (5) 
(Kr)? (Kyr;)? 


Eqn. (5) has been solved numerically when pp/o = & = 1 and 
e/€g9 = € = 2:5, 4, 10 and 32,* but no information is evident 
when jt 1. In order to determine the relative importance of 
pe and j/é respectively, a matter of some practical interest, 
eqn. (5) has been solved by the author for ji/é, maintaining jie 
constant and with ~,=€,=1 and n=1. Thus p/e has 
been obtained as an implicit function of r;/Ag for various values 
of B = Ao/A, where Ao is the free-space wavelength and A the 
wavelength of the guided wave. 
Eqn. (5) can be written 


(w/e) + (@/)"f + 1 =0 (6) 
where 
be Ki\2 12, Kx\2 K,\2 
2 Wey (Fes! Sab pe? rls 
ate GPG) wren) 
(joe)? (Kr ,)M(Kyr;) M(Kjr;) 
K\2 
M(Kyr;) (=) 
prays 4 3 SNe (7) 
(f@)'PF(Kry) 
For ease of understanding this expression, it is now rewritten as 
oe A ay NFVvV? we M ) 
NEM V2 M NFV2 
where 
é. KoA K,\2 KN2 
= 2 a pent = — eek — pe ss | 
acs [ © | [ i) Ip eX 


On rearranging eqn. (6), 
f= — [(a/a'? + Ep] . (8) 


This indicates that two values of j1/é can be chosen for which 8 
is the same. Fig. 1(a) shows f plotted as a function of 2r,/Ag 
using eqn. (7), for different values of B when we = 10 andn = 1. 
Solutions of eqn. (5) are then obtained_by mapping eqn. (8) on 
the same diagram. The variation of B with 2r,/Ao for a par- 
ticular rod having (j/é)/? = Z, is then obtained from the 
intercepts of the curves with the line f = — (Z + 1/Z). 

This method of solving the characteristic equation has the 
advantage that, once eqn. (7) is plotted for various values of B, 
negligible labour is required in obtaining B as a function of 
2r,/Ao for any fi/é ratio. Fig. 2 shows f as a function of 2r, Xo 
for the rod with je = 10, and with p/é = 0-017, 0-029 and 
0-072. These values correspond to j2 = 0-41, 0-54, 0-85 and 
€ = 24-4, 18-5 and 11-8 respectively. Fig. 3 shows B as a 
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function of 2r,/Ap for rods with j/é = 0-029 and with fe = 2°5, 
10 and 16. The above results illustrate clearly that the 
normalized phase coefficient 8 depends primarily on the pro- 
duct jié and only slightly on the ratio p/é. The reason for 
this behaviour is explained when the principal features of Fig. 1(a) 
are discussed in Section 2.2. The above result can be alter- 
natively stated as indicating that the actual values of ~ and € 
have only a slight influence on the phase-change coefficient, pro- 
vided that the product je does not vary. The advantage offered 
by this knowledge is illustrated by the following example. 

Unmagnetized Ferramic R1 ferrite has 7 = 0-74 andé = 13-6 
(at frequencies around 9 Gc/s), so that je = 10-06; the propaga- 
tion curve for an unbounded rod of this material should therefore 
correspond closely to that for a rod with ~ = 1,€ = 10. This 
latter curve has been determined (Fig. 3). 


(2.2) Interpretation of the Solutions 


The Dominant Mode.—In Fig. 1(a) only values of f< — 2 
have physical significance, since eqn. (6) indicates that if f > —2, 
(j/€)'/2 becomes either complex or negative. Such solutions 
must be rejected since (j2e)'/? is assumed positive and real when 
solving eqn. (7); a complex or negative value for (j2/€)'/* would 
imply complex or negative values of fi and €. However, the 
region for which f > — 2 is useful in the initial construction 
of the curves in the region f< — 2. Egn. (7) indicates that 
poles of f correspond to poles or zeros of the function F; these 
occur when J,(Kr;) = 0 and when J;(Kr,) = 0, respectively, as 
shown in Figs. 1(6) and (c). The function M is monotonically 
increasing with r;/Ap, as in Fig. 1(d). It is readily shown, by 
considering the limiting form of eqn. (7), that when r,/A  — 0, 
all f-curves originate with the value f = [(jé)'/? + (1/jzé)!/]. 
However, it can also be shown that as 8 1 the condition for 
f = 0 corresponds to r;/Ay) +0. Thus for values of B close to 
unity the f-curves commence at f = [(jie)!/? + (1/jzé)!] and 
then decrease with almost infinite slope, as r;/A9 increases from 
zero. This behaviour is consistent with the knowledge that 
the lowest-order mode with m = 1 has no cut-off. 

In closed-boundary structures (e.g. a waveguide with perfectly 
conducting walls), the term “cut-off” has a well defined meaning, 
implying the condition that 8 =O for a particular mode. 
Furthermore, if this condition occurs when w = w, and the 


(a) 


~ 

= 
caf 
ee 
= 
iw 


0-1 "0-2 


n 


(d)) 


0-6 


Fig. 1 
(a) f as a function of 2r;/Ao for an unbounded dielectric rod with 
(fe)1/2 = 3-162. 
Numbers refer to values of 6. 
(6){d) f = [A/NFMV2 — (NFV2/M) — (M/NFV2)] and M(ky1}) ai 
a function of r;/A9; and F(Kr;) as a function of Kr. | 


gée=10 $8 =1-25 
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(0) 01 0:3 0:4 O-7 
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Fig. 2.—f = Ao/A as a function of 2r)/Ao for HE;; modes propagating 
along unbounded dielectric rods. 


(me)'/2 = 3-16 (@/e)1/2 = 0-13, 0-17 and 0-27 


0-6 O7 


0:5 


0°3 O-4 
2ry/Ao 


Fig. 3.—f = Ao/A as a function of 2r;/Ap for HE1; modes propagating 


along unbounded dielectric rods. 
(p/@1/2 = 0-17 (fe) 1/2 = 1-58, 3-16 and 4-0 


structure is lossless, then when w < w,, y = « and the mode is 
exponentially attenuated with a decay factor of the form é~%, 
However, with open-boundary structures (e.g. an unbounded 
dielectric rod), the condition 8 = 0 is never satisfied for any 
In fact these free modes cease to exist when the 
frequency is such that B? = we,4,; modes with y = « cannot 
exist on a source-free open-boundary structure. When sources 
are present, it is necessary to employ a continuous spectrum of 
modes in addition to a finite (possibly zero) number of free 
modes, in order to represent the field.® 7 : 

Higher-Order Modes.—With reference to Fig. 1(a), as B 
increases, the value of r;/Ay at which f = 0 increases until the 
value at which F(Kr;) = 0 is passed; then the f-curves tend to 
+00 at the first zero of F(Kr,). They reappear at —oo for the 


_ * A free mode is one with exponential dependence of the form ¢—YZ which can 
exist in the absence of any sources over a finite length of the structure. 


173 


same value of r,/Ao, then increase through the value of r,/Xo 
at which f = 0. Beyond this they tend to infinity at the first 
pole of F(Kr,). It can be shown that f is finite when B = 1 
only when F(Kr,) = 00; these poles correspond to the ‘cut-off’ 
or genesis points of the higher-order modes of propagation. 
Between the first zero of J,(Kr,) and the second zero of J{(Kr;), 
designated by j,; and wu, respectively, or in general between ip 
and u,,.,;, F(Kr;) >0 and f<0. Fig. 1(b) shows that the 


f-curves increase from —oo at j,,,, pass through f = — 2, and 
then reach a maximum value in the range 0> f > — 2; they 
then pass through f = — 2 again and decrease to —o at 


Um +1. Since in eqn. (7) the term A/NFMV? is always positive 
when F > 0 and the smallest negative value of —[(NFV2/M) + 
(M/NFV?)] is —2, the maxima of the f-curves in the above 
region must always lie above the line f = — 2. Furthermore 
as A is independent of r,/A, the term A/NFMV? decreases in 
magnitude rapidly with r,/Ay) compared with the term M/NFV?. 
Thus for large r,/Ag, f ~ —[(NFV?/M) + (M/NFV2)]; the 
nearer B approaches unity the larger r;/Aj must be for this 
condition to be satisfied, since A/V? behaves like N? — 1/1 — 
when 8 — 1. In the interval between j,, and u,, 1, two solutions 
of eqn. (5) exist for the same value of 8. Although the f-curve 
is continuous through the region 0 > f > — 2, the two branches 
in the region f < — 2 correspond to two distinct modes of 
propagation. In Monograph No. 410 E it is shown that these 
modes are related to the E,,,and H,(,,,. ;) modes of homogeneous 
waveguides. These higher-order modes on unbounded rods do 
not appear to have been previously studied,* although Kiely® 
quotes Horton as observing two branches of an HE; mode (in 
his notation). In the present notation it appears that one of 
these branches is the EH,,; mode (corresponding to the E,;, mode 
of homogeneous waveguide) while the other is the HE;, mode 
(corresponding to the H,, waveguide mode). The use of HE 
to denote a hybrid mode of H-mode type, and vice versa, is 
conventional. 

When f > 1, the maxima of the f-curves in the region f < 0 
move nearer to j,, and the values at which f = — 2 (after the 
maxima) also move towards j,,. In a manner analogous to that 
employed with the lowest-order HE,,; mode,? it can be shown 
that when B is infinitesimally close to unity, the f-curves comprise 
a series of nearly vertical lines occurring in almost degenerate 
pairs at values j,,. The pairs are connected in the region 
0>f>-—2. Thus the higher-order mode pairs EH,,,, HEj 41) 
have the same values of r,;/Ao, for cut-off, given by 


Alig € Peas : 
Kr, = 5, thie a atl Pun 
0 


However, for EH modes it appears that f-curves are bunched 
near to the values Kr, =/,, given by eqn. (9), while for HE modes 
the f-curves are bunched near Kr; = u,, Fig. 4 shows f as a 
function of r;/Ag for the first pair of higher-order modes when 
je = 10 and f/é = 0-1. It is now pertinent to consider the 
effect on the propagation behaviour of the parameters je and 
ji/é. Changes in the product jié shift the value of r1/Aq at 
which the maximum slope of the Bory! Ao) curve occurs, whereas 
changes in the ratio ji/é merely alter the magnitude of the maxi- 
mumslope. The greatest magnitude occurs when jz/é = 0 or 00. 
For these values of ji/é, 8 and r,/Ao are related by the simple 


equations 
st bets Xo ae 
B= [an — (gm) | 


* After the present work was completed, the attention of the author was drawn to 
a paper by M. Jouget!3 which contains a discussion of the behaviour of higher-order 
modes. Another more recent work!4 describes the behaviour of higher modes with 


n> 1aswelln = 1, 


(9) 


(10) 
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Fig. 4.—f = Ao/A as a function of 2ry/Ao for EHy; and HEj2 modes 
propagating along an unbounded dielectric rod. 
@~=10 g=1-0 


in the case of HE modes, and 


B-| ea 


do , 2 |1/2 
tain) | f ” 


in the case of EH modes. These equations are, incidentally, 
just those for a rod enclosed by a metallic wall. The smallest 
magnitude of the maximum slope occurs when «/é = 1. For 
this value of j2/é there is no simple expression relating B and 
r/Ao. 

Other External Media.—With regard to Fig. 1, there is of 
course no special significance in choosing the external medium 
to have 4, = €; = 1. The f-curves can apply to any values of 
fy, and €,;, provided that the ratio e/u,e, remains unchanged 
and Ag is replaced by X’ = Ap/(fi,é,)!/7._ Solutions are obtained 
by mapping f = — [(~e,/f,6)'* + (fy, €/pe,)"/7] on the same 
diagram. Since the ratio j/é does not appreciably alter the 
form of the B(r;/Ag) graph, for qualitative purposes it is sufficient 
for the ratio jvé/{1,€, to be correct. For example, a graph of Bas 
a function of r,/Ag for a rod with @ = 1,é€ = 44 and, = €, = 1 
is qualitatively similar to that of A’/Ap as a function of r,/X’ for 
a rod with ~ = 0-74, € = 13-6, ~, =1 and € = 2:5. These 
parameters correspond to an unmagnetized Ferramic R1 ferrite 
supported in a medium of polystyrene. 


(3) EVALUATION OF THE DISTRIBUTION OF TRANSMITTED 
POWER BETWEEN ROD AND SURROUNDING MEDIUM 


In a number of waveguide devices employing ferrites, e.g. the 
circularly-polarized-wave non-reciprocal attenuator, !° the opera- 
tion relies on a non-reciprocal distribution of transmitted power 
within a circular waveguide containing a magnetized ferrite rod. 
When the behaviour of this device was first analysed, the question 
arose whether the product jé was the principal material factor 
determining the power transmitted through the rod. For this 
reason a study of the power distribution in unbounded rods 
was made. It was correctly assumed that the behaviour of un- 
bounded rods would provide an insight into the behaviour of 
rods contained within a waveguide. 

Although a number of curves showing the ratio of the power 
transmitted through the rod to the total power transmitted, 
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P,/Po, as a function of r;/Ag have been given by Gray,‘ the. 


‘4 


derivation of this ratio does not appear in any published work. 


As Gray’s expression"! contains an algebraic error, rendering the 
published results slightly inaccurate, the following expression 
used by the author is derived in the Appendix: 


Pray kt “p (@ + pA%T, + AGe/B + B) | a 
Te ia (xz (€, + fy A2)T, + AC1&1/8 + B) 
where 
A= — j(uolég)!22* [see eqn. (4)] 
ee J2(Kr1) a) 
r= seed — [1G 
= 4F°(Kr,) + F(Kr,) +4[(Kry)* — 1] 
KiKi) 


Tn = 3(kyr,)* 


a 
oa 1+ 
Kt(kiry) [ DD 

= 4M%(kyr) + M(kyry) — 4[(ary)? + 
and —jk yr; = Kyr}. 


| 
| 


i] 


The behaviour of P;/P) when B -> (j1,é,)!/? can be predicted 
directly from eqn. (12). When B > (ji,€,)'”, Kj > 0. For the 


HE,,; mode, this corresponds to the condition r;/Ay > 0. Wher 


r;/Ay = 0, the expression within square brackets is finite. | 
whereas K; = 0. Then, since K is finite under this condition, 
P;/P) =0. Thus, as the rod radius tends to zero the transmitted 
power associated with the HE,; mode is confined to the region | 


exterior to the rod. - 
For all other modes, as B > (f2,€,)'/?, J{(Kr,) > 0. Then 
K{T, remains finite and it can be readily shown that, in the limit, 
Pose Ht) (13) 
PF Aa = in ’ 
This result is independent of the mode in question. However, 


the value of r;/Ag at which B -> (j2,€,)'/2 does of course depend 
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Fig. 5.—P;/Po as a function of 27r1/A9 for an HE; mode.. 

(a) (We)1/2 = 3-16 

(0) (e)1/2 = 4-0 
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{ 


>on the mode, as is evident from eqn. (9). The method of 
| evaluating the ratio P;/Pp in general is now described. 

With je constant, curves of ji/é as a function of r; /Xo are 
(drawn for different values of B using Fig. 1. From eqn. (12) 
_P;/Po is determined as a function of ji/é for different values of B. 
Then with these two sets of curves P;/Py) can be plotted as a 
function of r;/Ag; results for different values of p/é and with 
pe = 16 and 10 are given for the HE,; mode in Fig. 5. It is 
| again evident that the parameter jzé largely determines the power 
distribution, compared with the parameter Be. 

For reference, Fig. 6(a) shows the ratio P; |(P; + Po), plotted 
_as a function of r,/A for rods with fé = 16, 10, 2:5 and jie = 
0-16, 0-025 (€ = 10, 7 = 1-6, 1-0 and 2:5). Fig. 6(5) shows B 
| plotted for the same rod parameters. Fig. 7 shows attenuation 
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Fig. 6.—(a) B = Ao/A, and (6) P;/(P; + Po) as a function of 2r1 [Ao for 
Hyj1-limit mode. 
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Fig. 7.—Attenuation and P;/(Pi + Po) as a function of 2r;/Ao for an 
HE,; mode propagating along an unbounded polystyrene rod. 
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and P;/(Pi+ Po) plotted as a function of 2r;/Ag for a polystyrene 
rod (u=1; €& =2-56; &€’/é’ =0:0005) the former result 
being due to the author, the latter to Elsasser.!2 The correlation 
in the shape of the curves strongly suggests that power distribu- 
tion and attenuation are closely related. In the particular case 
when > (je;)"/*, at the genesis of a pair of higher-order 
modes, it is possible to obtain a simple relation which clearly 
shows that, under that condition, the attenuation coefficient « 
is directly proportional to the ratio P;/(Pi + Po). Anexpression 
for the attenuation coefficient of a mode of the unbounded rod 
can be obtained directly from an expression for the attenuation 
of a mode of a rod in circular waveguide, derived in Part 2 of 
the paper. 


(4) CONCLUSIONS 


In the paper, the mode spectrum of an unbounded dielectric 
rod of permeability 2 and permittivity € is established for modes 
with fields having a dependence on @ of the form e+/®, As 
previously recognized, the lowest-order hybrid mode, designated 
HE,,;, can propagate when the frequency tends to zero. Also, 
as the ratio of rod radius to free-space wavelength, r,/Ao, 
increases, the phase-change coefficient increases and tends in the 
limit to the value corresponding to a plane wave propagating 
in an infinite medium of permeability w and permittivity «. A 
study of the higher-order modes shows that they are degenerate, 
in the sense that pairs of modes have the same genesis value 
of r;/Ap. However, there is a difference in the dependence on 
r;/Ao of the phase-change coefficients of the modes. This 
difference can be understood when it is realized that the modes 
in a pair are associated with the E,,, and Hy(,,;;) modes of a 
rod in a waveguide. This matter is discussed further in Part 2 
of the paper. 

It is established that in general, the phase-change coefficients 
of the modes depend primarily upon r,/A9 and je, and only 
slightly upon the actual values of ~ and «. The result is of 
practical significance in that it broadens the range of application 
of a given propagation curve. 

The distribution of transmitted power between the rod and 
the surrounding space is investigated. For the HE,,; mode, 
the ratio of the power transmitted within the rod to that outside 
tends to zero as r;/Ap tends to zero. For any other mode, the 
ratio is finite for all values of r,;/Ag over which the mode can 
propagate. With r,/Ap less than the genesis value for a par- 
ticular pair of modes, the modes cease to exist. Again, the 
values of r;/Ap and je primarily determine the power distribu- 
tion, the actual values of ~ and € having a secondary effect. 
Correlation between the power transmitted within a rod with 
loss and the attenuation of a mode is illustrated. 
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(7) APPENDIX 
Evaluation of the Power Ratio P;/P) for Unbounded Rod 
From Poynting’s theorem it follows that 
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where S; is the rod area and S, the area of the surrounding 


medium. The numerator expresses the integrated Poynting 
vector inside the rod; this is now evaluated for modes having 


n=1. 


JK 
E,H¢ — EyH* = oe foe + te i689) E ERE a 


+ (Aw?wE + AB) [25 (KJ {(Kr)] ¢ 
. (13) 


whence 


Pie BoD: Kr f[weR-+A2oup]T; + Afo2pne+ BI} (14) 


where 7, is given in eqn. (12). Similarly, outside the rod, 


EAS = Eoo* = 2 a OP oa + A?a@;P) [Hank 


H7(Kr) 
(Kir) 


-- | + (Aw?pye, + AB?) 


PEK HK! (15) 


= ray J2(Kr;)[(we,B + A2m1B)T> 
ae A(w? Py€4 + B*)] (163) 


where T, is as given in eqn. (12). On normalizing the expres- ‘ 
sions, the ratio P;/Py given in eqn. (12) is obtained. The) 
expression for Py used by Gray incorrectly contained the» 
difference of the two terms in square brackets instead of their: 
sum. Also, T> was incorrectly taken as $M?(kyr,) + M(kyr,) —: 
(Kirz = 1). 
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Part 2. Propagation along a Dielectric Rod contained in a Circular Waveguide 
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SUMMARY 


The paper describes both approximate and exact methods for 
evaluating the phase-change coefficients of a circular waveguide con- 
taining an axial dielectric rod. Close correlation is found between 
the phase-change coefficients of this waveguide structure and those of 
an unbounded rod over a wide range of rod radii. The correlation 
enables an unambiguous classification of the modes of an unbounded 
rod to be made. Exact and perturbation expressions are derived for 
total transmitted power, power distribution and attenuation in the 
dielectric-rod-waveguide structure. Correlation with the attenuation 
coefficients of an unbounded rod is again predicted. The application 
of the results of the paper to ferrite devices is briefly mentioned. 


LIST OF SYMBOLS 
(Figures in parenthesis refer to the equations in which symbols 
first appear.) 
a, b, c, d = Constants defining amplitudes of electric and 


magnetic fields external to rod. (1) 
a’ = Amplitude coefficient of longitudinal electric 


_ field within rod. (23) 

A = [1 — (K,/K)?] (16) 

C = J,(Kyro)/¥ (Kir) (5) 

¢ = R(Kyr,)/S(Kyr)) (17) 
D(Kyr,) = Y¥y(Kyr)/J (Kir) (5) 
E = Ji(Kiro)/¥ {(Kir0) (5) 


E, = Longitudinal component of electric field. 
f = Function defined in equations (16) and (17). 
FQ) = x3{(0)/T,) (2) 
Fy, Fp = Magnetic and dielectric attenuation factors 
defined by eqns. (31) and (32). 
H, = Longitudinal component of magnetic field. 
I,(z) = Modified Bessel function of the first kind. 
J,(x) = Bessel function of the first kind. (1) 
jm = mth root of J,(x). 
K, K, = Wavenumbers within and external to dielec- 


tric rod. @y@) 
ky == jK, : { 

K,(z) = Modified Bessel function of the second kind. 
L(y) = YY (IVY) (4) 
M(y) = yH}()/HP() (1.5) 
n = Azimuthal wavenumber. (1) 
N = (fa)? (16) 

r, 1, %o = Radial co-ordinate and radius of rod and 
waveguide respectively. (1) 


Si(Kyrp¥ AKiro) — In(Kiro) ¥n(Biry 
SAKyrpY,(Kiro) — J(Kyro) ¥ Kir) 
Ti Kir (Kiro) — J, Kyro) ¥ n(Kiri) 
SA(KyryY¥ (Kir) — I(Biro) ¥nKiry) 


Ry) = Kir) 


S(Kyr1) = (Kyry) 


Correspondence on Monographs is invited for consideration with a view to 
publication. ; ‘ . : : 
Dr. Clarricoats is in the Department of Light Electrical Engineering, Queen’s 
‘University of Belfast. The paper is based on a part of a thesis approved for the 
degree of Doctor of Philosophy at London University. 


T,, T, = Evaluated integrals appearing in eqn. (12) of 
Monograph 409 E. 
T, = $F*°(Kr,) + F(Kr,) + 4[(Kr,)? — 1] 
T, = 4M7(kyr1) + Mary) — 31a)? + 1] 
T3, T4 = Evaluated integrals defined in eqn. (18). 
T; = Evaluated integral defined in eqn. (25). 
Um = mth root of J/(x). 
V == K 1 / K 
P;, Po = Power transmitted respectively inside and outside a 


| 


dielectric rod. (18) 
Y,,(x) = Bessel function of the second kind. 
z = Co-ordinate in direction of propagation. 
a = Attenuation coefficient. 
B = Phase-change coefficient. 
B = Ao/A = Normalized phase-change coefficient. 
Ey, €, €; = Permittivities of free space, rod and surround- 
ing medium, respectively. 
Ao, A = Wavelength in free space and guiding struc- 
ture respectively. 
k = Off-diagonal component of ferrite tensor 
permeability. 
a €,S(Kyr1)/(Kyr1)? — €F(Kr,)/(Kr,)* (18) 


nB[1/(Kr,)? — 1/(Kir)"] 
Lo, fy = Permeabilities of free space, rod and surround- 
ing medium, respectively. 


= Ll po 
w = Angular frequency. 


(1) INTRODUCTION 


In Part 1 of the paper,* relations between the behaviour of 
circular waveguides containing dielectric and ferrite rods were 
explained. It was stated that accurate values for the propaga- 
tion coefficients in the ferrite case can be obtained under con- 
ditions of practical interest if the coefficients are known for a 
dielectric rod possessing particular values of permeability and 
permittivity. The propagation behaviour of unbounded dielec- 
tric rods was considered in that Part: the present Part is 
concerned with the behaviour of a dielectric rod bounded by a 
circular waveguide. 

The determination of the phase-change coefficients for a 
lossless dielectric rod of radius r;, contained in a perfectly con- 
ducting circular waveguide of radius rg (r; # ro in general),{ is 
accomplished in two ways. First, special cases of the propaga- 
tion equation for the bounded rod are considered which, together 
with propagation curves for unbounded rods, enable approxi- 
mate propagation curves to be obtained. Secondly, the 
propagation equation is solved using a graphical method 
similar to that employed for unbounded rods. In general, 
the rapidity with which accurate values for the propagation 

* Equations and references from Part 1 of this paper (page 170) are prefaced here 


by the symbol J; e.g. eqn. (1.1), Fig. 1.6(b). ; 
+ For brevity referred to hereinafter as a ‘bounded rod’. 
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coefficients can be obtained by the graphical method is increased 
by a knowledge of their approximate values obtained by the 
first method. 

In Section 3, exact and perturbation expressions are developed 
for the power distribution and attenuation associated with a 
bounded rod. The exact expressions are most complicated and 
need be used only in the vicinity of cut-off, where the perturba- 
tion approach becomes invalid. Curves of normalized attenua- 
tion coefficient as a function of rod radius are given for the 
H,,-limit mode. 


(2) EVALUATION OF THE PROPAGATION COEFFICIENTS 
FOR LOSSLESS DIELECTRIC RODS 


(2.1) Derivation of the Characteristic Equation 


The characteristic equation for the propagation coefficients 
of a waveguide containing an infinitely long lossless dielectric 
rod has been derived by several authors.!»? Inside the rod the 
longitudinal components of electric and magnetic field are given 
by eqn. (1.1); outside the rod they are given by the following 
equations: 


E, = [aJ,(Kyr) + bY, (Kyr)eW* 
Joe = [cJ,(Kyr) ata dY,(K,r)|e—”® sf 


where K? = we;u, — B? and a factor e/@*—P2) is omitted. 
Application of the boundary conditions on the rod and wave- 
guide surfaces yields the following characteristic equation, the 
functions being defined in the list of symbols: 


tee War — oe sen 
wo? [(Kyr)?(Kr 7 (Kr)? (Kyry)? 


eee ix See (2) 
(Kr)? (Ky)? 


For the case » = 1 and the lowest-order mode (H,,-limit),* 
Beam and Wachowski,” have obtained the normalized phase- 
change coefficient B as a function of rg/Ag for different values 
of r;/ro and with ~ = w/o = 1, € =€/eg =2°5, while Suhl and 
Walker! give 6 as a function of r;/ro for ~@ =1, € = 10 and 
ro/Ag = 0-4. After the present work was completed, Williams? 
gave B as a function of ro/Ag with r;/ro = 0-4 and € = 10-3, 
f# = 1-5and0-46. Neither the results of Beam and Wachowski 
nor those of Williams are sufficient to describe B as a function 
of r,/ro. More recently, Tompkins* and Waldron°® have 
published computed results for certain ferrites and dielectrics. 
However, it is believed that the present study provides a more 
complete picture of the mode spectrum for dielectric rods. 

It was first decided to obtain approximate curves of B as a 
function of r,/ro for the H,,-limit mode, with € = 10, ~ = 0-25, 
1:0, 1:6, €; =~, =1 and ro/Ay = 0-4, 0°34. Additional 
approximate curves have also been obtained for E,;-, H,>-, and 
Ej,-limit modes with € = 10, & = 1-0 and ro/Ay = 0-4. Sub- 
sequently, more accurate values of B have been obtained 
graphically in the above cases. The approximate curves are 
obtained by utilizing the following special cases of the charac- 
teristic equation. 


bg hee (1) 


(2.2) Special Cases of the Characteristic Equation 


(2.2.1) Thin Dielectric Rod. 
An expression for the propagation coefficient of the H, ;-limit 
mode in a waveguide containing a thin dielectric rod can be 


* The Hy} -limit mode is that mode in a waveguide containing a dielectric or ferrite 
rod which corresponds to the Hj; mode in filled waveguides (and in the case of ferrite, 
zero magnetization). A similar nomenclature applies to other modes. 


4 


obtained from eqn. (2) by expanding the functions F(Krj),, 
R(K,r) and S(K,r,) in the range where r;/Ap and r;/ro are ae 
less than unity. It may, however, be obtained directly from a 
general perturbation expression given in Appendix 7.1. In} 
either case the result is as follows: 


Ca 


Pom one | 
B= Pot amar) Oogsi tg esi) ®) 


where Bo is the phase-change coefficient in the empty waveguide? 
and u, is the first root of J;(x), the Bessel function of the first 
kind. The phase-change coefficient 8 can be obtained directly / 
from eqn. (3) provided that the rod radius is such that r;/rg < 1) 
and r,/Ay < 1. 


(2.2.2) Approximation to the Unbounded Dielectric Rod. 
On comparing eqn. (1.5) and eqn. (2), it can be seen that their: 
only difference lies in the replacement of the function M(Kj;r;}) 
in one case with the functions R(K,r,) and S(K,r,) in the other. , 
It is now shown that under most conditions of practical interest } 
when nm = 1, M(Kyr,) ~ RUKGyry) ~ SCKjry). 
The expressions for R(K,r,) and S(K,r,;) are now written as 


F(K,r,) — ED(Kyr,)L(Kyr;) 


ea T= EDK) my 
where 
F(Kyr) = King Lieny = King 
Oo C= tae 


assuming n = 1. 
_ Y,(x) is a Bessel function of the second kind. When} 
B> 1, K, is imaginary; R and S retain their same form, only / 
the functions F, L, D, C, and E are now given by 


Ly(kyr,) K (kyry) 
F(kyr) = kyr, 5, Lyn) = ky, 
( 1 ) 1 Tan) ( 1 ) MI Gard vs 
Ky (k,r})) 
Dir) = 
= 1,&iro) = 1kyro) 
Kj (kyr) Kj(kyro) 


where k, = jK,. 1,(z) and K,(z) are modified Bessel functions; 
of the first and second kinds. Now when B > 1, as is always; 
the case for the unbounded rod M(k,r,) = L(kyr,). Itt 
remains to show that under certain conditions R(k,r,) ~ 
S(kir,) pn L(k,r;). 

By considering the asymptotic expansions of I,(z), 1,2), Ky) 
and K,(z) when z is large, it can be shown that 


kirg —4 
ED(k,r,;) ~ — 19 —? g2kiro—r) 
(Airy) je arte Rhy Rea 
and CDE ir) = eho rn 


provided that k;r; is large. If kyr; > 3, the validity of the: 
approximate equations (6) and (7) is such that they give: 
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ED(k,r,) and CD(k,r,) to an accuracy better than 10 %. How- 
ayer, even when k,r; < 3, ED and CD behave approximately 
ase”, when z=ky(ro — 11). Since F(kyr,) and L(k,r;) are 
only linear in kyr; when kyr; is large, eqns. (4) and (5) show that 
Rr) and S(k,r,) are approximately equal to L(k,r,) over a 
considerable range of values of kyr. 


Hf 


Fig. 1.—f = Ao/A as a function of r/ro. 


—--—- Sheathed dielectric rods. 
----- Unbounded dielectric rods. 


Bounded dielectric rods. 
€=10 GZ=1-0 2ro/Apo = 0°8 


As an example, R(k,r;), S(kyry) and L(k,r,) have been 
calculated from the data in Fig. 1.6(6) for the case ~ = 1, 
€ = 10; 2rp9/Ay was taken equal to 0-8. Over the range of 
r;/r9 between 0-28 and 0-72 the three functions agree to within 


2 
— — pe) 4p (= a er) — 4en(Kjr;) 


F(Kr ,) =(Kr,)* 


1%. Thus excellent agreement between unbounded and bounded 
propagation curves is to be expected over this range. Such 
agreement is in fact found, as illustrated in Fig. 1, where 
H,,-limit mode and HE,;-mode propagation curves are shown 
for the above rod parameters. The computed H,,-mode curve 
is taken from Reference 1, while the HE,,-mode curve comes 
from Fig. I.6(b). Similar agreement is to be expected for other 
rod and waveguide parameters, provided that k, and (rp — r;) 
are sufficient for k,(r9 — r;) to exceed about 2. 

_ The larger the product je, the larger will be the range of 
r;/ro over which this condition is satisfied. 

Since the literature contains unbounded propagation curves 
for rods with jj = 1, € = 2-5, 4-0, 5-0, 10, 13 and 32 (to which 
Part 1 of this paper adds 2 = 1, € = 16), it is evident that the 
above result is of considerable significance in the rapid deter- 
mination of propagation curves for rods in waveguides. The 
additional knowledge from Part 1, that only the factor pe is 
important with regard to the form of the propagation curves, 
renders the possible ranges of j and € far wider than the above 
seven values. 

In the absence of unbounded-rod propagation curves for some 
specific material parameters, eqns. (I.10) and (I.11) for the limit- 
ing unbounded rod, cases j4/€é = 0 or f4/€ = 00, enable propaga- 
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tion curves for bounded rods to be drawn very approximately 
Over a part of the range of r;/rp. These equations incidentally 
correspond to those for a waveguide of radius r, filled with the 
dielectric, the so-called ‘sheathed rod’. For comparison, B 
calculated from the above equations is shown in Fig. 1 as a 
function of r;/ro. Agreement is seen to be best as ry/ro > 1, 
a result which might be anticipated from power transmission 
considerations. 


(2.2.3) The Condition 8 = 1, or More Generally 8 = w(€4y4)1/2. 

Under the condition SB? = w(e,u4), eqn. (2) reduces to a 
more simple transcendental form. The most direct method of 
obtaining this equation is by consideration of the limiting values 
of R(Kyr,), SCKyr,) and [R(K,r1)S(K,r)] as K, — 0 (correspond- 
ing to the condition B? = we,,). Thus, by expanding these 
functions it may be shown that 


emt o 
Toy 3h 
R(Kyr,) — == O(Kr,)? 
Tht 410 
TOM 
ri To 
ro 74 


+ O(Kjr;)? 
0 
and 2 log, (”) 
oo 


On inserting these expressions into the expanded form of eqn. (2) 
a quadratic for F(Kr,) is obtained, with solutions given by 


AF O(K,r,)* 


N] 


[R(Kyr)S(Kyr)] = 1 + Cyr)? 


12 


21€; log. — 
| €1hi tee bey e Hae 
(Kr,)* 1 — (%y/r)* 2 
2(K,r1)? We 8) 
Phat 
ro 11 
when K, — 0, where P= 
value aO 
Kone ta 
Thus either Fr) = coe" = BP ae.) 
implying J,(Kr,) = 0 for E-modes, 
or 
F(Kr}) = 
2 log. 
(py€y + me) — pyey(Kry)? Bi aie 
"o for H-modes 
( ay ta (10) 


Eqn. (10) can be solved numerically without difficulty, enabling 
the values of r;/rp at which B = (€,2;)'? for Hy,,-limit modes 
to be determined for given parameters. Calculations have been 
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made for Hy,- and Hy,,-limit modes for the parameters of 
Fig. 1 in particular. For the H,,-limit mode, exact agreement 
is found between the value of r,/r9 predicted by eqn. (10) and 
that obtained from the propagation curve taken from Reference 1. 


(2.2.4) The Empty and Filled Waveguide (r;/r9 = 0 and ry/ro = 1). 

The cases r,/ro = 0 and r,/ro = 1, although straightforward, 
nevertheless provide two useful points on the propagation 
curves. f is then obtained from the equation 


re x 2) 1/2 
—=— ier KG 
B {ee as “| 
where Kry = u,, for H-modes, Krpo =j,, for E-modes, and 
J (Um) ae Ji Gin) = 0. 
(2.2.5) The Cut-off Condition, 8 = 0. 
When f = 0, eqn. (2) becomes 


ee eet Ee ae 
(Kr)? (Kyr\)? (Kr)? 


8D) 


€\S(Kyr;) 
(Kir)? 


| =Q0 (2) 


The two sets of solutions given by 


€,F(Kr,) = eR(Kj,r,) (13) 


and by F(Kr,) = pS(Kyr;) (14) 
correspond to H- and E-mode cut-off conditions, respectively. 
This statement is proved by deriving eqns. (13) and (14) directly 
from Maxwell’s equations, making E, and H, zero in turn. 
Only when 6 = 0 is it possible to satisfy the boundary conditions 
at the rod surface without requiring both longitudinal E- and 
H-fields (except in the case of circularly symmetric modes, for 
which n = 0). Eqns. (13) and (14) have been solved graphically 
for rods with €= 10, fj =1-6, 1:0 and 0:25 and with 
2ro/Ay = 0-8 and 0-685. Results of these calculations are given 
in Table 1. 


Table 1 


2rolAo = 0-685 


2rolAo = 0-8 


Table 1 shows 2r,/Ay for cut-off as calculated from eqns. (13) 
and (14) respectively. P denotes propagating mode, NP denotes 
non-propagating mode, over the entire range 0< fy fro, 
€ = 10 throughout. 


(2.2.6) The Slope of the Propagation Curves when 8 = 0 and rj/ro = 1. 
In Appendix 7.2 it is shown that, when B= 0, dB|dr, = 0. 
When rj/7o = |, it can be shown, using eqn. (33) and assuming 
€; = #, = 1, that for the H,,-limit mode 
dB _ (€—Née+(@ —1)[P? + EG — B] 
dr; Bro(uz — 1) 


are obtainable for 


Similar expressions 
propagation. 


other modes of 
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(2.3) Graphical Evaluation of the Propagation Coefficients | 


(2.3.1) Approximate Propagation Curves. 


A first step in the process of obtaining accurate propagation) 
curves is to establish approximate curves by the methods of i 
previous Section. This procedure is not essential, but if it isi 
adopted considerable labour can be avoided. The construction 
of the approximate curves of Fig. 1 is now briefly cscs 
following in sequence through the above methods. 

With the parameters chosen, only the H,,-mode propagates 
in empty waveguide; thus the thin-rod approximation can be 
used only in this case. Since the Hy,-limit curve has beer 
computed,! the limits of the above approximation can be clearly 
seen. 

The unbounded-rod approximation has already been men: 
tioned with respect to the H,,-limit mode, while for E,;- and 
H,>-limit modes fairly close agreement can be expected for value 
of r,/ro between 0-58 and 0-85, and 0-75 and 0-8, respectively 
Within these ranges R(K,r,;), S(K,r;) and L(Kyr;) agree ¢ 
within 10%. is 

For E,,- and E;.-modes, the value of r;/ro at which B = * 
is readily obtained. At this point the propagation curves fo 
the sheathed rod and dielectric rod intersect. For H,;- ane 
H,>-modes the corresponding values of r,/rp are found withou. 
difficulty if curves of the function F(x) are available. 

The empty and filled waveguide conditions establish twe¢ 
points for the H,,-mode, while the cut-off and filled-waveguids 
conditions establish two points for the E,;-, H;2- and E,-mod 
Also, the slope of the propagation curves is infinite for the abov 
three modes when B =s(), 

With the aid of the unbounded propagation curves 9 
Fig. I.6(b), approximate curves have been drawn in Fig. 2 for « 
waveguide containing rods with € = 10, 7 = 1-6, 1-0 and 0-2 


d 
c 


(e) 0-2 0-4 h 0-6 0:8 1:0 


Fig. 2.—f = Ao/A as a function of r1/ro for an Hj;-limit mode. 


~=10 f=1-6,1:0and 0-25 
2ro/An = 0-685 


(2.3.2) Exact Graphical Solutions. 


The method for obtaining exact graphical solutions follo 
from that described in Part 1. Eqn. (2) is put ina quadrati’ 
form for (j/é)!/?: 


(ale) + (B/O)'?f +e =0. (1S: 


i 


i 


D. 


where 
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where, adopting an abbreviated notation, 


b A R NFV? 
f= 
D NFSV2  NFV?2 S ee) 
/Egn. (15) when rearranged gives 
f= — [(a/e'? + c&/j)'?] (17) 


CEU'S 


Solutions are again obtained by plotting f as a function of 
r/o (or conveniently, Kr,) in the range 0 <r,/Ay <ro/Ao, for 
different values of 8; then eqn. (17) is mapped on the same 
diagram. The intersections between these curves give the values 


of r,/Xo corresponding to B for the different modes. Fig. 3 


Fig. 3.—f as a function of r;/ro for a dielectric rod. 


—— fas given by eqn. (16). 
—— fas given by eqn. (17). 


€=10 B=1-:0 2ro/Ay =0°8 


_ shows typical f-diagrams for the case jp = 1, € = 10 and Bice 0, 


0-5, 0:8 and 1-2. 

- The complication in the diagram compared with that for the 
unbounded rod arises from the behaviour of the functions 
R(K,r,) and S(K,r;) compared with M(Kjr,). Also, both sets 
of curves, given by eqns. (16) and (17), depend on R(K;r1) and 
S(K,r,), whereas in the unbounded case M(K,r,;) appeared in 
only one equation [eqn. (I.7)]. When 8 <0-681, R(K,r,) con- 
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tains a singularity located at the value of K,r,; for which 
ED(Kir;) = 1. As B approaches 0-681, the corresponding r,/ro 
value tends to zero. A study of the behaviour of the function 
R(K,r;), when r;/Ag—>0 and Kyro—>u,, requires the evaluation 
of a number of expressions under limiting conditions and is 
consequently an involved process. Nevertheless, it is possible 
to establish an intersection between the two sets of curves at 
this point when B = 0-681, this solution corresponding to the 
H,;-mode of empty waveguide. 

As f increases above unity, the f-diagram resembles 
more closely that for unbounded rods. However, since 
R(K,r,)/SCKyr;) =0 when r;/ro = 1, eqn. (17) gives f = 
— (p/é)'? compared with —[(j/e)'* + (E/f)'7] for the 
unbounded rod case. This accounts for the differences observed 
in the propagation curves in the neighbourhood of r;/r9 = 1. 
Since, in general, R(Kyr;)/S(Kir;) = 1, when r,/ro = 0, eqns. (17) 
and (1.8) (quoted above) are then identical. Thus agreement 
between f-diagrams for the two cases is best for small values 
of r,/ro, provided that B > 1. Values of B taken from Fig. 3 
were incorporated in Fig. 1. In view of the known agreement 
with the unbounded-rod case for 8 exceeding about 1-5, it was 
considered unnecessary to evaluate more values of B than 0-5, 
0-8 and 1-2. Since these confirmed the reliability of the 
approximate propagation curves, the basis for the mode nomen- 
clature in the case of unbounded rods was considered to be 
justified. 


(3) THE TRANSMITTED POWER DISTRIBUTION AND 
ATTENUATION COEFFICIENT 


(3.1) Exact Expression for Power Distribution 


An expression for the transmitted power distribution, P;/Po, 
in a waveguide containing a dielectric rod does not appear to 
have been given previously in the literature. Although the 
derivation is straightforward, the algebra involved is extremely 
tedious owing to the complicated nature of certain integrals, 
which involve functions such as R(K,r,) and S(K,r,). In 
Appendix 7.3 an outline of this derivation is given, and it is 
shown that 


(€ + pA)T, + K (gre + B) 


a te za 5 SR EEN (18) 
Po K F aie a ee = 
(€,T3 =a py A T4) ap K(gmes se B) 
*i (Krovi) f 
Tee Wee Ne eb eae se Te, ed ily) Wi AED Sad) 
o?(Kr1) o(K,r;) 
Kyr Ji Kir )Y¥(Kyro) — lay 1 
a>. = = K2 ye | 
OL) ; 2 1 
Pa, ai Kira) ¥ (Kir) T (4 e ga) 
e p-(Kir) 
_IiKiro¥iKir Ry) KyrS(Kir¥ (Biro) 
p(Kyr) p(Kyr;) 
1 1 
— aRKiry) — 5 (Kirt = 1) 
o(Kyry) = Jy(Kyr)¥\(Kyro) — Yi(Kyr)JiKiro) 
and P(Kyry) = Jy(Kyry)¥ (Karo) — Y (Kyr)J (Kir) 
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Comparison can be made between eqns. (18) and (1.12), 
where P;/P, is given for an unbounded rod, and all the other 
terms in the above equation are defined. The forms of the two 
equations are very similar, differing only in that the term 
(€, + f,A2)T> in the denominator of eqn. (1.12) is replaced 
by —(€, 7; + jf, A?T,) in eqn. (18). On recollection of the close 
agreement between bounded and unbounded propagation curves 
when R(k1r1) ~ S(kyr1) ~ M(kyr}), it might be expected that, in 
this range, T; ~ Ty ~ —T>. This is in fact so, as demonstrated in 
Appendix 7.4. Thus, within the range for which B > (ji;€,)'/ 
and r,/rp is not too near unity, quite close agreement between 
the power distribution of bounded and unbounded rods may be 
expected. Since P;/P ) > 1 under these conditions and the ratio 
is almost independent of rp/Ap, an abrupt change in waveguide 
radius or even waveguide shape would not be expected to alter 
appreciably either B or P,/Py. A small reflection coefficient 
could therefore be expected at such a junction. 

Support for the former statement has been provided by 
Tompkins.* He has found, under the above conditions, almost 
identical phase-change coefficients for circular and rectangular 
waveguides containing rods of the same diameter. The cut-off 
wavelengths of the empty waveguides were approximately the 
same. This observation suggests that a dielectric rod might 
provide a simple means for producing a broad-band impedance 
match between two joined waveguides of differing size or shape. 
It would, of course, be necessary to match the dielectric rod into 


each of the waveguides, but this could readily be accomplished’ 


by tapering the rod. The rod could be supported, for example, 
by means of polystyrene foam. Further work is in progress on 
this topic. 

Since eqn. (18) is exact, it applies when B = 0, i.e. at cut-off. 
For H-modes, 1/A = 0 and Af is finite at cut-off, while for 
E-modes A = 0 and A/ B is finite. Thus 


4a K Bie is 
2 =— es ass as ae for H-modes when f = 0 
0 KY fi,T, + 1/ABM Ee, 
1 [1 a (K,/K)*] K, 2 Pi1€&1 
and —=- = ; = 1 
s AB €F (Kr,)(K,/K)? a €,S(Kyr,) K HE ( 9) 
P. éT, + A/Bpe as 
Siete Oy ~ = 
P, (K,/K) ON for E-modes when B = 0 
Ps = Z 
and A/B = Ei (20) 


jiF(Kr (KK? — fiyR(Kyr) 


The above expressions enable the power distribution at cut-off 
to be readily determined. The limiting expressions for 1/ AB 
and A/f are required again when expressions are developed in 
Section 3.3.1 for the attenuation near cut-off. 
When f = (ji,;€,)'”, K? = 0 and eqn. (18) again reduces to a 
simple form in the case of E-modes: 
P. 


P. =— (elev + pyv/ fi), v <0 (21) 
0 

AS ro -> 00, v-> — | and eqn. (21) reduces to the expression 
for an unbounded rod. Eqn. (21) has also been derived directly 
from a solution of Maxwell’s equations with K? =0. This 
analysis is simplified by the condition H, = E,=0 when 
ro >r>ry,, for E-modes with K? = 0. With H-modes, how- 
ever, eqn. (18) does not simplify and the alternative method is 
complicated by H, and E, remaining finite. Because of the 
similarity in power distribution between unbounded and bounded 
rods and the straightforward expressions which apply in the 
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cases B = 0 and B = (fi,é,)'/”, the construction of approximat} 
power distribution curves for bounded rods can readily bi 
undertaken. However, since the attenuation of a mode i 
usually of more interest than the power distribution, onl) 
curves of the former variable as a function of rod radius si 
shown (Fig. 4). The evaluation of the attenuation coefficiem 
will be considered in Section 3.3, where exact and see 
expressions for the total transmitted power, P; + Po, will bt 
employed. 


(3.2) Perturbation Expression for Total Transmitted Power | 


In view of the complicated form of eqn. (18), when B is suck 
that approximations cannot be made it is convenient to have ; 
perturbation expression for the total transmitted power, P; + Pe 
Such an expression is required when the attenuation coefficient 
are determined. | 

Suhl and Walker! have obtained a perturbation expressio 
for the total transmitted power in a waveguide containing : 
dielectric rod with ~/ = 1: a more general expression is ney 
obtained for a rod with g # 1. 

Consider the effect of increasing the radius of a dielectric ro 
by an increment 6r;. Since the field components H,, He, 
and Fe, are continuous at the rod surface, they remain unchange 
However, H, and E, are discontinuous and so change thei’ 
values when the boundary is displaced. If H,; and E,; are tw 
fields just inside the rod and H,, and E,, the correspondia, 
fields outside, 


£ 


Ho i Le, and Eo 7 </€,E,; 


On substitution in the general perturbation formula 
Appendix 7.1, the following expression for the total transmittee 
power is obtained: 


27w 
y+ Pom Z| fe — (lB + (Bal? + £1EnP) 
AaB ldr €1 
1 “= 
+ Ge— pu) (IH? + |Hol? + “1 H,,12) | 
ppp (HP + Lael? +2 [a ) | 


(22) 
whence on substitution for the fields, 


E 4 an rt) ee — 8%)? + [nB + ZAF(Kr)P 
+ = (nae + BF(Kr))’ 


2ar 1 


5 2 = 
+ i = fiy) ree ) Gi — BP 
+ [nBA + €F(Kr)? + + [né + para vr} . 
1 


In order that eqn. (23) can be used to eliminate P; + Po from ¢ 
particular problem, the slope of the propagation curve dB/dr 
must be known. Since this expression is the result of a pertu 
bation it is clearly invalid near cut-off, where dB/ar, > 0 
However, it is particularly useful near B = 1, where for H-mod 

the numerator and denominator of the exact expression tend t¢ 


ZeTO in such a way that accurate computation become: 
impossible. 


| 


(3.3) Attenuation Coefficient for Waveguides Containing 
Dielectric Rods 


Dielectric Rods. 


|, From Poynting’s theorem it can be shown that, provided the 
osses are small and f is not too near cut-off, the attenuation, «, 


1 wn’ | |H|*dS + we’ | |E|?ds 
7 Si : Si 
2 (PERIPS) 


a = 


(24) 


jtations in this equation extend just over the cross-section of 
the rod. On substitution for |H|? and |E|? and evaluation of 
whe integrals, together with an expression for P; -+ Py through 
Section 3.1, eqn. (24) becomes 

i 


eo —— 


i 
! 
} 
L 
la 
i 


Only T; has not previously been defined: 


el 1 
y me pe 
| Ts sil “a | a 


H 

Eqn. (25) is valid provided that the power lost per wavelength 
ong the rod is small compared to the power flowing. or a 

10% perturbation, the attenuation must not exceed 5dB per 

wavelength. _ 

_ Near cut-off, when 8 — 0, equation 25 simplifies considerably 

with neglect of terms of order B. 

For H,,,-limit modes, 


J’(Kr aa 
J,(Kr,)? 


2 
eGeneren a 
(AT, + BE/AB) + (K/Ky)*(G1T4 — 1 €1/AB) ( % 
For E,,,,-limit modes, 


pe T, + €’"(Xo[277)*K4* Ts je) (27) 
(ET, + Ajne/B) + (K/Ky)*E,T3 — Afiye,/B) \% 


The range of validity of the above equations is restricted, for 
three reasons. First, B must be sufficiently small that terms 
containing p? can be neglected by comparison with those which 
do not contain B. For an approximate result 8 should be less 
than, say, 0-3. Secondly, the losses must be sufficiently small 
that «/B is less than, say, 0-1. This implies that as B tends to 
zero the expressions are valid only for values of jx’”’/jx’ and €”/é 
of order fi or less. Finally, in practice a further restriction 
prevents the use of the expressions in the limit of 6 vanishing; 
this is due to the finite conductivity of the waveguide walls. 
Even in the absence of losses within the guide, if the walls are 
not perfectly conducting « and # remain finite under the con- 
ditions which, in the ideal case, cause « = B = 0. 

-Karbowiak® has determined exact expressions for the 
attenuation due to wall resistivity in an empty circular wave- 
guide. While it is realized that these are not applicable to 
cut-off in a partially filled waveguide, it is to be expected that 
the order of attenuation could be the same. For an E;; mode 
which is just cut off in a perfectly conducting waveguide at 
9Gc/s, « = 0-03dB/cm in a copper waveguide at the same 
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43.3.1) An Expression for the Attenuation Coefficient of Low-Loss 


je’ G + A2B%T, + 2AEB + (nex, a ofp + (Ap? |T, + 206 + (32) xr, 
[(€ + @A2)T, + A(@e/B + B)] + (K/Ky)*[(E,T3 + fy A2T, — ACE /B + BD] 
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frequency. By comparison, a calculation made using eqn. (27) 
gave « ~ 0-5dB/cm(~ 5dB/wavelength) when B = 0-3 and 
e=10, pp =1-6,- 2" = 0-05, and -2r5/Ag = 0-685. Under 
these conditions the first two restrictions are just satisfied. The 
third appears to be well satisfied. 

At B = (44€,)'” for E-modes, eqn. (25) simplifies considerably ; 
without loss of generality 4, and e, are now put equal to unity; 
then, when f = 1, 


a7__ (tan 6,, + tan 6,) 
Ao 1 — Mparl(a + a) 


“a= 


(28) 


where tan 6,, = w/w’ and tan 6, = e’’/e’; v is given in eqn. (8). 
With the aid of eqn. (21) the above equation can be rewritten 
as 


eat (tan 6,, + tan 6,) 


Eu 
B P,+ Po 


(25) 


This equation is also valid for unbounded rods, and thus in 
this special case it is possible to show that attenuation and 
energy concentration are linearly related. This was anticipated 
in general for unbounded rods in Fig. I.7. 


(3.3.2) The Attenuation Coefficient for Thin Dielectric Rods. 


The attenuation coefficient of a waveguide containing a thin 
dielectric rod can be obtained directly from eqn. (33) of 
Appendix 7.1. On putting w =p’ —ju” and «= €’ — je”, 
the attenuation coefficient for the H,;-mode becomes 


- uz 2a (1 1\2 
** Rup@ — 1 me 


3 =f 1 = 
= SS = 29 
| Poy ab 1)? + Tee Bo (@ ale 1)? Je =| ( )) 


where Bo is the phase-change coefficient in empty waveguide. 

Later in this paper general results are given for the attenuation 
coefficient of an H,,-mode, and these are compared with those 
obtained from eqn. (29). This equation is valid even when 
losses are large, provided that r;/ro is sufficiently small for the 
perturbation to be valid. 


(3.3.3) The Attenuation Coefficient of a Filled Waveguide. 


The attenuation coefficient of a waveguide filled with a loss 
dielectric is given exactly by 


= af 21 | Ao “i i LA 7S “i | 
a 8 x) 5 ees 
NA? 2 __ jt 2 
at {| 2) a UST ea vit | te (ep 4 prey 


(30) 


(3.3.4) Perturbation Expression for Attenuation Coefficient. 

If the perturbation expression for P; + Po [eqn. (23)] is sub- 
stituted into eqn. (24), the following expression for the attenua- 
tion coefficient is obtained: 
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This equation has been used to determine the attenuation coeffi- 
cient of a waveguide containing a dielectric rod, the parameters 
being § = 1:6, € = 11-4 and 2r9/Ayp = 0-685. The corre- 
sponding waveguide diameter is 0°875in at a frequency of 
9-25 Gc/s; incidentally, the material parameters are those of a 
saturated nickel-zinc ferrite in a negatively circularly polarized 
field. The extent to which the field in a ferrite rod is in fact 
circularly polarized has been discussed elsewhere.’ However, 
anticipating that the approximation is quite good, particularly 
for rods of small diameter, the following remarks have a wider 
implication than just for unmagnetized ferrite or dielectric rods. 


ATTENUATION FACTORS, Fry AND Fp; NORMALIZED PHASE-CHANGE COEFFICIENT, B 


"Og, Ole 02.1 05 ,.04,.05 "06 O7 
ROD DIAMETER/FREE-SPACE WAVELENGTH, 2r,/'Ag 
Fig. 44.—Attenuation factors Fy and Fp and normalized phase-change 


coefficient, #, as a function of 27;/Ao. 
Scale for Fp multiplied by a factor of 10. 


Fig. 44 shows the attenuation factors Fy, and Fp for magnetic 
and dielectric loss respectively, in the above case, together with 


the phase-change coefficient B, assuming zero loss; because of 
the choice of parameters the magnetic-loss term in eqn. (31) 
predominates. The actual attenuation coefficient, «, is given by 


2 
io = (2 Fy + €’Fp)8 +686 decibels per unit length (32) 
0 


For comparison, curves of B and Fy, obtained from the thin-rod 
formulae are shown in Fig. 4B. It can be seen that the range of 
values of r;/ro for which the thin-rod perturbation is valid is 
much less for the attenuation coefficient than for the phase- 
change coefficient. This result follows from the neglect of the 
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Fig. 4B.—f and attenuation factor Fy for Hy1-limit inodd asa 
function of 2r;/Ao. 


— ‘Exact’ results. 
—---— Thin-rod perturbation results. 
Parameters as in Fig. 4A. 


guiding influence of the rod, when determining the internal r.:, 
fields, which are substituted into the perturbation expressior) 
For small rod diameter this predominantly affects the attenuatior 


(4) CONCLUSIONS 


The mode spectrum of a circular waveguide containing 
dielectric rod has been established by means of approximat! 
and exact graphical methods. Correlation between the propé 
gation coefficients and power distribution for unbounded aii’ 
bounded rods is theoretically predicted. In the case of thi 
phase-change coefficients, the correlation enables an unam 
biguous classification of the modes of an unbounded rod to bi 
established. Exact and perturbation expressions for the tot! 
transmitted power, power distribution and attenuation coeffi 
cients are derived. Normalized attenuation coefficients ar! 
calculated for the H,,-limit mode. 

Although the numerical results provided here and in Part 
of the paper have resolved a number of general question! 
regarding the propagation behaviour of unbounded and bounde: 
rods, it is felt that further computations would be well justifiec 
As examples, the difference between the curves of attenuatio2 
coefficient for unbounded and bounded rods warrants mor! 


attention, as does the detailed behaviour of the phase-chang: 
coefficients near r;/rp = 1. 


i Finally, the application of the above results to problems 
(volving ferrites is again worthy of mention. In an earlier 
{ aper’ the author used the phase-change coefficient curve 
/hown in Fig. 4a as the first stage in a perturbation calculation 
if the curve for a magnetically saturated ferrite rod. A com- 
jarison between this latter curve and one obtained from experi- 
‘mental results showed very satisfactory agreement. It was 
jemarked in Part 1 that in the general analysis of Faraday- 
jOtation devices it is often adequate to base approximate cal- 
|ulations on results obtained for rods with isotropic permeability 
pe — nx]. Thus results such as those shown in Figs. 1, 2 and 4 
,an be applied in a study of ferrite devices. Approximate 
| ropagation curves derived using the method of Section 2 were 
siven in Part 1 for a wide range of values of j€. These curves 
jmable the variation in phase-change coefficient with per- 
} neability to be predicted. Since a change in the static field 
! ypplied to a ferrite causes a change in the permeability, the 
jorresponding change in phase-change coefficient can be 
‘ipproximately determined for a particular ferrite structure. 
|\These methods have been used by the author to explain success- 
vully the experimentally observed behaviour of a circular 
‘Waveguide containing nickel-zinc and magnesium-manganese 
Yerrite rods.-9 In particular, a semi-quantitative explanation 
of the effects of multiple reflections and mode interference on 
the transmission coefficient have been provided. 

; The problem of determining the reflection from a ferrite rod 
| of arbitrary diameter contained in a circular waveguide presents 
jconsiderable theoretical difficulties. Although the analogous 
= for a dielectric rod is quite complicated, it is more 
| 
| 
| 


amenable to approximate methods of solution. The results of 
the present paper enable such methods to be explored. 


| 
| 
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(7) APPENDICES 
(7.1) Perturbation Expression for the Change in Propagation 
Coefficient 


Suhl and Walker! and the author® have shown that the 
change in the propagation coefficient, dy = « + j5B, caused 
by the introduction into a waveguide of a rod with permeability 
pu and permittivity € is given by 


Jw 
ee { [lw — Ho). Hl 
1 
: | Ernm X Ainm-4S +(e — «EE nlas} (33) 


Where H and E are the perturbed fields and H,,,,, and E,,,,, the 
unperturbed fields. .S; and So are the cross-section surfaces of 
the rod and waveguide respectively. 


(7.2) The Slope of the Propagation Curve at Cut-off 
The characteristic equation for a waveguide containing a 
dielectric rod [eqn. (2)] can be written 
petit if, 5 to topo OS) 
where 
f, = [1/(Kr,)* — 1/(K,r,)*], 
f, = [@F (Kr ,)/(Kr,)? st My R(Kyr) (Kir)? ] 
and f; — [€F(Kr,)/(Kr,)? = €,S(Kyr)/(Kyr)"]- On differen- 


tiating the above equation with respect to r, (maintaining A 
and rp constant), 


dB, eer d rr 
ae UB) = fi (haf + fog fa) BS . GS) 


On expanding the differential terms in this equation, 


>F2 
ue = ftee fae 


op op op 
Of. of. dF2 
me? 3 24 1 
fi (ee , To) ffs or; 


When B = 0 it is simply demonstrated that dBldr, = OO Since 
either f, or f; is then zero, it is merely necessary to show, respec- 
tively, that either df,/08 or of;/d8 = 0 while either of,/dr, or 
of;/dr, remains finite. These conditions are readily proved. 


dB a, 
- (2¢B — £7f, 


(7.3) Transmitted Power Ratio P;/P, for Dielectric Rod in 
Waveguide 


The expression for P; is the same as that given in Part 1, 
Appendix 7 only where f and A are determined from eqn. (2) 
and the equation 

E S(Kir1) cae) 
eee eee rT) 


E R(Kyr) ee 


em 1050) 


Nr Kr)? 


Py is then obtained from the field components: 


ee _ ¢ Ji(Kry) D(K,r) ' a —j8 (37 
E, = IQ K? BK, o(Kyr) Ny r p(Kyr) cae ( ) 
— _, J,(Kr,)| B DK) a) ene 
Fees Ke E o(K,r) + Kops p( Kr) : 8) 
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ae . ;,31(Kr;) D(Kyry) AB Ber 76 
incaanles ¢ Kf [Ave 4 'o(Kyr) r  p(Kyry) Caer 
i ;31(Kr;) WE, D(Kjr,) Eeeo 
ap K? | r o(K4r) B (Kiri Dee Wy 
where D(K,r) = J,(Kyn)Y¥,(Kiro) — Y10Kr)J5, (Kir) (41) 
E(Kyr) = J, (Kyr)¥{(Kyro) — Yy(Kyr)J (Kyo) (42) 


On evaluation of the integral I — E,H;*) for the region 


outside the rod, Po is given by ~* 
AF (Ki r = 


(E,Hs 


Vid TAG) eg [(we, BT; + A?wp4BT,) 


+ A(w?m,€, + B?)] (43) 


where 73 and Ty, are given in eqn. (18), in which the final 
expression for P;/Po is stated. 


(7.4) Behaviour of the Functions 7; and 7, when B > 1 
and r,/rp ~1 


When B> 1, K, = — jk,, where k, is real, and T; is given by 
L,= 1 Ayro)Kikiro) + 4 m Kyyrpli Aro) Sirs) 
a*(kyr1) o(k,r}) 
_ Airy Ky kyrol Airy) 


$S(kyry) + KkyrF +1). (44) 


o(kyr}) 


where = o(kyr,) = [Ty (Ayr) Ky (kyr) — Ky (Ayr, (kyro)] 
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and S(k,r,) is defined in eqn. (5). Since, when z is large, r/ 


&7 AT: 1/2 
ttc) = nnn and K,(z) ~ (=) lied 


the first and third terms in T; may be neglected, provided tl 
k,(ro — r;) is large. Also, the second term reduces to —S(kyry 
Thus 73 becomes 


— BS*kyry + Sqr) — HKGr7 + DI 
However, in Section 2.2.2 it was shown that, when ky(rors) i 
large, S(kyr,;) ~ M(kyr,), whereby T; reduces to —T> as give: 


in eqn. (12). (See also the List of Symbols.) 
Similarly, 


K (karo {(Airo) + 4[C + 1/(kyr)?] 
pr(kyr1) | 

Ki (kyr Ukr Ry; 

plk yr) 


— $R°(kyr)) + Har? + 2) 


T= — 


_ Kyriad Ki(Karo) 
plkyr;) 
Plkyry) = [KiaroliGary) — iGo Kikiry)] 
This reduces in a similar manner as above to 
— BR*(Ayr) + Ryn) — 4(K3r? + 0] 


Since R(k,r,;) ~ M(k,r;) when k,(ro — rj) is large, T, is 2 
approximately equal to —7>. 


where 
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SUMMARY 


fe 

, The paper deals with the idealized problem of the excitation of 
uface waves along two. infinite, identical, separate and parallel 
ielectric slabs by a magnetic line source (slot). The problem is 
:duced to a superposition of simpler ones, namely two parallel slabs 
‘ith symmetrical excitation and two parallel slabs with antisymmetrical 
‘xcifation. 

_ The simplified problems are solved by the modal-analysis approach, 
‘nd the synthesis of the modal components is carried out to obtain 
¢ far fields excited by the magnetic line. 

| Radiation pattern, total power of the surface waves, total radiation 
ss and the efficiency of launching the surface wave are derived and 
‘omputed numerically for various thicknesses of the slabs, various 
ir-gaps between the slabs and different positions of the magnetic line 
ource. The theoretical results indicate that, for each thickness of the 
Jabs, high efficiency is obtained with an optimum location of the 
ource and an optimum air-gap. Moreover, the thicker the slabs, 
he higher is the maximum efficiency. The thickness of the slabs and 
he air-gap are ultimately limited by the requirement that only one 
urface wave should exist for the structure. 


| 


LIST OF SYMBOLS 


« = Normalized thickness of slabs = 2Kod. 
8 = Normalized separation (air-gap) between slabs = 
2Kog ~ 
I’ = +1 for antisymmetrical excitation or —1 for 
symmetrical excitation. 
6(y¥) = Dirac delta function (or unit impulse function). 
e(y) = Relative permittivity. 
€) = Permittivity of vacuum = 10~°/3677. 
$n) = Eigen-function corresponding to the nth surface 
wave (discrete mode). 
$n, y) = Higen-function corresponding to one of the 
continuous modes. 
¢ = Polar angle (Fig. 1). 
¢ = Characteristic propagation coefficient of the trans- 
mission line in the z-direction. 
7” = Wave number of the continuous mode in the 
y-direction in air. 
7’ = Wave number of the continuous mode in the 
y-direction in the dielectric. 
Nn = Wave number of the discrete mode in the y-direc- 
tion in air. 
n, = Wave number of the discrete mode in the y-direc- 
tion in the dielectric. 
ug = Permeability of vacuum = 47 x 1077. 
o = Launching efficiency of the surface wave. 
d = Thickness of dielectric slabs. 
2g = Separation distance between two parallel slabs. 
Hygcd) = Component in the x-direction of the radiated 
magnetic field (i.e. the surface wave excluded). 
Iz) = Amplitude of the modal current for the nth surface 
wave [eqn. (16)]. 
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In, 2) = Amplitude of the modal current for one mode of 
the continuous part of the spectrum [eqn. (16)]. 

Ky = Propagation wave number of a plane wave of 
angular frequency w in free space in the direction 
of propagation = w+/(U9<). 

N, = Normalization constant of mth surface wave 
[eqn. (4d)]. 

R = Radial co-ordinate (Fig. 1). 

Yn = Normalized wave number in y-direction, inside 
the dielectric, of the mth surface wave = 7,/Ko. 

P,, = Total power contained in the nth surface wave 
[eqn. (16)]. 

S,ad = Radiated power per unit angle [eqn. (13a)]. 

S, = Normalized modulus of the wave number in y- 
direction in air for the mth surface wave 
ee in,| Ko. 

u(y) = Unit step function, zero for negative argument and 
1 for positive argument. 
V,(z) = Amplitude of the modal voltage for the nth surface 
wave [eqn. (1a)]. ; 
Vin,z) = Amplitude of the modal voltage for one mode of 
the continuous part of the spectrum [eqn. (1a)]. 
x, y, Zz = Cartesian co-ordinates. 

y’ = Distance from the magnetic line source to the 
outer surface of the slab (Figs. 1 and 2). 

Y = 1/Z = Characteristic admittance of the transmission line. 


(1) INTRODUCTION 


We will assume that the reader is familiar with surface waves. 
There has been a large number of papers written on the subject 
and reference should be made to Zucker’s paper! for a complete 
bibliography. The recent development of high-speed aircraft 
has been the main reason for the interest in surface-wave 
antennae and the problem of excitation of the surface wave is 
of practical interest. 

The excitation of a single slab by a magnetic line source has 
been previously carried out by the authors” and compared with 
Cullen’s? results. The results obtained agree qualitatively with 
those of Cullen, but owing to the approximations in his paper, 
the agreement is quantitative for very thin dielectric slabs only. 
It was found that, for a thin dielectric slab, there is a position 
of the source outside the slab which yields maximum excitation 
efficiency of the surface wave. Recently, Friedmann and 
Williams* have considered the excitation of earthed layers of 
dielectric by a magnetic line source above the dielectrics. They 
carry out the analysis by the Wiener-Hopf method and their 
results also agree with those previously reported by Cullen. 

In this paper we discuss the excitation of surface waves in a 
structure made of two dielectric slabs with an air-gap by means 
of a magnetic line source inside or outside the dielectrics (Fig. 1). 
This is the idealized problem of the excitation by a slot. It is 
also the 2-dimensional Green’s function for such a structure, 
and therefore the results can be used in the analysis of other 
types of 2-dimensional excitation such as excitation by a parallel- 
plate waveguide. 
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Fig. 1.—Two infinite dielectric slabs excited by a magnetic line source. 


The excitation of a single dielectric slab? is a special case 
where the two slabs lie next to each other. 

It is evident from Fig. 1 that in our problem H, = H, = E, = 0. 
Furthermore, the linearity of Maxwell’s equations and the 
symmetry of the two slabs suggest that the excitation by a single 
magnetic line source may be considered as a superposition of 
the two following types of excitation: 

(a) Symmetrical excitation by two identical magnetic lines. In 
this case Hx is symmetrical with respect to the plane y = — (g + d), 
and E, = 0 at y= —(g+d). Hence the fields will not be dis- 
turbed by the insertion of an electric wall at y= — (g +d). The 
een coefficient at y = — (g + d) looking toward y = — 
is T= —1. 

(6) Antisymmetrical excitation by two magnetic lines 180° out 
of phase. In this case H, is antisymmetrical with respect to the 
plane y = — (g + d) and the fields will not be disturbed by the 
insertion of a magnetic wall at y= —(g-+d). The reflection 
coefficient at y = — (g + d) looking toward y = — wis = +1. 


In either type of excitation the fields for y< — (g + d) can 
be deduced immediately from the fields for y> —(g+d). 
Therefore only half-space structures with an electric or magnetic 
wall placed at y = — (g + d) will be considered. All deriva- 
tions will be carried out simultaneously for the symmetrical 
(I‘ = — 1) and antisymmetrical excitation (I’= +1). The 
total fields excited by a single magnetic line source are obtained 
by superposition. It should be noted here that the case of sym- 
metrical excitation is of particular interest by itself since it is 
the problem of a magnetic line source exciting a slab suspended 
above a conductor. 


(2) REPRESENTATION OF THE FIELDS TAKING Oz AS THE 
DIRECTION OF PROPAGATION 

The problem of an infinite dielectric slab suspended above an 
electric or magnetic wall (the half-space structure) can naturally 
be regarded as a parallel-plate waveguide of infinite cross- 
section (Fig. 2). It can be analyzed either as a parallel-plate 
waveguide partially filled with dielectric, which has Oz as its 
direction of propagation, or as three homogeneous parallel- 
plate waveguides in cascade with Oy as their direction of 
propagation. In either case, Maxwell’s equations are reduced 
to a differential equation with the appropriate boundary con- 
ditions characteristic of the cross-section and a transmission 
line with sources for the modal amplitudes. The fields are given 
by the synthesis of all their modal components. 

The first approach (regarding Oz as the direction of propa- 
gation) has the advantage that the surface waves appear explicitly 
from the beginning as the discrete part of the characteristic 
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Fig. 2.—The half-structure. 


mode spectrum. The orthogonality properties of the surfa 
waves and the radiated waves (the continuous part of tir 
spectrum) further enables us to compute the total surface-wa 
power and radiation loss separately. This is the approach tha 
we will follow throughout this part of the paper. 

We consider, therefore, the half-space structure as a paralle 
plate waveguide of infinite cross-section (z = constant) with a 
electric wall removed to y = + © and an electric or magnetil 
wall at y= —(g-+d). The guide is partially filled with 
dielectric slab from y = —dtoy = 0. 

The fields transverse to the z-axis can be represented as 
superposition of all the characteristic modes of the parallel-plat 
Open waveguide: 


- 50,9 = E V,082 + [Ve gEDay «Gi 
H(y,2=> $a) + [er 2d, y)dn . (IE 


where ¢,(y) are modes of the discrete mode spectrum (surfac 
waves) and ¢(7, y) are modes of the continuous part of tht 
mode spectrum. The propagation of E, and H,, can be regarde: 
as the sum of all these modes propagating in the z-direction alo: 
their individual transmission lines with characteristic impedance 
Z formed by the open parallel-plate waveguide. 

This representation is discussed in some detail in References | 
and 5 and we will not elaborate here on the interpretation c 
eqns. (1). 

Maxwell’s equations are satisfied if the modal amplitudes 
and J of each of the discrete and continuous modes satisfy thi 
inhomogeneous transmission-line equations 


dV 
Fe FIZ = — 8G . (2c: 
ae ati ylv=0 (2 


with the boundary condition that there is no incoming waw 
from z= +00. On the other hand, each characteristic mo 
must also satisfy the characteristic equation 


ad Ge ys its 
E ey ay +22 |b) ? 


with the boundary conditions that 


(2¢ 


a-DF+a4+Dp=0 at y= —(d+g). Qa 


5 mad i = = 

i <) dy are continuous at y = 0 and y = —d (2e) 
n addition, the proper modes or discrete part of the mode 
/pectrum will also satisfy the following boundary conditions 
ylus the radiation condition: 

dg 


Fi eh deca at y= oo 


(2f) 
In eqns. (2), ¢ obviously has the meaning of the propagation 

efficient of the individual transmission lines in the z-direction, 
Y and Z are the characteristic admittance and impedance of the 
/ransmission line associated with the mode ¢, and « is the 
(relative permittivity: 


e forO0>y>-—d 
€(y) = 


1 fory >0Oor—d>y>—(g+d) ed 


‘nf ¥), Z, Y, and ¢ are related to each other by the following 
/>quations: 
ily 
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for region 1 in Fig. 2; 
cos y,Koy — Sn sin YnKoy 
$i) = 62(y) = ———— 2. ____ 
for region 2; and 
b(¥) = 62(y) = 


1 = Te Psn 
—9,,c08h [Kos,(» + d)] + sinh [Kos,(y + d)] 


= (4b) 


n 


130 fee 
it =e _ em 
1+Te-bm " y, 


a o4 
tan e "VN, cos x 


(4c) 
for region 3. 

In the above expressions, « = 2Kod is the normalized thick- 
ness of the slabs, 8 = 2Kog is the normalized separation distance 
between the slabs, y, = 7,/Ko is the propagation wave-number 
in the y-direction inside the dielectric for mode 7, normalized 
with respect to the free-space wave-number of the excitation, 
Sy = — jn,|Ko is the normalized modulus of the wave-number of 
mode inthe y-direction in air, and N,, is a normalization constant. 


I tae I tan (VC; ee = Mac? (ee (; ea <n) 2BDe~"™ (Yn ay Hn 1) 
LE 25 a SAS Td Na ae 2/\i + Te-t» 92) + Te Pmtes, © 2 
! 4 2K ce _ €Sp XV n 1 Weaese €s a 
ik —— + tan —" = ope 
ere eye 8 10 


For any mode of the continuous 
mode spectrum. 


V =V(m, z) . (3d) 

I =I(n, 2) (3c) 

C = vV[Koe() — 77(y)]. Gd) 
Oe yd 


For any mode of the discrete 
| mode spectrum. 


V=V2) 
[z= O64) 
E= 6 = VIREO) — 7011 


| grand S07 2S id (y) = 

>0 
nl ¥) == ee = 0; ob z é 2 | 
ad y= (gd) Lee See 
Mm 1 xy, 1 KY. Se 
Te eee Bf) 
oY) = $,(y) dy) = O(n, ¥’) (3g) 


Yo = V/(€o/o) is the intrinsic admittance of free space and 
Ky = wv/(€oHo) is the free-space wave-number. Therefore 
m,, and 7’ are the wave numbers of the mode ¢ in the y-direction 
in the dielectric, while 7, and 7 are the wave numbers of the 
mode ¢ in the y-direction in air. 4,, Ny» Sn» 7, 7’ and € are the 
characteristic values (or eigen-values) determined by eqns. (2c), 

(2d), (2e) and (2f). 

The orthogonality and normalization properties of the mode 
spectrum are specified by the completeness relation 


N + 
)8y =) = E Po 9$,09 + | or DOO dy GM 


The solution of the characteristic mode equation (2c) is carried 
out by the characteristic Green’s function method. The reader 
is referred to Marcuvitz® for a discussion of the method and to 
Angulo and Chang? for details of the application to the present 
problem; only the results are given here. 

The modes of the discrete spectrum (the surface waves) are 


given by 
| = SnKoy 


b(¥) = 6P(y) = N, (4a) 


PERG perc ae oro} 
(4d) 


In eqns. (4) we have chosen to designate by 4°»), 42'(y), 
$?(y) the analytical expressions of ¢,(y) for the respective 
regions of the space. This notation will simplify the results 
given below. 

The values of ,, and s, are the solutions of the resonance in 
the y-direction and they are obtained from 


1 — Tes y, 1—Te-® es ay, 
i zy ( = 3) a 
' 1+ Te-Bsn es, 1+Te—S yy, we C2) 
yi+st=e—1 (5b) 


The value of the normalization constant is derived in 
Reference 7, p: 17. 

For 0 < « < 2m//(e — 1) there is one and only one sym- 
metrical mode in the discrete part of the mode spectrum 
(I’ = — 1). This mode always exists, no matter how small is 
the product of the angular frequency, w, and the thickness of 
the slab, d. This is the lowest mode. For I‘ = +1 the 
antisymmetrical discrete part of the mode spectrum exists only 


for «> arc tan There is one and only 


D 2e 
4) (er 8) Be — 1) 
One antisymmetrical mode if 


iW OREN Sabian lpsrubareetr ti 
BYe-1) >) Ve = 1) 


| caane Pema =| 
are ta et 

In most practical cases the frequency and the dimensions of 
the structure will be chosen in such a way that only one sym- 
metrical and antisymmetrical surface wave can exist. This is 
our assumption throughout the paper, and numerical computa- 
tions have been carried out only for the lowest symmetrical and 
antisymmetrical surface waves for « = 2°49. Fig. 3(a) shows 
the normalized wave-numbers for the lowest symmetrical surface 
wave (I’ = — 1), and Fig. 3(b) shows the normalized wave- 
numbers for the lowest antisymmetrical surface wave. We 
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Fig. 3.—Variation of y1 and s; with «, for « = 2:49. 


(a) Symmetrical surface wave (I. = — 1). 
(b) Antisymmetrical surface wave (Bes = + 1). 


notice in Fig. 3(a) that, as the slab is moved away from the 
electric wall, s; decreases, i.e. the surface wave has more and 
more power contained in the air outside the slab. On the 
contrary, the wave numbers for the antisymmetrical surface wave 
show that, as the slab is moved away from the magnetic wall, s, 
increases and the antisymmetrical surface wave would have a 
larger proportion of the power concentrated in the slab. In the 
limit, as 6 — 00, the symmetrical and antisymmetrical wave- 
numbers coincide with each other. They are the wave numbers 
of a single isolated slab of thickness «. or any finite air-gap 
(g 0) the antisymmetrical surface wave would have a value 
of s,; smaller (larger phase velocity) than that of a single isolated 
slab, while the symmetrical surface wave would have a value 
of s, larger (smaller phase velocity) than that of the isolated slab. 
This also means that the symmetrical waves are bound more 
closely to the slabs. 

It is clear from Fig. 3(a) that we have two ways of modulating 
the phase velocity along an earthed dielectric slab; one is by 
varying the thickness of the slab, and the other, by separating the 
slab from the earth. 

The expressions for the continuous part of the mode spectrum 
are as follows: 


cos —jA si 
#(n, Y) = Site a di 
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In eqns. (6) we — AY(y, y), O(n, vy) and dC, y) th 
analytical expressions that ¢(y, y) takes in the different regior 
of space. 


The solution of the transmission-line equations (3) is quite 
byious: 


$= OO) exp (— tle) | 


: 
(Hen © 


I= exp (— j¢|z|) 

: or z=0. 

' The fields can be obtained immediately in integral form by the 
oroper substitutions. Since the structure considered is obviously 
/ymmetrical with respect to the plane z = 0, we will only give 
he fields for z>0. They are 


1} 


BU, Zz) — > PLEAD) 


=e $n, VIG, Y) 
| ay 


Yi Pal )bn) 
2 


exp (— j€,,z) 


i g=1 


exp [— jx/(K2 — 7?)z]dn . .(8a) 


\ a N 
AO, z= 23 


na 


exp (— j¢,z) 


exp [— jx/(K3 — 7)z|dn . (8d) 
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| We will evaluate these expressions in Section 3. 

| The alternative approach, which considers the half-space 
structure as three homogeneous parallel-plate waveguides of 
‘infinite cross-section (y = constant) having walls at z= +. 
zonnected in cascade, is carried out in Reference 7. This method 
lyields asymptotic expressions for E y and H,, identical with those 
i given by eqns. (8). 


fa (3) THE FAR ZONE FIELDS 

The fields are obtained by substituting eqns. (4) and (6) into 
‘eqns. (8). We do not have to integrate eqns. (8a) and (8d) 
separately since the knowledge of H,,. yields the electric field 
components. Therefore we will discuss ary the synthesis of 
the magnetic field. 

| Let us first calculate the magnetic field at a point above the 
slab. In that case the analytical expressions for ¢,(y) and 
on, y) in eqn. (8b) are the functions 6(y) and ¢(n, y) given 
in eqns. (4a) and (6a) respectively. The admittances are defined 
in eqn. (3f). oe (86) becomes 


N bP VObA) 


4 HA) = — 3 Be cae ov aD 
Yo 
ee ea Xn, y(n, ¥) 
exp [—sl2lV(K3—7)] - ©) 
for y > 0. 


The analytical expressions for 4(y, y’) and ¢,(y’) will depend 
on the position of the source. We must write GO, y’) and 
$2(y’) if yy > 0; dy, »’) and $n”) if 0>y’ > —d and 
Pn, y) as J y) if -d>y'>—(g+d). Therefore 
we must perform three different integrations in the y-plane. 

All three integrals have branch points at 7 = + Ko and poles 
at the positive imaginary axis of the 7-plane corresponding 
to the surface waves. The path of integration is chosen around 
the branch points in such a way that .%/(K% — 7*) <0 to 
suit the physical conditions. The poles, branch cuts and paths 
of integration are indicated in Fig. 4. 

The integrals of eqn. (9) are obtained by the method of steepest 
descents after a customary change of variables from ¢ and 7 to 
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Fig. 4.—Path of integration for synthesis of the fields. 


K and 0, together with a change from Cartesian co-ordinates to 
the polar co-ordinates shown in Fig. 1, as follows: 


iain y=Rsind (10) 
n=Kjsin@ z=Rcos¢ 
The algebraic manipulations are omitted here.. The final first 


approximation for the far field (first term of the asymptotic 
series) aie 
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We have retained Cartesian co-ordinates for the contribution 
of the surface waves for convenience. , 
In eqns. (11), 


F(¢) =1+ 
1—Dexp(—jBsin¢) /(« —cos*¢) F i 
' +r Texp(— jp sind) esin gd ae avi eee 
1—Texp(--jBsin¢d) ,, sing 
1 + Texp(—jB sin 4) IVe — cos? d) 


tan [ev (e — cos? | 
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Now we will evaluate the field at a point which is not above 
the dielectric slab, ic. 0 > y > —(g+4+ 4d). 

In each case, H,, is distinctly made up of two parts, H,, (surface 
wave) and H, (radiated waves). The radiated contribution for 
0>y>-—(g+4d) has zero first-order effect for KpR > 1. 
Therefore only the surface-wave contribution is computed. 
The results are as follows: 


Yy, N z: (2) y 
Hy,2)=— 3 ¥ aa exp [— iKolzlV( + 39)] 


(surface waves) (1le) 


for0>y>-—-d 


oe 


 f(3) 
Ty; Z) ees 5) » Pl Y Pi; (y) 


(surface waves) Lg ar) 
fold ye a) 


The analytical expressions for ¢,(’) in eqns. (1le) and (11f) 
depend on the position of the source. This was explained in 
the paragraph following eqn. (9). 

It should be noted here that the unit step function which 
appears in eqns. (11a), (115) and (11c) is, of course, inconsistent 
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The validity of such a formulation is assumed owing to tw« 
properties of H,: 

(a) There is no coupling of power between the surface wave: 
and the radiated wave, due to the orthogonality of modes establishe« 
in Section 2. a | 

(b) For large values of R, Hx (radiated) has a negligible first 
order effect at ¢ ~ 0, while Hx (surface waves) has negligible effec 
for KoR¢ > 0. | 


Since our problem is perfectly symmetrical with respect to th 
plane z = 0, only the radiation patterns for z > 0 are writter 
and computed explicitly. | 

We shall first proceed to find radiation patterns for symmetrica’ 
and antisymmetrical excitations, and afterwards the radiatiox 
pattern of the single source excitation for the complete structure 

By an obvious application of Poynting’s theorem to the field. 
given in eqns. (11), we obtain the following expressions for thy 
average power radiated per unit angle for symmetrical (I. = — || 
and antisymmetrical (1 = + 1) excitations: | 


KoR 
Syad a DeveglEacrad)|” See se ebee 1 


The notation will be more compact if we make use of the follow 
ing functions: 


__ TI’ —cos (f sin ¢) 
9) sin (8 sin d) ; 


Y(¢) = f(A) cos EY (€ — cos? | 
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esingd 
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The average power radiated per unit angle for a position of th 
source above the dielectric slab is 
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J Eo e sin h Kir cos? [Ky’ sin 4] | 
Sra oe 1+ Fd) tan [Koy’ sin 4] Trg [2a9 (134i 
The function F(¢) is given in eqn. (11d). 
If the source is inside the dielectric, 
: valtaale 2 i 7 z 
«wea | (or +) Vee 0? | reese 008 [(Ho" + vicar |r| | 
rad de |F(¢)| P(A) . (133 


with the continuity of the fields. It is present because we are 
using only a first-order approximation to H,. The approxima- 
tion is, however, good enough except at ¢/2 = arc tan S,/[1 + 
/(1 + s?)]. 

The electric fields can be obtained by differentiation of the 
magnetic field: 
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(4) THE RADIATION PATTERN 


The term ‘radiation pattern’ is used here to denote the pattern 
of the radiation loss or radiated wave. This pattern and the total 
radiation loss are found by means of H,. (radiated) alone, where 
H,, (radiated) is the total H,, minus the surface-wave contribution. 


And finally, if the source is in between the dielectric slab ar! 
the plane of symmetry, 


= WE, 

Srad = Ge 
of | (Kay + $) sin $| + f(g) cos | (ay + >) sin $| || 
FOE@ | 


Many radiation patterns have been computed, but we shod 
here only some typical ones. Fig. 5(a) is a plot of the radiatidl 
patterns for symmetrical excitation for « = 3, Pi=s3 iran 
several positions of the source. Fig. 5(b) shows some radiatia| 
patterns for « = 3, 8 = 3 and antisymmetrical excitation. | 

As we would expect, the radiation patterns are just deviatio: 
of those obtained from two parallel line sources in free spas 
and we will not go into a detailed discussion, which can © 
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found elsewhere.’ We will simply state that the area enclosed 
by the loops (radiation loss) will pass alternately through 
maximum and minimum as the source is raised above the plane 
of-symmetry, and the efficiency of excitation can be controlled 
in this way. 
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Fig. 5.—Radiation pattern for several heights of source for « = 3 and f = 3. 
(a) Symmetrical excitation (T' = — 1), 
(6) Antisymmetrical excitation (T = + 1). 
for the half-space structures and 
m/2 7/2 
[ Saad ai I Sraad , (155) 
0 @=+1 ~0 @=-) 
for the complete structure with single source excitation. The 


_ We can obtain by superposition of the fields the radiation 
pattern of the complete structure shown in Fig. 1 excited by a 
Single line source. The magnetic field is given by 


27 (rad) A [Hy(raay] a [Ay (raa)] 
Pe+1 


(14) 
=-1 


ford 2 0. 


(6) THE TOTAL RADIATION LOSS AND THE POWER 
CARRIED IN THE SURFACE WAVES 


Evidently the total radiation loss is 
7/2 


2 Sas. (15a) 
0 


VoL. 108, Part C. 


integrals have been calculated numerically for different values 
of the parameters.’ Fig. 6(a) gives the power radiated versus 
the position of the source for three values of the thickness of 
the slab (« = 1, 3, and 5) and three separations for the slabs 
(8 = 1, 3, and 5) for symmetrical excitation. Fig. 6(b) gives 
similar results for antisymmetrical excitation, and Fig. 6(c) for 
the complete structure excited by a single source. 

The shaded area represents the position of the dielectric slab. 
The curves can be used for any frequency, since all the dimen- 
sions are normalized with respect to wavelength. These curves 
exhibit the familiar oscillating patterns caused by changes in the 
phase between the radiation from the line source and radiation 
from the induced sources. 
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Fig. 6.—Variation of total radiation Joss with 


height of source. 


(6) By the lowest antisymmetrical surface wave. 


Fig. 7.—Variation in power carried with height of source. 


(a) By the lowest symmetrical surface wave. 


: By simple considerations we obtain for the power contained 
‘nthe nth surface wave for the half structure: 


(16) 


The analytical expression for 4,(”) wi aie ; 

r > 1 Ay’) will be Ay’), 62(y) 

or $2’) depending on the position of the source, i.e. on the 
value of y’. 


7 
P — Sane , 
: 4V/(1 ain Dont ) 
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surface wave versus 2Kyy’ for « = 1, 3, 5 and B = 1, 3, 5. 
Fig. 8(5) gives similar curves for antisymmetrical excitation. 
Finally, Fig. 8(c) presents the efficiency curves for the lowest 
surface wave excited in the complete structure by a single line 
source for « = 1. The shaded area indicates the position of 
one dielectric slab. 

The curves given only illustrate the results. Many more 
curves have been plotted’ to consider the effect of changes in a. 
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Fig. 8.—Variation in efficiency of excitation with height of source. 


(a) Symmetrical excitation. — 
(6) Antisymmetrical excitation. 


(c) Complete structure excited by a single line source. 


The total power carried by all surface waves is the sum of the 
individual powers. 

The only powers computed have been those for the lowest 
symmetrical and antisymmetrical surface wave’ for such values 
of « and f that only one surface wave exists. Figs. 7(a) and (0) 
illustrate the variation of the power in the surface wave with 
respect to the position of the source. For a given value of 6 a 
maximum surface-wave power is always obtained by placing the 
source approximately in the middle of the slab. In addition, 
we may adjust f and obtain an even higher surface-wave power. 


(6) THE LAUNCHING EFFICIENCY 
We use Cullen’s definition? of launching efficiency: 
Power carried by the desired surface wave 


= Sum of the powers carried by surface waves plus 
radiated power 


. Fig. 8(a) gives efficiency curves for the lowest symmetrical 


g(a) 


A very high efficiency of 93% is obtained for « = 3, B = 1, 
2Koy’ = — 1:5 and = — 1, 


(7) CONCLUSIONS 


Examination of the curves for the total radiated power shows 
that an increase of f (air-gap distance) for a given value of « 
(thickness) shifts towards the plane of symmetry the value of 
2K,» for which the first radiation minimum occurs. 

For « = 3, B =1 and [' = —1, the absolute minimum of 
radiation and the maximum power put into the surface wave are 
obtained simultaneously when the source is approximately at 
the centre of the slab (2Kyy’ = — 1-5). This minimum is the 
smallest among those calculated for different values of « and 6 
and the maximum is the highest maximum. We conclude that 
the efficiency obtained in this case (93%) is about the maximum 
obtainable from the structure under consideration when excited 
by a magnetic line source. 
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Similar properties are exhibited by the efficiencies of antisym- 
metrical excitation. The only difference is that for 


Chex arc tan | ay 


Te 
Ve Bva=0 ma) 


the structure does not have an antisymmetrical surface wave as 
a mode and therefore the excitation efficiency is zero. 

The curves for the radiation loss also indicate that, for each 
value of «, there is a value of 8B which gives the minimum 
radiation loss when the source is placed at the centre of the slab. 
In this case, a high efficiency is achieved for both symmetrical 
and antisymmetrical excitation. This may not be the maximum 
efficiency obtainable. 

From the investigation carried out, we can formulate some 
general rules to be followed if a high launching efficiency is 
desired: 


(a) For a given value of « and either a symmetrical (slab above 
ground) or antisymmetrical excitation, we can be sure of a reasonably 
high efficiency (above 70%) by placing the source in the middle of 
the slab, provided that f is adjusted to obtain a minimum radiation 
loss. The approximate required value of 6 can be estimated from 
the plots in Figs. 6-8. 

(6) An increase of the thickness of the slab will allow a higher 
efficiency of excitation provided that the thickness of the slab is 
not made so large that the structure can propagate more than one 
surface wave, i.e. we must keep 


ea = De (r= —1) 


(c) It is not ee a to have two ae in free space excited by a 
single source; a symmetrical or antisymmetrical excitation of the 
surface wave is more efficient. 

(d) Hx (surface wave)has a real dependence on y’, but H, (radiated) 
has a complex dependence on y’. Therefore the excitation of the 
structure by more than one coherent parallel line source at the 
plane z = 0 near the middle of the slab may increase the launching 
efficiency. This is due to the fact that the H, radiated by the 
yah lines interfere, while the surface-wave intensities add in 
phase. 
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SUMMARY 


A method of analysis suggested by Lawson and Uhlenbeck is used 
.¢ examine the interaction between reference signal, echo and noise in 
che detector stage of a frequency-modulated c.w. radar receiver. 

The paper gives a method of approximation which may be used in 
_ nost practical cases and states the restrictions on system parameters 
‘or which the approximations are valid. 

| Expressions for spectral density are derived separately for both 
quadratic and linear detectors, and the question of optimum pre- 
Metector bandwidth is examined. Finally, the authors consider how 
signal/noise ratio will be affected by choice of bandwidth in stages 
which follow the detector. 


LIST OF SYMBOLS 


' Apo = Coefficient of d.c. term in Fourier-series expan- 
sion of beat note, volts. 
a, b;, = Random coefficient in Fourier-series representa- 
tion of noise, volts. 
Crnts Cin2x C3 Cma = Coefficient of mth harmonic in Fourier- 
i series representation of beat note, volts. 
a F;, F;, Fy = Amplitudes of terms in Fourier transform of 
beat note, volts. 
f = Frequency, c/s. 
fo = Undeviated carrier frequency, c/s. 
f, = Total sweep-frequency excursion, c/s. 
J = Pre-detector bandwidth, c/s. 
3 = Post-detector bandwidth, c/s. 
f, = Beat-note fundamental frequency (=1/T;), c/s. 
=G; = Power spectral density, volts?-sec. 
k = Boltzmann’s constant = 1-37 x 10-23 
joules/deg K. 
| m = Order of beat-note harmonic. 
the N = Noise factor. 
n = Serial number of sweep interval. 
p = Order of term in series expansion of auto- 
correlation function. 
= Echo power per unit frequency excursion, 
watt-sec. 
P, = Reference signal power per unit frequency 
| excursion, watt-sec. 
. P,, = Noise power per unit pre-detector bandwidth, 
watt-sec. 
t P, = Pre-detector noise power, watts. 
Rn) = =r(fr(t +7) = Auto-correlation function. 
These may be 
| r,(t) = Output of linear detector currents or vol- 
ro(t) = Output of quadratic detector | tages (see Sec- 
tion 2.2). 
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i} P 


ée 


S() = Signal waveform, volts. 
T, = Delay time of echo, sec. 
T, = Sweep duration time, sec. 
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T = Temperature of system, deg K. 
t = Time variable, sec. 
t,, t2 = Instants separated by correlation interval 7, sec. 
t, = Time variable measured from mid-point of nth 
sweep interval, sec. 
2 = Instants of time during the nth sweep pen siaree 
by correlation interval 7, sec. 
V, = Amplitude of echo, volts. 
V, = Amplitude of reference signal, volts. 
X,(@, Yn) | __ Orthogonal components of noise and signal 
X,(, Y,(4) {| —s voltage at carrier frequency, volts. 
X(t), Y(t) = General orthogonal components of an a.c. 
signal, volts. 
2« = Angular-frequency sweep rate, rad/s”. 
y = T,|T, = Range factor. 
0 = Error limit. 
¢. = Instantaneous phase of echo, rad. 
Pg = Instantaneous phase of reference signal, rad. 
p = Normalized auto-correlation function of noise. 
7 = Correlation time intervals, sec. 
Tp = Excess of correlation time interval over nearest 
lower integral multiple of T,, sec. 
Ww = Undeviated angular carrier frequency, rad/s. 
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(1) INTRODUCTION 


In certain types of f.m. radar!»2»354> a portion of the 
transmitted signal is picked up by the receiver and made to 
beat with the echo signal in a detector or demodulator. In some 
applications, this may be achieved by means of a direct connec- 
tion between transmitter and receiver; in others it is provided 
automatically by using the same aerial both for transmission 
and for reception, or by spill-over from the transmitting aerial 
to the receiving aerial when independent aerials are used. The 
interaction between this reference signal and the echo signal 
(which is similar to it in form but is delayed by a time T, = yT;,) 
produces a video-frequency beat note containing the range/ampli- 
tude information.? 

The receiver will normally have a directive aerial a some 
frequency-selective circuits before the detector, if only to limit 
interference from unwanted signals. There may or may not be 
amplification, depending on whether 


(a) Amplifiers are available at the operating frequency of the 
radar. 

(b) The reference signal and signals such as those from short- 
range objects are not so strong as to cause saturation (and hence 
non-linearity) at any stage prior to the detector. 


Thus, there will be present at the detector output 


(i) The desired beat-note. 
(ii) The’‘normally detected noise. 
(iii) A random signal produced by . interaction between the 
frequency-modulated wave and the noise. 
This situation should be compared with that in the conven- 
tional superhet receiver, where the (strong) output from a local 
oscillator is heterodyned with the signal to produce a beat at 
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intermediate frequency. The local-oscillator output also inter- 
acts with the noise in the r.f. pass band to produce noise at 
intermediate frequency (in addition to any convertor noise 
present). In the f.m. radar, the reference signal takes the place 
of the local-oscillator output but is itself frequency-modulated, 
and hence the interaction with the noise produces a complex 
beat-note spectrum. 

The purpose of the paper is to analyse this situation with the 
aid of some simplifying assumptions. 


(2) BASIC ASSUMPTIONS AND METHOD 
(2.1) Assumptions 


In such a system the detector accepts the sum of three wave- 

forms, namely 

(a) Reference signal. 

(b) Wanted echo. 

(c) Noise. 
A complete treatment would take all three waveforms simul- 
taneously and produce the video-frequency beat notes by a single 
procedure. The analysis is possible in the case of a quadratic 
detector, but is exceedingly complex and the physical significance 
of the results is not immediately apparent. For the linear 
detector the analysis is more difficult still. 

It is assumed that the reference signal is much stronger than 
either the echo or the noise, and that one may separate the 
analysis into two independent portions, dealing with the inter- 
actions between (a) and (b), and between (a) and (c) only. These 
two results can then be combined to give the complete output. 
The contribution from the interaction between (b) and (c) is 
regarded as so small as to be insignificant. If required, it can 
be obtained by suitable modification of the results of the inter- 
action between (a) and (c). The normal detected outputs due 
to (a), (6) and (c) will, of course, be present, but these are 
included automatically in the expressions which arise. 


(2.2) Method 


The model of a detector used here is that described by Lawson 
and Uhlenbeck (Reference 6, p. 152). It is assumed that there 
exists a channel of finite bandwidth f,, centred at a frequency fo, 
which is used to transmit, filter, and perhaps amplify the signals 
and the noise. The output of the channel is detected by a 
device which effectively ‘demodulates’ the carrier waves. Thus 
all signals can be written in the form 


X(4) cos 2mfot + YA) sin 2zfot 


where X(f) and Y(f) are functions of time which vary slowly 
compared with fo. Two forms of output are possible: 


ry(t) = +/(X? + Y%) (for the linear detector) . . (1) 
ro(t) = X* + Y? (for the quadratic detector) . (2) 


The output of any detector is, dimensionally, either a voltage 
or acurrent. In eqns. (1) and (2), r,(t) and ro() appear to be 
dimensionally different, and this difference will persist throughout 
the treatment. Strictly, constants of proportionality with appro- 
priate dimensions should be included in each case. These 
constants would also allow for any conversion loss in the 
detector. They will, however, be omitted throughout this treat- 
ment to permit the ready use of expressions developed by Lawson 
and Uhlenbeck.® 


(3) MATHEMATICAL FORMULATION 


The signal used in this type of radar is frequency-modulated 
in a sawtooth fashion and may be described? by a function V sin co) 
where 
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h = naT, + Wot, + atf 3) 
Ze SO Ol << he aig: 


The sweep rate 2a and duration time 7, are related to the 
total frequency excursion f, cycles per second by the identity 
oat Mien 1y | 

/ The reference signal and echo will be designated by suffices a: 

, Ves ter be There is no loss of generality if ¢, is taken a 
Ris and 


and a 


| 


P(t) ae belt or yT;) | 


where yT, is the echo delay (in practice, 0< <li); 
Thus the reference signal may be written in fee form 


S(t) = X,(4) cos wot + Y,(f) sin wot 
X,(4) = Vz sin et 


Y,(1) = V, cos at? 


where 


The echo takes a similar form with the appropriate delay a 
with amplitude V, instead of Vz. 

The noise voltage is focmulated as in Reeteioece 6, and may 
therefore be written 


Xy(t) = > (a, COS Wot a= by sin Wot) 
k 


~ 
— nN 


Y,(1) = X(— a, sin wot + 5; Cos wot) 
k 


with a, and 6, distributed in a Gaussian manner. 
Following their procedure,°® the auto-correlation coefficient 0: 
the output is first calculated, obtaining 


RG) —rOrt 7) 2 a eee 


where the bar denotes a time average. As outlined by Wocd& 
ward,’ the spectral density is then obtained by taking ti: 
Fourier transform of the auto-correlation function R(7). 


foe) 
Thus Gi) =[R@ePFdr 
—o 
Using the assumption set out in Section 2, the calculation i 
performed in two parts. We obtain 


(a) R(@) and hence G(f) for the interaction between noise anr 
reference signal. 


(b) G(f) directly for the product of echo and reference signal. 


The required result is taken as the linear superposition of the twa] 
Magnitude considerations enable the interaction between echt 
and noise to be ignored, and the individually detected outpui 
for noise, reference signal and echo appear in the appropriai 
parts of the computation. 


(4) CALCULATION OF R(t) FOR NOISE AND REFERENC| 
SIGNAL 


(4.1) Case of the Quadratic Detector 


If the suffices 1 and 2 refer to instants of time ¢,, t, such th} 
ty — ty =T, it has been shown’ that, for the quadratic detecta( 


RQ(7) = one 


= Jim al, lex 2 + 2P,)(K2, 2» + 2P,) } 
i Le aT a + AP,? ral 
( 
where P, = kTf,N, and p = See 
Tf yT 


is the normalized auto-correlation function of the noise alone: 


In calculating R(7) account is taken of the reference signal 
but not of the echo; hence, using eqns. (4), 


j Xi + Yq =X2,+Y2,=h2 
and Xi Xoo at Ya Yo2 = Ve COs [a(t2, Ty t)] ~ 
| The expression to be averaged is thus 
hy 
io 2 sin mf>T 
iv + 2P,Y + 4V¥2P, — Fr cos [o(t2, — 11)] 
a4 pew \ (10) 
fT 


Only the middle, term contains the time ¢,, and as (12, — 12,) 
‘is an exactly repetitive function of ¢,, the complete time average 
tat be obtained by averaging over a single sweep-repetition 
cycle. 

| Let pT,< T< (p+ DT, and write 7, for + — pT,; this 
substitution is comparable with that used when expressing the 
phase ¢ in Section 3. 


‘ For = 31, < tnt S 4T, = ip an On Tp 

Bothat — otra — th) = @T(2tn + Tp) ay 
while EE Se ie Or Oe Oe See Se ee ay Ce 

30 that a(t, — 121) = a(t, — T,)(2t,, + 7, — Ts) 


The required time average of cos [«(t2, — 72,)] is 


i Tt 
\— cos |a7,(2t,; + 7,)|dt,, 
Af [eos farm + et 


4 4Ts 
i + | cos [e(7, — T,) Ct, + 7) — dr} 
| 4T7;—Tp 


- : sin (i 
d this reduces to sin %T (Ts — Tp) 


12 
OTA ia) we 
_ Hence 
' BUF 2 ap Sin mf, sin «7,(T, — Tp) 
IRo(r) = (V2 + 2P,)? + 402P, oe 
5 (sin mf2T\? 
+4P3 (2 ie ) (13) 


(4.2) Case of the Linear Detector 


Lawson and Uhlenbeck® show that the linear detector must be 
‘treated as an approximation to one or other of two limiting 
tases having either very small or very large signal/noise ratio. 

' (a) Substitution in their expressions shows that, for a very 
small signal/noise ratio, the function to be averaged is given by 


tut pri(t2) 


7 ee =i 4P,)?+ 4V?P,p cos Cae he 4 P20? 
Pp 


whence, as above 


es bal Ar 5 ‘ ap Sin mfyT sin «7,(T, — Tp) 

a) ~ mak Vee tae aie ke fT aThT p= t,) 

i 5 (sin That ‘| 14 
28 4P3( ae ) (14) 


(6) For very large signal/noise ratio we find on substitution 
that 


rr(t))rp(t,) ~ V2 + Ppp cos [ath — ta] 


P2 2 
ae a cos? [o(t2, — 11)] 
g 


2 
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Integrating over J, as in eqn. (12), the time average of 
cos* [a(72, — 12,)] is seen to be 


al Se sin 207,(7,.— | 
2 


Lar lei) 
which leads to the alternative form 


(15) 


sin 7f,7 sin «7,(T, — Tp) 
fT 


an! 7 e slP ee 
' 4V2\ Tf yT 


(5) SPECTRAL DENSITY FOR NOISE AND REFERENCE 
SIGNAL 


(5.1) Method of Approximation for the Case of a F.M.C.W. 
Receiver 


R, (7) cae Ve + le 


OF Mea ag) 


Si 20,2 — Gp) 
2«7,(T; — 7) 


(16) 


To obtain the spectral density, one must in general take the 
Fourier transforms of the auto-correlation functions Re(7) and 
R,(7). Thus 


G(f) = [Roerrar, as in eqn. (7) 


The resulting expressions contain terms involving both positive 
and negative ‘frequencies’. As they are even in amplitude and 
odd in phase, appropriate terms may be paired to give a real 
spectrum which extends throughout the positive frequency 
domain. When R(t) is itself an even function, the manipula- 
tion can be simplified by changing from the exponential form of 
eqn. (7) to the cosine form employed by Lawson and Uhlenbeck,® 
namely, 


G(f) = 4 | RG) cos 2nfrdr . (17) 
0 
Neither integration can be performed explicitly in this case. 
The difficulty arises from the presence in eqns. (13), (14) and 
(16) of terms containing factors 


Sin 207 (05 a) 
2x7,(T, — Tp) 


sina IG sa Tp) 
Le lnee Th 


and 


These are oscillatory functions contained within repetitive 
envelopes. The functions are symmetrical about 7, = 47,, 
where the envelopes have minima 4/72 and 2/aT2, respectively, 
and both envelopes have maxima of unit magnitude at 7, = 0. 
(Hence, by symmetry, they approach similar unity maxima as 
peers 1 

When 7, is small, we may write 


= aes 2 
aT, —7,) ala, a7, Sot .t, 


and when 7, —> T,, making T, — 7, small, the alternative form 
may be used: 
Ltd, a) = ahi; — Pe et ay Se itp) 


It is thus possible, by using the latter approximation for the 
range (p —4)T,< 7,< pT, and the former for the range 
plo Tp 3) 4, to wiite 
sin aD (7 — pT,) 

oT(r — pT,) 


Sioa, (le 7) os 
OLA IG == thes) D 

and to write 
sin 2a] (7 —pT,) 


Sil 20 Laie oi) 
as 2 Dik TA Tue La) 


207, (LT) D 
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The first of these functions falls in magnitude to a small 
predetermined value 6 (which might be fixed for assessment 
purposes at, say, 0:01) when 7, or 7; — 7,, as appropriate, 
reaches the value 1/«7,6; for the second function the corre- 
sponding value of 7, or T, — 7, is 1/2«T, 0. For the approxi- 
mations to be valid, the requirement is, therefore, that 
1/aT,5 < T,, i.e. that 7f,T, > 1/6. 

In the interests of symmetry, a change of notation will be 
made at the same time. Assuming unit input impedance, the 
power contained in the reference signal is $V? and the echo 
power is}V2. We shall therefore write 


P, =4V2/f, (Reference signal power per unit 
frequency excursion) 
and (later) . (18) 
P, =4V2/f, (Echo power per unit frequency 
excursion) 
Likewise 


P,, = P,[f, (Noise power per unit pre-detector bandwidth) 
(19) 


The auto-correlation functions thus take the following form, 
to a close approximation: 


sin mf,(7 — pT,) sin fT 
we jolke T 


SP eRe 
RQ(7) = Af, P, shee ae 3 ‘ ai 


= CO 


(20) 


4P2;sin a 
me 


7 T 


er 
8f2Pp 
‘i P, S sinaf\(r —pT,) sinafyr , P,.ssin oes 

Amf> ~c 7 — pT, T cal T 
(21) 


Ro) = (fiP, + 2f2Py) 


in the case of small signal/noise ratio, and 


sin 7f\(7 — pT,) sin mfpT 
T= ipl. T 


Pere 
mf; 2 
P2 sin mfyT\2 
877fP, ty ) 


Rit) = 2f, Pz + 


P2 © sin 2nf\(7 — 
NOG fF Perce Tt — pT, 


! 
T 


pT.) (je N, 
qe 
when the signal/noise ratio is large. 


(5.2) Calculation of G(f) 


It remains to calculate G(f) from the expressions for R(7). 
The Fourier transform of A is Ad(f) and that of (sin cr/7)? is 
available from the standard tables.*»° In addition, one requires 
transforms for the functions 


sin a(r — 5) sin er 
7T—b T 


and 


sin a(t — b) sin er\2 
7™—b ( ) 


T 


These transforms are derived in Section 12. 


_ Table 1 gives R(7) and G(f) with appropriate frequency 
limits for the case of the quadratic detector. Table 2 gives 
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similar information for the linear detector when the signal/nois 
ratio is small and Table 3 deals with large signal/noise ratios. 

Several terms give rise to expansions for G(f), and thes 
may be approximated by taking only the p = 0 term, listed i1 
column 4. The fifth column in each Table deals with the erro: 
introduced by neglecting the rest of the series. The sum of th 
remaining terms is, in each case, a repetitive function and it 
limits of variation are stated here. These limits are, indeed 
small; to take typical cases, the possible errors in Gz (Table 1 
and in Gs, (Table 2) are only +1/2f,7, times the corresponding 
p =Oterms. Remembering that, in Section 5, a necessary con 
dition was found to be 7f,;T, > 1/6 where 5 was very small 
the errors in question will be seen to be very much less thas 
478 of the corresponding p = 0 terms, which can therefore 5: 
used alone with confidence. 

The situation regarding terms such as Gy¢ and Gsc, whie 
decline with frequency, is not quite so straightforward; furth 
examination shows that not only are the errors repetitive an 
within the limits stated, but, in addition, they reach zero a 
precisely the same frequencies as the p = 0 terms to whic: 
they refer. 


(6) SPECTRAL DENSITY FOR ECHO AND REFERENCE | 
SIGNAL 


Consider now the output from a detector which handie 
reference signal and echo, but no noise. 
Here X,(¢) = V, sin (fg — wot) + V. sin (P, — wof) 4h 
and Y,(t) = V, cos (¢, — wot) + V, cos (P, — wot) C 


By definition, the detector output will have one of two forms: 
ro(t) = X2 + Y? (for a quadratic detector) (28 
or ry(t) = /(X2 + Y2) (for a linear detector) — 
Now X?+ Y¥2?= V2 + V2 + 2V,V, cos (pb, — $2) 
a 2f i [P, oF Fe Be 24/ (P,P) cos (hg op oe) | 
so that, immediately, 


ro(t) = 2f\[P, + P. + 2s/(P,P.) cos (¢,-¢%)] - @ 


In practice, P, > P, save at the very shortest ranges ari 
4/(X? + Y2) may therefore be expanded binomially to give 


ee VehPo| aI P, + EEE) 8 iat 


P, 


Bh 
= ap Pe + P, + 2\/(P,P.) cos (p, —$,)] - | 


bh 


One could proceed, as in Section 5, to calculate first the aut 
correlation function and then the spectral density, but tt 
method is long and tedious. The Fourier transform of ti 
function cos (¢, — ¢,) has already been stated,3 and it is quick! 
to derive the spectral density from this. The required Fouri/ 
transform was, in fact, shown to be 


1 foe) 
Tine 6f — mf)[F\(f) + F(f) + Ff) + Fy] 


Ss 


In Reference 3 the symbol + was used for the time delay 2K 
of an echo from range R; in the present paper 7 is reserved fi) 
the calculation of auto-correlation functions and expresses t{ 


echo time delay as yT;, so that y is a dimensionless constant ld) 
than unity in the practical case. 
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The functions F,(f) then take the form 


ie T. | 
FA) =! exp — in T.2yfo — 0 — ps) 


sin nyt] f- =(1 = yt,| 
mt f “(1 = yt, 
T, 
ot) = o exp + jaT,[2yfo + — y)f] 


sin mT] f+ =(1— yn, 


+ (27) 


Ff) = SYP exp + in TQyfo — yf) 


sin (1 — y) ge vo “yT.) 


| ml — yyT,(f —*y7,) 


| maf) = ee exp — jmT,(2yfo + yf) 


sin 7(1 — WT f+ “yT,) 


m(1 — y)T,( f+ =yT,) 
j 


When positive- and negative-frequency components are appro- 
priately combined, remembering that f = m/T,, cos (¢, — ¢) 
appears as a Fourier series 
wy + XC cos [2ryT, fo — (1 — yma — 2mrf,t] 

. ped 

+ Cp Cos [27ryT, fy + (1 — y)mm + 2mrf,t] 

+ C,,3 00s (27yT, fo — yma + 2mnf,t) 

+ Crug C08 27yTify + yma —2mrfit)s (28) 
_ sin y[mr — (1 — y)T2] 


where Cr ares tas A ag VI 
poe sin y[mm + o(1 — y)T?] 
mia mr+a1—y)T2 ’ 
_ sin(l — y)\(nm — ayT?) 
Pan mn — «yT2 ; 
sin (1 — y)\(mm + ayT2) 
Cra = se ee) 


and Ao = (Co4 + Cor + Co3 + Coa) cos 27yT fo 


da sin «y(1 Se QayT. 30) 
mt ante COS@aVi ae 5 4 +. G 


Proceeding to the spectral densities and substituting for V3 
and V2, the detector outputs are thus seen to have the following 


distributions: 


In the quadratic case 
Power in d.c. component = 4f2[P; + AoV/(P,P.) + Pel? 
; 2 (31) 
Power in mth harmonic = 8f?P,P.Ch, 


In the linear case 


fi ] 
Power in d.c. component = =—[2P, + Apv\/(P,P.) + P.}? 
ap. iy ov ( g ) ] io? 


Power in mth harmonic = /f,P,C? 


In expressions (31) and (32), C,,, is the magnitude of the com- 
posite mth harmonic term which appears within the bracket of 
expression (28). In Fig. 1, the amplitudes C,,; to C,,4 of the 


Cm 


jl, 
Za 
a 
“a 
oa 
ie Cm4 
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™m 
-& 13/7 fe) “3/1 
=-f, Ts - = f,Ts 


Fig. 1.—Plot of Cm, against m for y = 0-25. 


individual terms are plotted against m for y = 0-25. Observa- 
tion of a target at the corresponding range involves study of 
the region around the point P at the centre of the C,,; envelope; 
when y exceeds 0:5, the C,,,; spike will be the larger, and, if 
preferred, attention may then be diverted to the region around Q. 
If no significant overlapping of the individual envelopes arises 
(as in the example shown) C,,, is, to a close approximation, equal 
to C,,; for observation around P, or to C,,, for observation 
around Q. 

As increases, the envelopes move in the directions of the 
arrows (near their tips). At very short range indeed, there is 
overlapping between C,,3 and C,,4 and both contribute signifi- 
cantly to C,,; at mid-range, C,,,; and C,,,3; overlap; and as y 
approaches unity there begins to be overlapping near zero fre- 
quency between C,,, and C,,p. 

If such overlapping occurs, it becomes evident as a rapid 
beating of the echo for comparatively small variations in y or 
for slight drifting of the carrier frequency fo, since typical signal 
components with amplitudes C,,; and C,,3 (to take one possible 
example) have a phase difference (4yfo7, — m)z-. 


(7) CHOICE OF PRE-DETECTOR BANDWIDTH /2 


To estimate signal/noise ratio in the post-detector stages of 
an f.m. radar receiver, both the pre-detector bandwidth f, and 
the post-detector bandwidth f; must be known. 

Considerations of noise power notwithstanding, f, must be 
adequate to convey both reference signal and echo to the detector 
without under distortion. Each is a frequency-modulated 
oscillation of the general form Vsin (nw9T, + wot, + at?) 
whose spectrum is a line group with separation 1/7, centred 
upon the carrier frequency fy as shown in Fig. 2, which shows 
the width of the envelope to be f,; at the 6dB points and 
f, + 3:15\/(f,/T,) at the 20dB points. For practical values 
of the parameters, »/(/,/7,) < f,; thus the minimum safe value 
for f, can be taken to be somewhat greater than f;. We shall 
now examine the effects on signal/noise ratio of increasing /5 
beyond this value. 

In Fig. 3 ‘unwanted power’ (i.e. power due to normal recti- 
fication of reference signal or noise, or due to interaction 
between them) is plotted against frequency. As in Fig. 1, the 
horizontal scale is equivalent to a scale of target range; echo 
positions could be readily superimposed and signal/noise ratios 


derived. 
The results shown in Fig. 3(a) for the case of the quadratic 
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Fig. 2.—Envelope of line spectrum of reference signal or echo. 
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Fig. 3.—‘Unwanted power’ plotted against frequency for various values of pre-detector bandwidth fo. 


(a) Quadratic detector. F : x 
(6) Linear detector. Small signal/noise ratio. 
(c) Linear detector. Large signal/noise ratio. 


detector, and in Fig. 3(c) for the linear detector with large 
signal/noise ratio, are exactly those one would expect. At all 
frequencies, an increase in pre-detector bandwidth leads to an 
increase in unwanted power. For small signal/noise ratios, 
however, the situation is different. Integration over all fre- 
quencies shows the total unwanted power to be 


7 
8f2P, 
This increases with f; provided that 


FP s 
VSP, 


and this will be satisfied for all values of f, which are acceptable 
on distortion grounds. But although the total unwanted power 
increases with /,, it is also redistributed; some goes into the d.c. 
component and some migrates towards the high-frequency end 
of the spectrum. Thus, for very small targets at relatively short 
range, an increase in f, beyond the minimum could produce a 
decrease in unwanted power at the low frequencies on which 
observation is concentrated. This distinction between the large 
and small signal/noise ratio cases is somewhat analogous to 
‘capture effect’ in the field of f.m. communications. 

A significant difference may also be noted between the results 
shown, for example, in Fig. 3(a) and the corresponding frequency 


FP Pe + Of: fpPeP, + S/ZPA) 


he 


distribution for a.m.c.w. or unmodulated c.w. cases.* For each 
of the latter types of signal, that part of the spectrum whichi 
arises from intermodulation between the noise and the c.wJ 
oscillation consists of one or more constant-amplitude ‘blocks’; 
whereas there are no comparable amplitude steps in the 
frequency-modulation case. Instead, there is a continuous 
decrease with rising frequency. 


(8) EFFECT OF POST-DETECTOR BANDWIDTH /3 


The bandwidth f; of the post-detector circuits will affect both 
wanted power (due to interaction of echo and reference signal} 
and unwanted power. In Reference 3, the authors examined 
the possibility of using a coherent system with phase-sensitive 
detection and a bandwidth sufficiently narrow to isolate a single 
spectral line. This would give extreme sensitivity at the price of 
a very low information rate. Other applications might well 
demand a non-coherent detector feeding a bank of narrow- 
band filters, with mid-frequencies increasing progressively, tc 
distribute echoes automatically into their correct range channels. 
Such an arrangement could provide continuous data output ir 
readily usable form at the expense of some sacrifice in range 
resolution and target discrimination. These systems would cal. 
for post-detector bandwidths ranging from f, to, perhaps, 10f,. 


* See, for example, Reference 6, pp. 157-160. 


and we Shall discuss the implication of variations within this 
range. 

One might Say intuitively that the narrowest practicable value 
of fF; will give rise to the best signal/noise ratio, and this verdict 
‘is borne out by the analysis. Fig. 3 shows the spectral density 
of the unwanted power for a variety of conditions and para- 
meters, and, in all cases, the power spectra are continuous. The 
‘unwanted power is computed by integrating G(/f) throughout 
‘the post-detector pass band, and for values of Ff; such as are 
considered here, this integral is, to a very fair approximation, 
i+ product of f3 and G(f). Thus the unwanted power is seen 
to increase in a sensibly linear way with /3. 

: The echo power from an ideal stationary target is contained 
ina spectrum of discrete lines, being bounded by an envelope 
of form (sin u)/u as described in Section 6. Not only is the 
height of the spectrum envelope dependent on the range factor y 
‘for a given echo, but so is the width of the envelope between 
zeros, and hence the relative amplitudes of the several lines 
‘Passed by post-detector stages having a bandwidth greater 
than f;. The growth of signal power with bandwidth will thus 
vary with target range. Summation of the power contributions 
| from neighbouring lines leads to the data presented in Fig. 4, 


| which shows (for an ideal target) the ratio of the power available 
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‘from post-detector stages having a given bandwidth /; > /f, to 
that available when the bandwidth is just /;. 

_ The data have been plotted against y in Fig. 4(a) and against 
f; in Fig. 4(d), and the following facts emerge: 


(a) For short- and medium-range targets (y < 0-6), no useful 
increase in signal power can be obtained by increasing f; beyond 
+3f, or 4f,, 

(6) For long-range targets (y > 0-8), the signal power can 
be usefully increased by using bandwidths as great as 10f, if 
considerations of resolution permit. 

(c) Only for y = 1-0 does signal power increase linearly with 
‘post-detector bandwidth. As unwanted power is proportional 
to f; at all ranges, it follows that no improvement in signal/noise 
ratio can be hoped for from any widening of the post-detector 
pass band. 


_ At first sight, the replacement of a continuous-band filter by 
a ‘comb’ filter having several very narrow pass bands of widths 
f,/B, each centred upon a spectral line, might enable the 
signal/noise ratio to be improved by a factor B. In practice, 
however, such a filter could only cope adequately with stationary 
targets. For moving targets, the lines will experience a Doppler 
shift; where there is turbulence in the signal path leading to 
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random fluctuations of propagation coefficient, the lines will be 
broadened and may even form a continuous spectrum. This 
broadening will also occur when fading superimposes an ampli- 
tude modulation on the frequency modulation of the received 
oscillation. 


(9) CONCLUSION 


The method developed in the foregoing Section leads to 
expressions for ‘wanted’ and ‘unwanted’ power at the output 
terminals of the linear or quadratic detector of a f.m. radar 
receiver. The expressions are in such a form that signal/noise 
ratio may be readily computed from them. The approximations 
on which the method depends are shown to be valid if the 
product of pre-detector bandwidth and sweep duration is of the 
order of 100, and this condition is one which will be satisfied in 
the majority of practical applications. 

The most powerful signal to be considered will almost always 
be the reference signal; this must in any case be present at a 
high enough power level for heterodyning purposes. Under 
these conditions, no improvement in signal/noise ratio will 
accrue from the use of a pre-detector bandwidth any wider 
than that which is necessary to convey signals to the detector 
without undue distortion. 


SIGNAL-POWER RATIO 
rf 


te + + + + 4+#—_o= 
OW te 2s Steidts Sts {Of 
POST- DETECTOR BAND WIDTH f; 
(6) 


Fig. 4.—Graphs showing the ratio of signal power for given post-detector bandwidths f3 to signal power when 
the post-detector bandwidth is fs. 


If maximum sensitivity is sought, the bandwidth of the post- 
detector filters or amplifiers should be kept as small as possible, 
though difficulty may then arise in dealing with moving targets. 
The need for improved information rate or for a readily processed 
data output may, however, demand a somewhat wider post- 
detector bandwidth. Such a compromise would not seriously 
affect signal power at long range, as the greatest deterioration 
would be experienced at short ranges when power can be most 
readily spared. 
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(12) APPENDIX 
BY Je Carr 
(12.1) Fourier Transforms needed in the Derivation of G(f) 


In Section 5.2, it becomes necessary to use certain Fourier 


transforms which do not appear in the standard tables.®: ° 


sin a(t — 5) sin ct 


(12.1.1) Fourier Transform of aa = 


The Tables quote the transform of : el, whence that for 


sin a(t — b) ° sin a(t — 


— follows as J >), jamfed 
Or ee b =o) 


—— 


co 
=e-vnfo | 
—o CP 


sin OT jorefed 


© sin a(t — b) sin cr 


The relationship i e ifr 


¢— 0D a 
sin — Db) _ 42. 
=5) Ie ei Orf—at 4 @-i@rf+9=]drdq enables 


sin “es, — b) siner 
7—b 
the form given in Table 4. 


to be obtained. It takes 


the transform of 


sin a(t — 2s =)? 
<t—b c ; 
sin a(t — b) sin cr 
7—b T 
by further integration. 


co . a . 2 
I sin a(t af a pdinfe gr 


7—b T 


(12.1.2) Fourier Transform of 


2 
The transform of ) may now be obtained 


2c 
1 [ iE sin a(t — b) sin qr 
= eJ2nft 
5 re : drdq 


7—b 


The resulting forms are given in Table 5. 


(12.1.3) Extraction of Expressions for G(f). 


As Woodward’ points out, the Fourier transform suggests a 
frequency spectrum containing both positive- and negative- 
frequency components. For a real time function, these combine 
so that their real parts reinforce and their imaginary parts cancel. 
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Table 4 


Range for 2nf Fourier transform 


2Qnf<—-—a-c 0 


—a—c<2af<—a+e 


whéh a2 
Giebaic b 


—a—c<2af< 
when c > a 

—at+c<2af<a—e 

when a >c 


oh (ejab — gin +0b) 
J 


sae —iQrf—o)b__ g—i2nf +ob) 
dh 


| 


—cta<2nf<c—a 


LA ‘ 5 
jab __ ,.—jab 
when c >a 2 be aes, 


| 
a—c<2af<ate i 
when a = 


c—-a<2af<at+e 
when c <a 


a+c>2nf 0 


| 
| 
ape —jQrf—)b _ ¢—jab) | 
| 
| 
i 


For example, the contributions from the two transform 
marked* in Table 5 combine in the following manner: 

The lower of the two expressions gives a positive-frequency 
contribution 


—(Qe—ienf0 — ¢— Jabs) oj 20 (Tho) a omen jab } 
ap ) ajo C4 47 2m je 
and the upper expression gives a negative-frequency contributicni 


pee — glab _ g—j2b(—nf +0) 4 me — a+ 2nf)gia 
av 


These exponential terms combine to produce 


ae cos 27fb — cos ab — cos 2b(mf — c)] 


BAe 


ah —a-+27f) sin ab) 


and with the relevant substitutions (a = 27f,, b = pT,, c = m1hy) 
this leads directly to the form stated for Gy9,.(f) in Table 3. 
It remains merely to sum certain series over the range p = C 


to p= +0. In each series, the p = 0 term has been stated 
separately, the rest of the series being treated as a correction. 
; 6 cos 
We require weer Cand > sp - for various values of @: 
© sin pO 
T£0 <oOi am, dy 7 =Hm—6). If2N7< 6< 2AN+4+ 1m 
we may write 0, = @ — 2Nx 
© sinp? 2 sin pé 
whence > a Sy ss N = l(a — Oy) 
ibd 1 Dp 
which must always lie between +47 
© cos pO 
In the same way p> Ls = 1(7 — On)? — zen? which 


must always lie between — 34:77? and +277. 
Thus the tolerances stated in the final columns of Tables 1-3 of 
Section 5.2 may be readily computed. 


FOF DAG Pie Feed Beet Be Cel et tans 


F.M. C.W. RADAR SIGNAL IN THE PRESENCE OF BAND-LIMITED WHITE NOISE 


Range for 2nf 


Table 5 


Fourier transform 


27f<—2c—a 


—2c—a<2nf<—a 
whenO0<c<a 

—2e —a<2nf<—2c+a 
when a <c 


—2c+a<2nf<—a 
whena<c 


—a<2rf< —a+2c 
when 9 < 2c <a 

—a<2nmf<—2c+a 
when a < 2c < 2a 


—a<2nf<a 
whena<c 

—2c+a<2nf<2c—a 
when a < 2c < 2a 


a<2nf<2c—a 
whena<c 


a<2nf<2c+a 
when0<c<a 


Ic 4- a < 2af 


0 


j 


Gpleie — e—j2B(nf+0)) +. re a + a + 2nf)eiab 


7 


qgalesa> — e- jab) + rine + a+ 2nf)eiab 


aie Ba —jab 
ayb° a + 2nf)e—Ja 


TT 


Apuze rhe — efjab — ¢—j2b(rf+c)) 


Og jab * 
ais fp a — 2mf )eia 


apr Pf — e—j2b(nf—c) — ¢—j2brft+e)) 
7 ; : 
apite Pre — ejab — g—Jjab) 
+ ran — a — 2nf )ejab — Type —a-+ 2nf)e—Jiab 
qpulze ins = e—Ja0) = é—J2b(f—c)) 


ce Ronee —jab * 
Aine a+ 2nf)e—Ja 


us 


pale ia? — 250d) + app — a — 2nf)eiab 


7 
JE 3 —jab 
aj + a — 27rfye—Ja 


7 ‘ : = 7 Le 
ae wn = SSKui—=9)) = raced + a — 2mf)e—Jab 


*See Section 12.1.3. 
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QUANTITATIVE TREATMENT OF THREE-PHASE BRUSH-SHIFTING 
SERIES COMMUTATOR MOTOR | 
By O. E. MAINER, M.Sc.(Tech.), Associate Member. 


(The paper was first received 24th February, and in revised form 2nd August, 1960. It was published as an INSTITUTION MONOGRAPH in 
November, 1960.) 


SUMMARY 


Previous quantitative treatments appear to have ignored the loss 
component of motor current. In this paper an approximate equivalent 
circuit, which makes allowance for this component, is developed from 
first principles. A method is devised for correcting the errors intro- 
duced by the approximate treatment so as to obtain an accurate 
solution. The average percentage errors in motor current, power 
factor and input obtained by both approximate and accurate treat- 
ments are given for a wide range of operating conditions. 


LIST OF SYMBOLS 


I = Total motor current. 
I, = Transformer magnetizing current. 
- Ty, I,2 = M.M.F. components of stator and rotor 
currents. 
I,, I,.2 = Loss components of stator and rotor currents. 
k = No»,|Njm = Effective rotor/stator turns ratio. 
k, = N,/Nz = Transformer primary/secondary turns ratio. 
L,, Lz = Stator and rotor inductances. 
M = Mutual stator/rotor inductance. 
P,;, P, = Stator iron, rotor iron and brush parasitic 
current losses. 
R,,, Roe = Effective stator and rotor resistances. 
R, = Transformer short-circuit resistance. 
Ri, Riz = Transformer primary and secondary effective 
resistances. 
V, = Supply voltage per phase. 
V, V;, V2 = Total, stator and rotor internal e.m.f.’s per 
phase. 
X,, = Transformer magnetizing reactance. 
Xm = Stator magnetizing reactance. 
X,, X> = Stator and rotor leakage reactances. 
X, = Transformer short-circuit reactance. 
X;1, X;. = Transformer primary and secondary leakage 
reactances. 
Z,, Z, = Stator and rotor leakage impedances. 
Zy, = Total impedance of ideal motor. 

« = Brush shift, in a direction against that of 
rotation, from the high-impedance neutral 
position. 

6, B = Angles between vectors. 


iB, 


si? 


(1) INTRODUCTION 


The 3-phase series commutator motor was invented by Gorges! 
in 1891 and initially developed in Germany. During the first 
15 years of the present century a number of theoretical papers, 
nearly all of a qualitative nature, appeared in the German 
technical Press. However, interest in this motor seems to have 
waned until fairly recently, possibly because 3-phase motors 
with shunt characteristics have wider fields of application. 
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Probably the most thorough theoretical investigation into thi 
properties of this motor was that of Dreyfus and Hillebrand.” 
A more recent contribution to the theory is that of Stix. An: 
equivalent circuit for the simple motor was developed bj 
Kostenko.4 More recently Adkins and Gibbs> have show: 
that the equivalent circuit of a stator-fed shunt commutator 
motor may be modified to suit the series motor. Quantitativ 
treatments have been contributed by Dreyfus and Hillebrand,* 
Kostenko® and Kleist.’ In all of these the loss component of} 
motor current is neglected. A recent paper dealing with th: 
characteristics of the motor has been published by Hibbert.® 
Since the theory of this motor has not been widely publicized 
in the British technical Press, it has been developed from first 
principles in the present paper. 


(2) M.M.F. COMPONENT OF CURRENT, J, 


In its simplest form the motor comprises a 3-phase stator 
winding having three terminals connected to brushes occupyir 
positions separated by 120° (electrical) on the commutator of 
wound rotor. The mesh formed by the rotor winding may 
replaced by an equivalent star winding, as shown in Fig. 1. 


STATOR 


STATOR ROTOR 


BV L35Vz 


(a) ac) 


Fig. 1—(a) Simple motor connections. 
(6) Equivalent rotor star winding. 


The normal practice with transformers, induction motors anc 
other machines in which the secondary current is set up by a 
induced e.m.f. is to divide the primary current into two com- 
ponents: one component neutralizes the m.m.f. of the secondary) 
current; the other is often loosely referred to as the mag- 
netizing component. It is not a true magnetizing current! 
because, in addition to providing flux, it also provides for the 
iron losses. In the treatment used here it has also been foun 
convenient to divide the current into two components. One of 
these supplies the iron losses and brush parasitic-current losses, 
and has its m.m.f. neutralized by iron-loss currents and brusht 
parasitic currents. The other and major component of the 
current in both windings is free to produce flux and in this sense: 
is a magnetizing current, although, by reference to the internah 
e.m.f., it is vectorally divisible into active and reactive currents. 
In most literature on this motor the reactive component is: 
referred to as the magnetizing component. In the present paper 


here is no subdivision of this major component of current: it 


s denoted by , and will be referred to as the m.mf. component. 
is 


(3) LOSS COMPONENT OF CURRENT, J, 


The voltages induced in the stator iron, the rotor iron and the 
soils short-circuited by the brushes set up iron-loss currents and 
rush parasitic currents. Because the brush contact resistance 
's large compared with the reactance of a short-circuited coil, the 
orush parasitic currents can without appreciable error be treated 
is pure loss currents. The magnetizing effect of all these loss 
Jurrents is neutralized by a corresponding flow of active or loss 
Surrent through the stator and rotor windings, which combine 
“0 act as one stationary winding in which a loss current, T,, sets 
ap the required neutralizing m.m.f. 

' So far as the induced rotor losses are concerned, the motor 
[behaves in the same way as an induction moior. The gap 
/oower in respect of these losses is P,, which is divisible into two 
arts, (1 — s)P, doing mechanical work and sP, representing 
the power dissipated in the rotor. If the brush parasitic loss is 
P, and the rotor iron loss is P,; it follows that sP, = P, + P,;, 
so that P, = (P, + P,,)/s. Adding the stator iron loss, P,,, 
the total input in respect of induced loss currents is P,; + 
(P, + P,,;)/s, so that the primary loss current J, flowing through 
‘the stator and rotor winding is 


} 
i 
: 


1 (Peres 

tee? 
SS ae 
' If a 1:1 transformer is placed between the stator and the 
rotor, quite clearly it cannot effect the flow of current J, in the 
stator and rotor windings. However, if the stator/rotor trans- 
former has a primary/secondary turns ratio of k,, the loss 
component of current on the secondary side is 


ks — kif, . . . . . . (2) 


Pp 
Although [, and J,, are termed loss components, it will be realized 
that the portion given by (P, + P,;)/3sV represents gap power, 
of which only the part (P, + P,;)/3V is wasted in rotor losses. 


(4) E..M.F. EQUATION 
With the simple arrangement shown in Fig. 1 both windings 
carry the same current, so that, with the brushes placed in the 
neutral position, the e.m.f. in a stator phase is given by 


<< Vi =jl_wL, + jI,wM 


Here wZ, is the stator magnetizing reactance and may be 
denoted by X,,,;. Moreover, if the ratio of the effective turns 
per phase in the equivalent rotor star winding to the effective 
turns per stator phase is denoted by k, the mutual inductance is 
M = kL,, so that 

—V, = jf, Xm + ) 


. If now the rotor brushes are rocked out of the neutral position 
and against the rotating fields through angle «, the contribution 
of the rotor m.m.f. to the stator e.m.f. is retarded by angle « 
and becomes jJ,,wMe~J*, so that 


—V, = jI,Xml + ke) 


Similar considerations show that the standstill e.m.f. in a phase 
of the equivalent star rotor winding is 


—V, = jl,wLy + jI,wMe 
= JI, Xm k? at kel) 
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At a speed giving a fractional slip s, the rotor e.m.f. becomes 
—sV> = jl, Xn(sk? + skes) 
and the total e.m.f. in both phase windings is 


—V = jl, XpiG. + ke + sk* + ske*) =. (3) 


(5S) EQUIVALENT CIRCUIT OF SIMPLE SERIES MOTOR 


The m.m.f. component J, and loss component J, combine to 
give the motor current J which flows through the leakage impe- 
dances of the stator and rotor windings, corresponding to the 
equivalent circuit shown in Fig. 2. 


oe skeJ*)] 


: —ja 
X_Lidtke Ie sk 


Fig. 2.—Equivalent circuit for simple series motor. 


(6) MOTOR WITH STATOR/ROTOR TRANSFORMER 


It is desirable to prevent the voltage induced in an armature 
coil from appreciably exceeding 2 volts, so as to limit the 
parasitic-current loss and ensure satisfactory commutation. To 
avoid the cost of a commutator with an excessively large number 
of segments, it is normal practice to employ some voltage step- 
down device for reducing the voltage applied to the commutator. 
In the series brush-shifting commutator motor a step-down 
transformer is placed between stator and rotor, thereby reducing 
the transformer rating to that of the rotor. It is normal to 
employ a gapped transformer with a magnetizing reactance 
adjusted to be about equal to that of the rotor reactance referred 
to the primary of the transformer, since this lowers the no-load 
speed limit to a safe value. The presence of this transformer 
produces a marked change in the speed/torque characteristic. 
Theoretically, a motor without transformer or with a step-down 
transformer between the supply and the stator is unstable at 
low speeds, although in practice it seems doubtful whether 
instability would exist in modern motors. At low speeds the 
rotor voltage would increase to such a high value that the 
auxiliary torques due to rotor iron losses and to parasitic currents 
induced in the coils short-circuited by the brushes would be 
likely to more than compensate for the reduction in the torque 
due to series motor action. However, excessive parasitic cur- 
rents would burn both brushes and commutator. On the other 
hand, the presence of a stator/rotor transformer enables the 
motor to develop appreciable low-speed torques without gene- 
rating injurious parasitic brush currents. 


(6.1) Motor and Transformer Without Leakage Impedance 
or Losses 

In order to establish the theory of the motor with stator/rotor 
transformer, it is convenient to neglect the losses and assume 
that neither motor nor transformer has either leakage reactance 
or resistance, giving the equivalent circuit shown in Fig. 3. 

A comparison with Section 5 shows that the e.m.f.’s in the 
stator and rotor are given by 


=P, = fliXmi “F ihak Xn e ce oe (4) 
—sV, == JL ask? Xn + fT skX nel Ayinente 4) 
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STATOR 
_SP 
V4 


Fig. 3.—Equivalent circuit of ideal motor and transformer. 


With a magnetizing reactance of X;, a transformer mag- 
netizing current of J; and a transformer ratio of ky, 


t In2 
I, = In yo teed by are - 
kys V2 
But {, = = GXal 
and substituting the value of sV, given by eqn. (5) gives 
aX Kpies 
k= Ingsk ko + Inysk tke 


Combining these two equations in J; gives 


X, — Sk kX 16% 
PX. + sk? Xn 


Fa = kl, (6) 

The total internal e.m.f. on the primary side is V = V,; + sk,V, 
and substituting the value of I, obtained from eqn. (6) in 
eqns. (4) and (5) gives 


1, XX, : 
Wie fege ree ; [il + kyke* + sk=k? + skke/)] (7) 
1 m 
The motor impedance is therefore 
Xi Xm 
Ly = a ee aS 
MX, t+ SHOX, ] o 


If the transformer magnetizing reactance is so large as to 
make J; negligible, the motor impedance is 


Zu = Xml ] 


Thus the effect of the magnetizing reactance of the transformer 
is to alter the magnitude of the motor impedance in the ratio 
X,/(X, + sk?k?X,,1) without changing the power factor. 

It is apparent from eqn. (8) that the motor impedance becomes 
infinitely large at the supersynchronous speed corresponding to 


XL 


SI _—— 
RIPX ni 


Now k?X,,, is the rotor magnetizing reactance and k?k2X,,; is 
that reactance referred to the primary side. If X, = sk?k2X,,,1, 
zero Current occurs at s = — 1 and zero torque is developed by 
series-motor action at twice synchronous speed. The no-load 
speed is therefore limited to some lower value depending on 
the rotational losses, and the motor cannot attain dangerously 
high speeds. 


(6.2) Approximate Equivalent Circuit 


The equivalent circuit of the ideal motor and transformer 
shown in Fig. 3 may be more simply represented by connecting 
the impedance Zj, of eqn. (8) across the voltage V. Ifa parallel 
branch is now added to carry the current f, evaluated from 
eqn. (1), and the leakage impedance Z,, = Z, + Z,=2,+k,Z, 
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4 


I In 


Zu 


Fig. 4.—Approximate equivalent circuit for motor with stator/rotor j 
transformer. 


is inserted, the approximate equivalent circuit shown in Fig. 4 
is obtained. 

In this circuit no allowance has been made for the transforme 
iron loss, P,, which gives rise to a loss current in the transformer 
primary given by ) 

P / 
Tt ~ fo Gileas 
3k 15 V, 


where k,sV> is the primary e.m.f. in the transformer obtain 
by neglecting the leakage-impedance voltage drop on the 
secondary side. 

This current is not reflected into the secondary side and is : 
phase opposition to the internal primary e.m.f. of the trans4 
former and therefore not in phase with ,. Like the transformen 
magnetizing component J;, the current J,, produces an m.m_f. 
in the stator winding. However, with the gapped transforme*s 
normally employed, this current is extremely small compare 
with J; and can be safely neglected without introducing any 
significant error. 

_ Apart from the iron-loss component of the transformer, whic 
has no significant effect, there are two errors in the circuit show 
in Fig. 4. First, the primary current contains the component 
I,, but there is no secondary component corresponding to J,, 
so that the volt drop IZ, is too large by the amount 1,23, 
Secondly, the assumption is made that 


Pa kisV> 
IXL 


= 


whereas the voltage behind J; opposes the transformer primary) 
e.m.f. and is given by V,, = k,(—sV, + 1,Z,). Consequently 
I, as evaluated by this equivalent circuit is too small. 

So far as the relationship between mains voltage and current 
is concerned, these errors are partly self-compensating. By 
under estimating J; this approximate method should give slightlyy 
optimistic values for the power factor. 


(6.3) Evaluation of Approximate Equivalent Circuit 


Many of the motor parameters are non-linear, so that a solu 
tion of the equivalent circuit shown in Fig. 4 is possible only by! 
the method of successive approximations. For a given supply) 
voltage V,, brush angle « and slip s, it is necessary to guess th 
internal e.m.f., V. The vector relationship of the interna 
e.m.f.’s is shown in Fig. 5, from which it can be seen that 


Ge al (9) 
1 4/[1 + 2skik cosa + (ski?) 
With V, determined the value of X,,; is obtained from the 
stator magnetization curve. 
Referring to eqn. (8), it is convenient to write the term in the 
square brackets in the form a + jb, where 


a=k,kQ —s)sina 
b =1 + sk?k2 + kyk(1 +s) cos a 


| 
i 


7 


{ 


know the rotor current, 1, = J,. + 


'resistance and so varies with the rotor current J. 


1 
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Sky Vo = Shy KY 
coer 
SUBSYNCHRONISM 


Sky Ve = SKq KV4 


Fig. 5.—E.M.F. locus. 


Then the modulus of Zj, is 
XX, ml 


pero het 2 2 
Xp + ore aaa rae 


and its argument is arc tan b/a. 


_ The primary m.m.f. current is then given by 
Xr te Sher X 
XXmV e+ BO 


Since both s and V, are now known, the losses P,; and P,; 
may be determined. Strictly speaking it is also necessary to 
T,2, given by eqns. (6) and 
(2) in order to determine the parasitic-current loss, P,, from a 
family of curves relating this loss to sV, for different values of J,. 
However, the work involved in this refinement is ee justified 
and P, may be estimated by assuming 1, = k,/,,;. With the 


Ti, = 


(10) 


b 
arc tan — 
a 


| Serious losses determined the loss component is is obtained 


from egn. (1), and 
I — Tit + [, 
The effective rotor resistance, R>,, includes the brush contact 
In the 
approximate treatment R,, may be taken to correspond to a 


rotor current k,J. The leakage impedance is then given by 


Zip = (Rie + Ry + k{Roe) + HK, +X; + kGsX2) 
Then the impedance drop is /Z,, and the phase terminal voltage is 
Ve=—V+tI2Z, 
It is unlikely that this voltage will agree exactly with the 


required terminal voltage, so that it is now necessary to make 


an amended guess at the internal e.mf., V, and repeat the 
calculations. This second approximation is usually accurate 
enough for practical purposes. 


(7) EVALUATION BY ACCURATE METHOD 
The approximate method is based on values of I; and 1,2 


which will combine to provide the assumed internal e.m.f. V 
when [, =— kysV2[jX>. 


~ In fact, 
IVa 
I IXL 
where Vin = k,(—sV a I,Z,) 


so that the stator winding of the motor is magnetized by an 
additional current 


AI, == zee . 


jXL 
Zy = (Ry t+ Roe) +i (Xi2 + 5X2) 


(11) 


where 


It is therefore necessary to make a correction to the m.m.f. 
currents J. and J,,,; as determined by eqns. (6) and (10). 

The space-vector diagram for the m.m.f.’s of a motor having 
a transformer with zero magnetizing current is shown in Fig. 6: 


Fy = kolaNim 

Fy = kal2Nom 
= kok UnkNim 
TCRR, 


From which 
F = Fyy/[1 + 2k,k cos x + (k,k)?] 


kik sin 


1 + kyk cos « ‘- 


and 


tan B = 


When the transformer ponerse current is not negligible 
the rotor current is J,. = k,U,, — I;) and the m.m.f.’s set up 
by J,2 in the rotor and by Z,, — J; in the stator have the relation- 
ship in Fig. 6. With this fact in mind it follows from the 


Fig. 6.—M.M.F. diagram. 


Fy = kaIniNim 
F2 = kyIn2N2 : 

Nim, Nom = Stator and rotor effective turns. 
kz = Constant of rotating field. 


equation relating F and F, that an additional current AJ, 
flowing in the stator winding only will have the same m.m.f. 
as currents J, in the stator and k,J, in the rotor, provided that 
Aly ik 
a/[1 + 2kyk cos a + (k,k)?] 


Lo (13) 

Thus, in order to preserve the internal e.m.f. unchanged, the 
stator m.m.f. current J, and rotor m.m.f. current I,,, determined 
by the approximate method on the assumption that J, = 
— k,sV,/jX;, must be corrected to 


thy hes ae le 
I, ae T2 77 kil, 


However, ps current AJ;, was determined for a rotor current 
ee = ae I,» and it is now necessary to use the corrected value 
R= = I}, + I}, to determine corrected values AI} and JZ. These, 
in turn, are used to obtain second corrected values 


I =1, + Ah -P 


ni 


Ih = ee 712 kT} 


It has been found that further approximations are not justified, 


so that 
=IHI+1, 


and b= In + th 
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Table 1 


PERCENTAGE ERRORS 


Current Power factor Power 
ee Speeds a ii} 
ae Approximate Accurate Approximate Accurate Approximate Accurate | 
| 
deg r.p.m. | 
| : ‘ ; F C75 O04 padded 
165 2000 1750 | +17:6 +17-5 | —10 —3-9 +2:-1 0 +1:1 +0°5 +19:7 +17-5 ; 
1500591250" |) -F13-7 leiged —2:4 +0:-9 +0:4 —0-4 0 —0°:5 +14-1 +16 —2:4 +0-4 
\ | : : ; : ; : i) +3°4 
150 2000 1750 | +10-7 14:2 | —3:9 +2-6 +4-3 +2-2 +1:9 +0°8 +15 +16°4 
1500 1250 | +11°1 ¥ 778 | +3°4 +1-9 +1:6 —1 +0°6 —1:3 +12:7 +6:°8 +4 +0:6 
! ; ; : ; a : Les ite F ! ‘ { ede8 
135 1750 1500 |} + 9:7 +12-5 | +0°-7 +3:-2 +3:4 +0:2 +1:4 1:4 +13-1 +12:7 +2 
1250 1000 | +11:8 + 1:7 | +3-5 —0-7 —1 —1-:2 —3:3 —2:1 +10-8 +0:°5 +0:2 —2:°8 | 
a j Seo is : | 
120 1750 1500 | + 2:5 + 8-9 | —2:9 42-9 3 +0:-1 —0:7 —1-1 t 5°5 +9 3-6 +1-8 | 
1250 1,000.) E8629) 2-9") 3-3. de 7 —1:5 —2:°5 —0°8 —3-1 + 5-4 +0-4 +2:5 —1-4 
750. +500 | — 1:6'= 1 +0-°3 +1-9 —5:4 —5:°8 —5:7 —7:2 — 7 —6'8 —5:4 —5§-3 | 
90 1750 1500 | + 3-6 + 8-5 | 42:2 +4-9 +5-1 +6:8 +1:7 =+3-7 + 8:7 +15-3 +3:9 4+8:-6 
1250 1000 | + 6:1 — 1:9] +4:-7 +1:-7 +1°5 +5:1 —1-:4 42:2 +7:6 + 3:2 +3:3 +3:9 
750 500 OF — ONS sili 2 dejoj) =A Ss == 3) Jie 5d es he eee Bg sip eS 8Cyl 
250 — 2:1 0) —10°6 —13-7 22 07/ —13-7 
All angles and speeds | + 8:3 +2-04 +0:-29 —1-24 +8:°55 —0-72 
1250 + 9-8 +2:-9 —0:48 —1-46 +9-3 +1-44 
All 1500 +13:2 +2-6 +1-82 +0:36 +15-0 +2-96 
angles | 
1750 + 9:5 —0-26 +2:-74 +0:74 +13-2 +0:48 
The leakage-impedance drop between terminals is then Table 2 


IZ, + ki bZ, 
Z, = (Ry + Rye) +I Xn +X) 
2, = (Ryo + Roe) +I Xin + X2) 
and the phase terminal voltage is 


Ve=—-V+t(h2Z, + ki bZ;) 


where 


(8) CHECKING CALCULATIONS 
It is essential to have some means of checking the accuracy 
of the currents determined from eqns. (6) and (10). From 
Fig. 5 it is apparent that V, lags or leads V by 06, so that 
A eee =, where the angle @ is readily determined. The 
stator magnetizing current which will produce this e.m.f. is 
Hh = > ViLiXmni> 1.e. 


4 
Ls = 
mi Bed 


Ls +@ — 90° (14) 

Now J, in the stator winding and J,. in the rotor winding 
must combine to produce the same m.m.f. as J,,,; in the stator 
only. But J, in the rotor gives the same m.m.f. as KI, Was 
in the stator. It follows that na 


Ta ti KI. / —% = Jes (15) 


Then the values of J,,;, I, and J. given by eqns. (6), (10) and 
(14) should satisfy eqn. (15). Similarly, the corrected values 
I;, and 15, when substituted for I,; and J,, should satisfy 
eqn. (15). 


(9) COMPARISON OF MEASURED AND CALCULATED 
DATA 
Tests for determining the motor parameters are outlined in 
Section 12. The motor current, power factor and input were 


PERCENTAGE LOss CURRENT BY ACCURATE METHOD 
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calculated by both the approximate and the accurate method! 
for a wide range of brush angles and speeds. The motor wa: 
loaded and corresponding test values were obtained. For thi’ 
purpose first-grade instruments were used, the accuracy of whick 


jwas well within the permitted margin of errors for such instru- 
jments. The errors in the calculated values, based on the assump- 
tion that the measured values are correct, are shown in Table 1. 

+ For reasons connected with the brushes it is very doubtful 
whether exact agreement between measured and calculated 
results ought to be obtained. Thus the arc subtended by a 
(brush on the commutator amounted to 10° (electrical), so that 
tthere would appear to be ample room for a variation of perhaps 
|2° in the effective brush position, depending on the variation of 
‘current distribution across the brush with load. Another uncer- 
\tain factor is the brush contact resistance, which to some extent 
| depends on previous load conditions. 

Summing up, it is fair to say that the errors obtained by the 
accurate method are quite as small as could be hoped for and 
that the method gives reliable results. 

| Table 2 gives the loss current as a percentage of the total 
‘current calculated by the accurate method. In general, it is 
‘clear that the loss component is too large to be neglected, except 
‘possibly at large brush angles and supersynchronous speeds, 

where there is a tendency for the negative gap powers due to 
| parasitic brush current and rotor iron losses to neutralize the 
‘power drawn from the supply in respect of stator iron losses. 
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(12) APPENDICES 


(12.1) Details of Motor Tested 


The experimental work was carried out on a small motor rated 
at 3-Sh.p. at 1800r.p.m. The stator had been specially wound 
for low-voltage operation (55 volts between lines) for use without 
stator/rotor transformer. In order to test the motor under the 
conditions normal in practice a 1:1 gapped transformer 
was inserted between stator and rotor, so that k,; = 1. 

The effective rotor/stator turns ratio was calculated = 
checked by the voltmeter method, giving k = 1-02. 


(12.2) Leakage Impedances 


A short-circuit test was carried out on the rotor side. The 
theory of this method of testing has been described by Mainer.? 
With the connections shown in Fig. 7 the terminal impedance 
is given by z 


Zr = Rye + sk*(Rye + Ry) + is[Xp + K(X, + XD] 


i] GAPPED 
TRANSFORMER 
Ret jXe 


STATOR 


(em 


N skVy | fe Ss 


ROTOR 
Ree + jsXe 


Fig. 7.—Equivalent phase circuit during short-circuit test. 


Tests were carried out at full-load current and synchronous 
speed with 


(a) Forward field (s = 0). 
(b) Reverse field (s = 2) with switch S closed. 
(c) Reverse field (s = 2) with switch S open. 


From these tests the following parameters were evaluated: 


R,. + R, = 0:08 ohm 

R, = 0:05 ohm 

R,, = Ry, = 0-025 ohm (assuming that R,, = R,. = FR,) 
X, = 0-004 ohm 
Xy = Xi = +X, = 0-002 ohm (assumption) 

X, + k*?X, = 0-084 ohm 

X, = k?X, = 0-042 ohm (assumption) 

X, = 0:0405 ohm 

Since the effective rotor resistance R,, is largely determined 


by the brush contact resistance, the test at s = 0 was repeated for 
different currents and the graph shown in Fig. 8 was plotted. 


(12.3) Stator and Transformer Magnetization Curves 


By far the most important arrabaee is the stator magnetizing 
reactance, which is given by X,,; = Vi/Jini, where V, is the 
stator phase e.m.f. and J,,; is the magnetizing current when only 
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Fig. 8.—Relationship between effective rotor resistance and rotor 
current. 


the stator is excited. Because of the very low lagging power 
factor the stator phase e.m.f. was taken as V; = V, — In X4. 
Strictly speaking, the line current contains a power component 
in respect of iron losses. This could be eliminated by driving 
the rotor with raised brushes at such a high synchronous speed 
that the negative gap power in respect of rotor iron losses 
equalled the stator iron loss. Since the power component in 
the motor tested was small, the rotor was driven round at just 
over synchronous speed and the measured current was assumed 
to equal the true magnetizing current. The magnetization 
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Fig. 9.—Stator magnetization curve. 


curve of the stator is shown in Fig. 9; that of the transformer 
was found to be a straight line giving X;, = 1-32 ohms. 


(12.4) Iron Losses 


The stator iron losses were measured and plotted on the base 
of stator phase e.m.f. V; as shown in Fig. 10. The rotor J?R 
losses were measured for various values of V, at standstill and 
half synchronous speed. With the method devised by Mainer 
and Edwards!® it was found that the rotor iron losses = (stand- 
still loss) x |s|!:3!3. Furthermore, it was found that the rotor 
standstill loss varied roughly as V?. This enabled the rotor 
iron loss to be expressed by the empirical equation 


P,; = 0-132V2|s|!-313 (16) 
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Fig. 11.—Brush parasitic-current loss. 


—--- Total rotor ohmic loss. 
Parasitic-current loss Py. 


(12.5) Brush Parasitic-Current Loss 


The total rotor ohmic losses were determined by the methoo 
described by Mainer.!! The curve for full-load current is showy 
by the broken line in Fig. 11; for convenience, the curve wa 
plotted on a base of sV, rather than coil e.m.f., to which sV, ii 
proportional. 

At synchronous speed sV; = 0. so that there is only a loaa 
current loss. The full-line curve in Fig. 11 was obtained b» 
deducting the loss at synchronous speed from the broken-lina 
curve and has been assumed to represent the brush parasitic¢ 
current loss, P,. This method gives the correct total ohmii 
losses but underestimates the parasitic-current loss. However! 
it assumes the same value for load-current loss as that correspond 
ing to the effective rotor resistance R,, as measured by the short: 
circuit test described in Section 12.2. 

It is necessary to evaluate the relationship between P, an 
sV, for a number of load currents, so as to obtain a family o: 
curves from which the brush parasitic-current loss may bo 
estimated for any values of sV, and I,. These curves are showr 
by the full lines in Fig. 11. 
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SUMMARY 

The paper gathers together the various results and methods used in 
an elementary algebraic and topological study of electrical networks. 
Considerations are restricted to networks containing a finite number 
of lumped resistors, capacitors and self- and mutual inductors. The 
tesult is a connected logical presentation leading, by use of the concepts 
of incidence, loop and cut-set matrices, to the corresponding nodal, 
loop and cut-set analysis methods. 


i 
I 
| 


LIST OF PRINCIPAL SYMBOLS 
A, = Incidence matrix. 


A = Reduced incidence matrix (r.i.m.). 
A’ = Transpose of A. 

B, = ‘All-loop’ matrix. 

B; = Fundamental loop matrix. 


B = Loop matrix. 
b = Number of branches in a network 
b, = Number of capacitors in Y- 
b; = Number of inductors in 
b, = Number of resistors in Y- 
C, = ‘All-cut-set’ matrix. 
C; = Fundamental cut-set matrix. 
C = Cut-set matrix. In Sections 5 and 7, the diagonal 
branch-capacitance matrix of order b, x by. 
é,, = kth-branch voltage source. 
e = Branch voltage-source vector. 
_E= Loop voltage-source vector. In Section 8, columns 
of C, corresponding to the branches of a tree. 
F = Columns of B; corresponding to a set of chords. 
G= R71, 
i, = kth-branch current. 
t = Branch current vector. 
I = Loop current vector. 
Jx = kth-branch current source. 
j = Branch current-source vector. 
J = Aj = Nodal current-source vector. 
J° = Cj = Cut-set current-source vector. 
K = Columns of A corresponding to a tree. 
L = Branch self- and mutual inductance matrix of order 
b; X b;. 
m = Number of independent loops in 
n = Number of nodes in ™ 
MN = Typical RLC or RLCM network. 
p = Laplace transform (or complex frequency) variable. 
P(p) = Nodal admittance matrix. 
P°(p) = Cut-set admittance matrix. 
Q(p) = Loop impedance matrix. 
R = Diagonal branch resistance matrix of order b, x b,. 
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THE ALGEBRA AND TOPOLOGY OF ELECTRICAL NETWORKS 
By P. R. BRYANT, M.A., M.Sc., Ph.D. 


(The paper was first received 9th November, 1959, and in revised form 29th July, 1960. It was published as an INSTITUTION MONOGRAPH in 
November, 1960.) : 


s = Connectivity, or number of separate disconnected parts 


of W. 
S==EF4 
t = Time. 


v, = kth-branch voltage. 

v = Branch voltage vector. 

V = Nodal voltage vector. 

Ve = Cut-set voltage vector. 

X = Columns of A corresponding to a set of chords. 
Y(p) = Z~! = Branch admittance matrix of order b x b. 
Z(p) = Y~! = Branch impedance matrix of order b x b. 

Ud eal 

1,, = Unit matrix of order m x m. 

+ = Direct addition of square matrices. 


(1) INTRODUCTION 


The use of algebraic topology and matrix algebra in the study 
of electrical network theory has been written about by many 
authors and is now well established. Unfortunately, these 
various writings are scattered both in time and place. The 
purpose of the paper is to gather together various results and 
to present them in a connected logical way. Apart from the 
presentation, very little in the paper is new. 

Algebraic topology and matrix algebra together provide an 
extremely useful mathematical language for network theory, and 
their concepts and results enable this theory to be developed 
rigorously. Topology can be applied to electrical network 
theory at two different levels. The more sophisticated level, 
which we do not consider, makes use of the theories of 
homology and cohomology of 1- and 2-dimensional linear 
complexes.22 32, 39.40 The more elementary topology which 
we use is historically the early beginnings of algebraic topology.*® 
Matrix algebra plays a very important part in the development 
given here. 

No mention is made in the paper of the concept of duality. 
This omission arises from the inability to do justice in a short 
space to this most important concept, rather than from any lack 
of appreciation of its significance. References 22 and 32 give 
interesting accounts of the algebraic and topological approach to 
duality. 


(2) ELECTRICAL NETWORKS 


The electrical networks considered are made up entirely of a 
finite number of lumped resistors, capacitors, self-inductors and 
mutual inductors. It is hoped to include ideal transformers in 
alater paper. An extension of topological methods to networks 
containing more general electrical elements has been made by 
Percival* 35 and Coates. !? 

Our networks are assumed to be driven by ideal current and 
voltage sources; the philosophy of assuming ideal sources is 
fully discussed by Guillemin,?° and we shall not mention it 
further. 

We consider first networks which contain no mutual induc- 
tance. Such networks are made up entirely of resistors, self- 
inductors and capacitors, and are called RLC networks. It is 
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assumed, until Section 7, that all networks considered are RLC 
networks. 

As the elements are lumped, it does not matter about their 
absolute spatial positions; only the way in which they are con- 
nected together is of significance. Because of this we prefer not 
to talk of the network ‘geometry’, which conjures up ideas of 
dimensions and absolute positions, but rather of the network 
‘topology’. Thus we are concerned only with the interconnec- 
tions of the elements at their junction points, and algebraic 
topology provides a method of specifying and studying this. 

Denote a typical RLC network by -V; each element of MN is 
called a ‘branch’; thus a branch is a resistor, a self-inductor or a 
capacitor. This definition of a branch is by no means the only 
one possible; several writers find it more convenient to consider 
a series or parallel arrangement of resistors, inductors and 
capacitors as forming a branch. We have found the present 
definition to be of most use. We shall assume that all resis- 
tances, inductances and capacitances are positive and non-zero. 
The junctions of the branches are called ‘nodes’ of NICS 
assumed that contains n nodes and b branches, made up of 5; 
self-inductors, 5, resistors and b, capacitors, where 6b; + b, + 
b, = b. The nodes are labelled 1, 2, ..., and the branches 
1D ead: 


Lo 


—— 


Fig. 1.—A typical RLC network WV; 
Fig. 1 shows a typical connected RLC network, VW; containing 
6 branches and 4 nodes. Thus, for Fig. 1, 


b= 61O7=— b= bs — 2) 
n=4 


The nodes have been arbitrarily numbered from 1 to 4, and the 
branches from 1 to 6. 

It is stipulated that is driven only by ideal voltage sources 
connected into branches and ideal current sources connected 
across branches. For example, the kth branch of Wis assumed 
to have voltage source e,(t) in series and current source j,(f) in 
parallel, as shown in Fig. 2. This stipulation is justified by 


kth BRANCH 


—____» 


Fig. 2.—The kth active branch. 


Guillemin?° (Chapter 2, Section 7) on the grounds that the 
network configuration must not be modified by these sources. 
We shall be general and assume that every branch of Whas two 
ideal sources so connected. The combination of the ‘passive 
branch’ and the two ideal sources is called an ‘active branch’. 
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(3) INCIDENCE AND THE INCIDENCE MATRIX 


Disregarding the electrical properties of the RLC network, N, 
and considering only the nodes and their interconnecting; 
branches—which may for this purpose be thought of as lines—- 
we obtain what topologists call a ‘one-dimensional linear com-; 
plex’ or a ‘linear graph’.48 +The topological properties of Ware? 
precisely those of this graph of “% 

Going back for a moment to the electrical case, it is obviouss 
that we shall need to introduce an orientation of the branches, , 
e.g. for defining potential difference. We shall assume that each) 
branch of has an arbitrary orientation applied to it by means; 
of an arrowhead, as shown in Fig. 1. 

For the moment it will be assumed that does not contain) 
any ‘degenerate branch loops’, i.e. branches which are closed} 
upon themselves. With this limitation it is obvious that each) 
branch has associated with it precisely two nodes, called thes 
‘vertices’ of the branch. These two nodes and the branch ares 
said to be ‘incident’. The incidence of the nodes and branchess 
of WW may be described algebraically by means of an n xX ? 
matrix, denoted? 3° by A,, whose rows correspond to the nodes: 
of VY and whose columns correspond to the branches. [iss 
elements A; are defined as follows: 


Aj, = +1, if branch k is incident with node j and oriented 
away from it. 

= — 1, if branch k is incident with node j and oriented 
towards it. 

Ajx = 0, if branch k is not incident with node j. 


A, is called the ‘incidence matrix’* of the network. {t) 
corresponds to the matrix II used by Ingram and Cramlett,** 
and to the negative of the matrices M used by Cauer’ and F,. 
used by Veblen.*® Veblen points out that the use of this; 
matrix dates back to Kirchhoff’s famous article,2? which ke 
says ‘is doubtless the first important contribution to the theory} 
of linear graphs’. 

For the network of Fig. 1, we have 


ae 0 OR 0 

y, 0 0nd so eehes et 0 
= 

Oa 0 Ov at 

el 0 Once Ot! 


A, not only gives all the information about the incidence off 
branches and nodes but also indicates the branch orientations..| 
Obviously each column of A,, corresponding to a branch of | 
contains exactly two non-zero elements, namely +1 and —1.| 
Hence, if we add together all the rows we get a row of zeros, 
i.e. the rows of A, are not linearly independent. The number!) 
of linearly independent rows (or columns) of a matrix is called 
its rank.!:18 The rank of A,, which depends on the number of| 
nodes in V; also depends upon what is called the “connectivity” 
of W which is now defined. First, Wis said to be ‘connected’| 
if there exists a path of network branches between any two nodes’ 
of “ If Wis not connected then it must consist of a finited 
number, say s, of separate parts. This number s is called thed 
connectivity of 4 The network of Fig. 1 is connected and 
SOunasysa—ale 

We now have the following results: 


(a) The rank of A, isn —s. 


This result is proved by Veblen,*® and for the case s = 1 b 
Reed and Seshu.?® 


(b) A necessary and sufficient condition for an n x b matri 
to be the incidence matrix of an RLC network (not necessaril 
connected) is that each column of the matrix contains precisel 


* Aq is sometimes called the vertex matrix.36 


jone +1 and one —1, all other elements in the column being 
Zero. If such a matrix is of rank r, the associated network 
vhas n — r separate parts. 


i Necessity is obvious. Sufficiency follows by construction. 
), The last part of the result follows by applying (a) to the network 
so constructed. 


)thats = 1. The modifications necessary to extend what follows 
|,to the case s > 1 are in most cases fairly obvious, and no mention 
|, will be made of them until Section 7. 

In the case of a connected network, A, contains a certain 
| redundancy. Thus suppose we form from the n x b matrix A, 


an (n — 1) x b matrix, by deleting the row corresponding to 


mode n. Denote??»*° this new matrix by A; it is called the 


_ teduced incidence matrix (r.i.m.) of “7 
The reduced incidence matrix A of the netwerk in Fig. 1 is 
| obtained from A, by deleting the fourth row, and is given by 
| —1 +1 0) 0 —!1 0 
I, A=; 0 O +1 +1 +1 #0 
0 —-1 —-I 0 0 —!1 


» Some of the columns of A will not now contain both a +1 
janda —l. Any such column must obviously correspond to a 
» branch incident with node n; the sign of the single non-zero 
j element in that column will indicate the orientation of that 
_branch. Thus, provided that we know -V is connected, the 
, matrix A gives as much information about Vas A,. The 
1 significance of the suffix a in A, may now be explained: it is 
| meant to show that all the nodes of VW are considered in its 
definition.2? The node numbered n, corresponding to the row 
_ of A, deleted, is called the reference node of It is usual to 
decide which of the nodes is to be the reference node before 
’ numbering them. 

(ec) The rank of the r.i.m., A, of a connected network contain- 
ing 7 nodes is (n — 1). 

_ This is proved by Reed and Seshu.*¢ 

_ (d) Necessary and sufficient conditions for a matrix M of 
order « x f to be the r.i.m. of a connected RLC network are: 


Gi) Elements of M are +1, —1, or 0. 

(ii) Each column of M contains at most one +1 and one —1 
and at least one non-zero element. 

(iii) The rank of M is a. 


Necessity follows from the definition of an r.im., and from 
(©). For sufficiency we note that we may complete those columns 
of M containing only a single non-zero element by adding an 
extra row to M so that it satisfies the conditions of (5) for a non- 
reduced incidence matrix of a connected network. 
As mentioned at the beginning of the Section, it has so far 
been assumed that does not contain any degenerate branch 
loops. Such degenerate branches are usually not admitted 
in the classical study of the theory of linear graphs,*® but it 
is often found convenient to allow them in the study of 
electrical networks. Their presence immediately complicates 
the concept of the incidence matrix; thus, since the branch 
starts and finishes on the same node, then from our original 
ideas, the column of A, corresponding to this branch requires 
both a +1 and a —1 as the element corresponding to the 
node on which the branch is looped. Mathematically we 
wish to treat this element of the matrix as zero, but if we just 
put a zero as the corresponding element of A,, we obtain a 
column of zeros corresponding to the branch and lose the 
information telling us on which node the branch is looped. 
We thus adopt the symbolic convention of using a zero with a 
bar across it, ®, to indicate this node. This zero, @, obeys all the 
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normal arithmetical rules of zero. Notice that when we obtain 
the reduced incidence matrix, A, a branch looped on the reference 
node will now be indicated by a column of plain zeros, the 
barred zero having been lost in the elimination of the ‘reference 
row’. 

Some of the properties (a)-(d) of the matrices A, and A now 
need to be slightly modified to allow the existence of these 
degenerate loops. Result (a) remains as before, the rank of 
A, being unaffected by these branches. Property (b) requires 
modification; thus: 


(b’) A necessary and sufficient condition for an n x b matrix 
to be the incidence matrix of an RLC network, not necessarily 
connected but including, possibly, degenerate branch loops, is 
that each column of the matrix falls into just one of the following 
categories: 


(i) Contains precisely one +1 and one —1, all other 
elements in the column being plain zeros. 
(ii) Contains just one 6, all other elements being plain zeros. 


If such a matrix is of rank 7, the associated network has 
n — r separate parts. 


The property (c) concerning the rank of the reduced inci- 
dence matrix A remains unchanged, but property (d) requires 
modification: 


(d’) Necessary and sufficient conditions for a matrix M of 
order « x B to be the r.im. of a connected RLC network, 
possibly containing degenerate branch loops, are: 
(i) Elements of M are +1, —1, @ or 0. 
(ii) Each column of M falls into just one of the following 
categories: 
Contains precisely one +1 and one —1, other elements 
being plain zeros. 
Contains just one +1, other elements being plain zeros. 
Contains just one —1, other elements being plain zeros. 
Contains just one €, ther elements being plain zeros. 
All elements are plain zeros. 
(iii) The rank of M is «. 

Having pointed out the possibility of the existence of these 
degenerate branch loops, and also indicated a method of 
including them in a matrix analysis of the network, we assume 
for the rest of the paper that no degenerate branch loops exist in 
the networks being considered. The only modification required 
in what follows,-in order that the results may include these 
loops, is in the definition in the next Section of the term ‘loop’ 
itself. If this definition is slightly modified so that the degenerate 
loops are admitted as loops, then all the results and methods 
obtained in the paper will carry over. 


(4) LOOPS AND THE LOOP MATRIX 


It is well known to electrical engineers that closed paths 
within a network provide a very useful concept. Such a closed 
path is called a ‘loop’ of WV; the terms ‘circuit’,*® ‘1-circuit’,*8 
‘cycle’39.49 and ‘1-cycle’3? are used by some writers. Following 
Guillemin we reserve the term ‘mesh’ for those loops which 
form the ‘windows’ of a planar network. The precise definition 
of a loop must be made with care; the following formal definition 
is fairly rigorous but is probably not very intuitive. It is 
difficult to make it more intuitive without losing rigour. 

Definition 1.48—A loop of a network is a connected sub- 
network of (i.e. a network contained in -/) having precisely 
two branches incident with each node. 

In general Wwill contain many loops, which may be arbitrarily 
numbered and oriented. All the loops of the network of Fig. 1 


are shown in Fig. 3. 
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i ane 


(g) 
Fig. 3.—The seven loops of 7 


If a particular loop contains a particular branch, that loop 
and branch are said to be ‘incident’. Thus any loop may be 
defined in terms of its incidence with the branches of 4” This 
incidence may be described algebraically by a matrix, denoted*° 
by B,, containing b columns, one for each branch of MN, and a 
finite number of rows, one for each possible loop of 4 Its 
elements B,, are +1, —1 or 0, as follows: 


By, = +1, if branch k is incident with loop j and their 
orientations coincide there. 
By, = —1, if branch k is incident with loop j and their 
orientations are opposed there. 


B;, = 0, if branch k and loop j are not incident. 


The matrix B, for the arbitrary numbering and orientation of 
the loops shown in Fig. 3, is 


0 it 0 1 0 

1 to il  s=il 0 0 

=i 0 a! 1 
B,=}|-1 —-1 0 0 0 1 
1 0 1 0) =! 

= 0 Oe 1 0 

0 0 ssi Oat 


There exists an important relation between the matrices A, 
and B,. If we denote the transpose of a matrix, B,, i.e. the 
matrix with its rows and columns interchanged,! by Bj, this 
relation becomes 


(e) A,B,=0 B,A, =0 


This important result, which, as we shall show, provides the 
mathematical justification of nodal and loop analysis of networks, 
is proved by Reed and Seshu;?° it also follows from Veblen‘’ 
(Chapter 1, Section 42) and Cauer’ [eqn. (5a), Chapter 2]. 

The concept of a ‘tree’ is now defined; this important concept 
was first used by Kirchhoff?? in 1847. 


Definition 2.—A tree of a connected network is a connected 
subnetwork containing all the nodes of W but containing no 
loops. 


Note that this definition differs from that given by Veblen*® 
(Chapter 1, Section 26); the term ‘complete tree’ is used by 
Cauer./ 


(f) Every tree of W has n — 1 branches. 


This is proved by Veblen*® (Chapter 1, Section 26) and by 
Ingram?! (theorem 3). 

In general VY will contain several trees; it may be shown*® 
that the total number of trees of Wis given by the determinant 
det (AA’), where A’ denotes the transpose! of the matrix A. 

From this result, we see that the network of Fig. 1 contains 
sixteen trees. These are shown in Fig. 4. 
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Fig. 4.—The sixteen trees of 7 


Each tree of VW will divide the b branches into two sets: t 
n—1 branches contained in the tree, and the b—n-+ } 
branches not contained in the tree. These latter b—n-+1 
branches are called ‘chords’2!> 3° (or ‘links’’: 2°) of the tree, an 
are said to form a ‘co-tree’?? of (see Fig. 5). It is of interest 


Vio SS 


(a) qd) 


NY cetera 


po a— 
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Fig. 5.—The sixteen co-trees of 7 
to note that a co-tree may be defined in its own right as a 
minimal set of branches, such that, if all the other branches of' 
MW are contracted,* the resulting network contains only one? 
node.t This definition is the dual of definition 2 for a tree.. 
We do not make any use of this alternative definition here. 
Whitney** has shown an interesting relation between the: 
loops and trees of VY; namely that a loop is a minimal set of: 
branches containing at least one chord of every tree. Trees; 
have another important application to the study of the loopss 
of .Y. Thus, consider any tree. Since it is connected, there: 
exists a path of tree branches, called a ‘tree path’, between any 
* By the ‘contraction’ of a branch we mean the process of shrinking the branch to: 
nothing, and identifying together as a single node the original two terminating nodes 


of the branch: the term was suggested to the author by Mr. S. Deards, of the ea ah 
of Aeronautics, Cranfield. 


+, A more precise statement would be that the resulting network contains no ‘cute | . 
sets’ (see Section 8). 


wo nodes. Since a tree contains no loops, this tree path must 
ie unique for any pair of nodes. Now consider the tree together 
vith one of its chords. Between the two nodes terminating the 
hord there is, by the above discussion, a unique tree path. 
“he chord together with this tree path must obviously define a 
loop of V. Similarly each of the 6 —n-+ 1 chords of the 
tee defines a loop of 4 These b — n + 1 loops are called a 
et of ‘fundamental’ loops of ./: their orientations are defined 
0 coincide with those of the chords. Thus, the tree of Fig. 4(/) 
lefines the set of three fundamental loops shown in Fig. 6(a). 
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Fig. 6.—(a) A set of fundamental loops of 


| (5) A set of independent non-fundamental 
P loops of 


_ A set of fundamental loops of a network defines a submatrix 
of order (6 —n + 1) x b of B,, called a ‘fundamental loop 
‘matrix’ of 1; and denoted by B;. Thus the set of fundamental 
loops of Fig. 6(a) defines the matrix B '¢ given by 


OO et 1. 0 
Ole Ouran dy 
Aji Os yak 21 yd Sd 


By the definition, each chord of the tree is incident with 
precisely one of the fundamental loops, and so the corresponding 
b —n +1 columns of B; form, with a suitable numbering, a 
unit matrix of order b —7 + 1. Hence B,is of rank (b — n + 1) 
(see Reference 36, theorem 9). From this result and using (a) 
and (e) it follows that B, is also of rank b — n + 1 (Reference 36, 
theorem 10). This result means that B, contains only b—n+1 
linearly independent rows. As each row defines a loop of N 
we see that .V contains only b —n +1 independent loops. 
The systems of fundamental loops are examples of such inde- 
pendent systems: there exist other systems, however, besides 
these [see Fig. 6(b)]. Thus the rows of any (6 —n+1) xb 
submatrix of B, of rank b —n-+ 1 will define such an inde- 
pendent system. Such a submatrix is denoted by B,”?:*° and 
called a ‘loop-matrix’ of 7 The matrix B corresponds to the 
matrix I’ used by Ingram and Cramlett and by Cauer. A set 
of three independent loops of the network of Fig. 1, which is 
not a fundamental set, is shown in Fig. 6(b). The corresponding 
loop matrix B is 
—1 1 0 0 
—1 0 1 0 


=| 1 


1 1 
B=|0 1 
Ute 0 1 


The number b —n +1 is denoted by m, and is called the 
‘nullity’?! or ‘cyclomatic number’#’ of We shall assume 
that a system of m independent loops of MN has been chosen 
and denote the corresponding loop matrix by B. Since A is a 
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submatrix of A,, and B is a submatrix of B,, then (e) gives us 
immediately that BA’ = 0. We give now some further properties 
of these matrices A and B. 


(g) Any (x — 1)-minor of A is non-singular if and only if 
the n — 1 columns of the minor correspond to the branches of 
some tree of W, 

(h) Any m-minor of B is non-singular if and only if the m 
columns of the minor correspond to the branches of some 
co-tree of W. 


(g) and (A) are proved by Reed and Seshu*® (theorems 12 
and 14). 

A class of matrices, that has been investigated by Ceder- 
baum® !°.!! and shown to have important applications to net- 
work theory, is the class of ‘unimodular’ or ‘E-matrices’; these 
are defined to be matrices having all their subdeterminants, 
including the elements themselves, of value +1, —1 or 0. We 
have the following result: 


(i) A and B, are E-matrices. 


This is proved for A by Veblen and Franklin;*? Seshu*” gives 
the same proof; for By it is proved by Cederbaum.!! 

A general loop matrix is not necessarily an E-matrix, but we 
do have the following result: 


(j) All non-zero m-minors of B have the value +k or —k, 
where k is some integer. 


This result follows from the next, which is proved by Reed 
and Seshu*° as part of their theorem 14. 


(k) B and B, are related by B = TB,, where T is a non- 
singular square matrix having elements +1, —1 and 0. 


Notice that, since the m columns of B, which correspond to 
the co-tree defining the fundamental loops form a unit matrix, 
then T must be identical with the m = m submatrix of B formed 
from the corresponding m columns. 

Those systems of loops having the value k = 1 in result (/) 
are called by Cederbaum? ‘simple’ systems. We refer again to 
simple systems in Section 6.1. 

The result (7) has been somewhat extended by Okada,?! who 
shows that for certain types of loops the integer k is of the 
form 2! He shows that this will be so if the m independent 
loops together with m surfaces, obtained by assuming each loop 
to be the boundary of a surface, form what topologists call a 
non-orientable manifold. Not all independent systems have 
this property: a counter example is given by Cederbaum? in 
which k has the value 3. Mayeda and Seshu?? imply that 
Okada’s result is true for all loop matrices B; we hope that we 
have clarified the situation. 

The connection between B,and A is given by the following: 


(1) If, for a given tree of VY, the branches and fundamental 
loops are so numbered and oriented that B, and A are of the 
form: 


By= [Lins F] 

A= [X, K] 
then 

F’ = —K7~!X 


The proof follows directly from the relation AB;=0. As 
Cederbaum!! points out, (/) provides a necessary and sufficient 
condition for a matrix to be a fundamental loop matrix of a 
connected network: 


(m) A necessary and sufficient condition for an m x b matrix 
B, to be a fundamental loop matrix of a connected network is 
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that, possibly after a permutation of its columns, B, may be 
presented in the form 
By = er F] 
ar i. —s (K~'X)’] 


where K and [X, K] are respectively the r.i.m.’s of a tree and of 
a connected network. This tree and connected network then 
realize By. 

The a BART numbering of the branches given in Fig. 1 
was in fact chosen so that branches 1, 2 and 3 are chords to 
the tree of Fig. 4(/), while branches 4, 5 and 6 are the tree 


branches. Hence 4 is already in the form 
0 6 .@) 
giving —1 1 0 
MM | 0 0 j 
0 -—1 -!1 
Oo -1 0) 
ke | 1 1 j 
0 0 —1. 
Hence 
Sell ap 0 
Ke = = 0 ; 
0 0 —-1 
giving 
SNe sel ae 
K'X=]41 -1 0 
OS Sei 


The truth of result (/) is illustrated when this product, K~!X, 
is compared with —F’, where F is the last three columns of B fs 

An interesting interpretation of the matrix K—! is given by 
Branin*? in terms of what he calls the ‘node-to-datum path- 
matrix’ of the tree defining K. His paper contains many other 
interesting results. 

A process for realizing a matrix B, is given by Gould.!9 
The following result is proved by Reed aka Seshu*® (theorem 15): 


(n) If M is any matrix of order m x b and rank m, having 
M;; = + 1 or 0 and satisfying 4M’ = 0, then each row of M 
represents a loop of or a disjoint union of such loops. 


(5) ELECTRICAL CONSIDERATIONS OF RLC NETWORKS 
As before, we assume a connected network, .Y; and each 


branch of Wis assumed to have an ideal voltage source in 
series and an ideal current source in parallel, as shown in Fig. 2. 
The values of these ideal sources, as functions of time ¢, are 
assumed known. The unknowns in the network are taken to 
be the passive branch currents and potential differences which 
exist as a result of the sources. Each passive branch, e.g. the 
kth, will be assumed to have a current i,(t) flowing in the direc- 
tion of orientation, and a potential difference v,(f) such that the 
orientation arrow points towards the lower potential. The 
relative orientations of i,(t), v,(f), e,(t) and j,(t) are shown in 
Fig. 7, where the arrows indicating potentials are supposed to 
point towards the higher potential. 

It is convenient to deal straight away in Laplace transforms 
of these time-varying parameters. We shall assume that we are 
interested only in the steady-state solution, and so initial con- 
ditions of the variables may be neglected. In this way the 
transform variable, which we denote by p, corresponds to the 
well-known electrical-engineering complex-frequency variable. 
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Fig. 7.—Relative orientations of the parameters of an 
active branch. 


As there is no danger of confusion, the transforms of the various 
time functions v;,(7), e,(4), etc., are denoted by Ox P)> €x(P), etc 
The variable p will not be explicitly included in much of the 
following. 

The branch currents and potentials have to obey certain we'l- 
known laws; these are the generalized Ohm’s law and the twe 
Kirchhoff laws. Now Kirchhoff’s voltage law as original's 
stated?3 included also Ohm’s law. We find it convenient ‘c 
separate them out; in this way Kirchhoff’s voltage law equates ¢ 
zero the net voltage drop around any loop of 7 The matrix 2, 
specifies all the loops of in terms of their incidence with the 
branches. The potential drop across, say, the kth oriented active 
branch is vy, — e,. The b branch variables, v,, may be arrangeo 
in the form of a b X 1 column vector, which we denote by v(7}) 
similarly the b x 1 column vector e(p) is defined. When thid 
is done Kirchhoff’s voltage law applied to every loop of .*+ 
becomes the matrix equation 


Biww—-e)=0 .. .. . ae 


As B, is of rank m, eqns. (1) are not in general independent 
If we choose m independent loops, denoting the corresponding} 
loop matrix by B, eqns. (1) may be reduced to the set of 
independent equations :?? 37 


Blu ¢) = 0025 1003.10 eae 


Kirchhoff’s current law equates to zero the net current leaving) 
any node of The matrix A, specifies all the nodes of Wir 
terms of their incidence with the branches. Denoting the 
b X 1 current and current-source vectors by i(p) and j(p) 
respectively, the Kirchhoff current law applied to every node! 
becomes the matrix equation 


A,é —j) =0 


8 


(33 


A, is of rank n — 1, and so the n equations (3) are not inde= 
pendent. Using the r.i.m., A, eqns. (3) may be reduced to thei 
set of n — 1 independent equations2%: 37 


AG —j) = (4) 


The two Kirchhoff laws, eqns. (2) and (4), are constraint¢ 
imposed upon v and i solely by the topology of W The actua} 
type of electrical elements used to make up “has not had to be 
considered. By assuming that the branches are in fact resistors: 
inductors and capacitors we may obtain further equations 
relating v and i. These equations are given by a generalizec 
Ohm’s law applied to each branch. Expressed in terms of the 
transformed variables v(p) and i(p), this law becomes: 


For a resistive kth branch, 


UCD) = reid) Ce > Ooo es 1G) 


| For a self-inductive branch, 


UCP) = [pi p) (h, > 0) elope woe CO) 


For a capacitive branch, 


| 


Deep (pyc, = 0). sD) 


or each of the b branches of -W one of the relations (5), (6) 
t (7) will hold, giving a total of b Ohm’s law equations. These 
ay be written in the matrix form 


v(p) = Z(p)i(p) Se Pa rd pe G3) 


there Z(p) is a diagonal 6 x b matrix called the branch- 
mpedance matrix. Its diagonal elements are defined by 


| Ze = ~, if the kth branch is resistive and of value r, ohms. 
h = pl,, if the kth branch is self-inductive and of value 


f 1, henries. 

= 1/pc,, if the Ath branch is capacitive and of value 
c, farads. 

The branch-impedance matrix for the network of Fig. 1 is 
| Lip 

i 

i L,p 

Ry 

i 

; ae 

Csp 

F u 

| Oh pO Mt ON Sear 


I 
_ Because of the stipulation of non-zero resistances, inductances 
and capacitances, the matrix Z is non-singular, and so eqn. (8) 
may be inverted to give 


| G20 402) 102) | a rae 


where Y(p) = Z~\(p). Obviously, for p > 0, both Z and Y 
are positive definite. ! 

- The numbering of the branches has so far been assumed to 
be arbitrary. For various problems it is sometimes convenient 
to assume some particular ordering. Thus, at this stage we may 
assume that the numbering has been according to the type of 
element, say inductors followed by resistors followed by capaci- 
tors. In this way Z and Y may be expressed as the direct sum* 
of three matrices: 


és sad 
Z(p) =pL+R+—S 
F (10) 


i: ; 
¥(p) =5T +@ + pC 


where L is a non-singular diagonal square matrix of order 
b, x b; and T= L~!; R is a non-singular diagonal square 
matrix of order b, x b, and G= R7!; C is a non-singular 
diagonal square matrix of order b, x b, and S = Cl. 

For the network of Fig. 1, Z(p) may be expressed in the form 


1 
Piss Rs Csp 


Z(p) = sie a 1 
Lyp » CD, 


5 eh 1 eo) 
* The direct sum, A at B, of two square matrices A and B is the matrix K ry fi 
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The two Kirchhoff laws (2) and (4) together with Ohm’s 
law (8) provide a total of m + (n — 1) + b, i.e. 26, independent 
algebraic equations for the 2b unknowns i, and v,(k = 1,2,...5). 
We may thus obtain a network solution from these equations. 


(6) OTHER ANALYSIS METHODS 


Egns. (2), (4) and (8) are called the network branch equations. 
Two other methods of analysis are available, both well known to 
electrical engineers. The first involves the use of ‘loop currents’, 
and is called the loop method, while the second involves the use 
of ‘nodal potentials’ and is called the nodal method. Although 
each method can be used when both current and voltage sources 
are present, the solutions obtained in each case are very much 
simpler if for loop analysis it is assumed that no current sources 
are present, while for nodal analysis it is assumed that no voltage 
sources are present. Hence, to illustrate the methods, we shall 
assume at first that for loop analysis j(p) = 0, while for nodal 
analysis e(p)= 0. It should be noticed that each method 
depends on one of the relations AB’ = 0 or BA’ = 0 of (e). © 


(6.1) Loop Method’:2° 44 
We assume that 7 = 0. Eqns. (2), (4) and (8) become 


Bu = Be 
Ai =0 (11) 
v= Zi 


First consider Be; this represents a column vector of m rows. 
Each element, corresponding to one of the m independent loops 
chosen in -V; is the algebraic sum of the voltage sources con- 
tained in that loop. Thus, if we put 


Be(p) E(p) = (12) 


then E(p) is an m x 1 column vector representing the loop 
voltage sources. Next consider Ai =0. We have AB’ = 0, 
where A is of order (n — 1) x 6 and rank n — 1, while B’ is 
of order b X m and rank m=b—n+1. Hence, from the 
theory of homogeneous equations,!> !8 the m columns of B’ form 
a basis for the solutions of the equation Ai = 0, i.e. any solution 
of this equation must be of the form 


i(p) = BI(p) (13) 


for some m X 1 column vector I(p). A physical interpretation 
of eqn. (13) shows that the elements of 7 form a set of independent 
loop or circulating currents, the use of which is well known to 
electrical engineers ;?>2° a rigorous discussion of them is: given 
by Ingram and Cramlett.2! Eqn. (13) expresses the branch 
currents in terms of the loop currents. 

Using eqns. (12) and (13), eqns. (11) may be transformed as. 
follows: 


E = Be from eqn. (12) 
= Bv from eqn. (11) 
= BZi from eqn. (11) 
= BZB'I from ean. (13) 
= Q(p)I(p) (say) (14) 


where we have denoted the m x m matrix [BZ(p)B’] by Q(p). 
From this definition, remembering that Z is diagonal, the (i, /)th 
element of Q is given by 
b , 
Q; mz >> BiZ pp Bix Gj —— 1; 2 a cas m) (15) 
k=1 


Hence if i#j, Q,; is made up of those branch impedances 
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common to both loops i and j, including a branch impedance 
positively if the two loops agree in orientation on the branch, 


while including it negatively if they disagree in orientation. If Rik Lake LR, Ly 
ae = L,R3Rap 4 
i =¥, 3 det OC) Cop 7 GE + a aeeaae Cs CsCoP 
| De (Bi)? Zrex @ = .. U. ails 4s m) ; R4 R; : L,R3 ue LR, cd LIBR pe 
a Coy is CsCep? stg C6 Be 
from which it is seen that Q;; is made up of the positive sums L, Lop Lak 
of all the branch impedances contained in loop i. Thus we +- Ce + L,L,R3p? + "ee = Fe ain GC 
see that Q(p) is the well-known loop-impedance matrix, and si 5 
that eqn. (14) is the set of loop equations.” 7° ot LR, + LRRD 
The loop-impedance matrix for the set of loops of Fig. 6(@) is Cs 
L pee Ret ba bs R a 
( SO rer: mais =. s 
(—R = (Lop + Ry +o +z-) pees 
Q(p) ss 4 Csp P. 4 Gsp Cep 4 Cep 
1 
as R surest (R SE ) 
4 4 Cep 3 A alires D 


To solve the loop equations (14) for J, it is necessary to show 
that Q is non-singular, i.e. that det Q(p) is not identically zero 
in p. This follows from the fact that Z(p) is positive definite 
for p > 0, and that Bis of rank m. An explicit expression may 
be given for det Q in the RLC case. This expression, which is 
now often called ‘Kirchhoff’s rule’,* has its origins in a paper 
by Kirchhoff?? written in 1847; it is 


det @ = k* 3} [co-tree impedance product] (16) 


all co-trees of 


where k is an integer, and a ‘co-tree impedance product’ is the 
product of the m branch impedances forming a co-tree of M 
Kirchhoff’s rule has been discussed by many writers, e.g. 
References 7, 13, 16, 17, 25, 29, 31, 32, 33, 38, 45 and 50. Some 
of these references give proofs of eqn. (J6), which follows 
directly from the definition of Q(p) as BZ(p)B’, by use of the 
Binet-Cauchy theorem! and results (4) and (j) above. The 
integer & in eqn. (16) arises from the result (j) concerning the 
m-minors of B. In the particular cases of systems of loops of 
MW giving k the value of unity, we obtain what Cederbaum? calls 
the ‘basic’ value of det Q; the corresponding systems of loops 
he calls ‘simple’. Important simple systems are the fundamental 
systems and also the ‘meshes’ +} for a planar network. 


Table 1 
THE Co-TREE IMPEDANCE PRODUCTS OF WV 


Part of Fig. 5: 
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of Q(p) is given as the sum of all the products shown in Table 1 
This gives 


Collecting terms together, we obtain 


det Q(p) = 


1 
CC pprlhiLoCsColRs + Ry)|p* + [L1L2Cs 


+ L1L,R3RyCsCe] p> + [(Ly + L2)(R3 + Ra)Co 
+ (L1R3 + L2R4)Cs]p* + [R3R4Cs 
+ (Ly + L,)|p + Rs + Ra} 


Since Q is non-singular, eqn. (14) may be inverted to give 


I= OB icon asty pee 
From eqns. (12), (13) and (17), 
i = B’O-'Be 
te i= B(BZB)s'Beic) “2S Ree 


This last equation giving i in terms of e is that given by Kron?* * 
and Synge;** from it, v is easily obtained using eqn. (8). It is 
of interest to note that, in this solution for i and v, the branch 
voltage sources, e, are included only as the product Be, i.e. # 
This means that the actual branch distribution of the voltag: 
sources is not important; only their loop distribution, E, matters 


Co-tree impedance product 


Part of Fig. 5: 


Co-tree impedance product 


The 16 co-tree impedance products of Fig. 1 are shown in 
Table 1. Since the system of loops defining Q(p) is fundamental, 
and hence simple, we obtain from eqn. (16) that the determinant 


* Strictly, Kirchhoff’s rule provides a method of solving for the branch currents 
in terms of the branch voltage sources. The essence of this rule, however, is con- 
tained in eqn. (16). 

As we have already remarked, we use the term ‘mesh’ to refer to those loops 
which form the ‘windows’ of a planar network. 


There is also a choice in the actual system of independent loo 
used, giving further possible distributions. For example, sur 
pose a system of fundamental loops is chosen; then the net 
work response will be unchanged if, instead of having the branc: 
voltage sources ¢), @),... e,, only m voltage sources are used 
one in each chord and having the values E;, E>, ... E,,, wher 


I 


( 


‘= Bre. Further, any other fundamental system may be used, 
ith a corresponding change in B, and E. It is important to 
smember that by the term ‘network response’ we mean the 
assive-branch currents and potentials. 


(6.2) Nodal Method2® 4! 


We assume now that e = 0 and jJ#90. Instead of eqn. (8) 
e use instead its inverse eqn. (9), together with eqns (2) and (4). 
‘hus 


: Bvu=0 ) 
Ai = Aj 
t i= Yv 
irst consider Aj; this represents a column vector of n — 1 rows; 
ach element corresponds to one of the nodes 1,2,...(m—1) 


'f MW and is the algebraic sum of the branch sources entering 
hat node. Thus, if we put 


Aj(p) = J(p) (20) 


hen J is an (# — 1) X 1 column vector representing the nodal 
purrent sources. Next consider Bu =0. We have BA’ = 0, 
where B is of order m x b and rank m, while A’ is of order 
» X (n — 1) and rank n —1=6—~m. Hence we have, from 
he theory of homogeneous equations,!> !8 that the n — 1 columns 
of A’ form a basis for the solutions of the equations Bu = 9, i.e. 
iny solution of this equation must be of the form 

i 


| v(p) = A’V(p) (21) 


‘or some (m — 1) x 1 column vecior V(p). A physical inter- 
oretation of eqn. (21) shows that the n —1 elements of the 
vector V are the potentials of nodes 1, 2,...(m — 1) relative to 
that of node n; the use of these nodal potentials is well known to 
electrical engineers.” Eqn. (21) expresses the branch potential 
differences in terms of the nodal potentials. 

Using eqns. (20) and (21), eqn. (19) may be transformed as 
follows: 


(19) 


I = Aj from eqn.. (20) 
— AT from eqn. (19) 
= AYv from egn. (19) 
= AYA'V from egn. (21) 
= P(p)V(p) (say) (22) 


where we have denoted the (n — 1) x (n — 1) matrix [AY(p)A’] 
by P(p). From this definition, remembering that Y is diagonal, 
the (i, j)th element of P is given by 
b 
P= 2 Ai Ven Aix 7s 2p sen id) (23) 
Hence if i~j, P, is the negative sum of the branch admittances 
incident with both nodesiandj. Ifi=yJ, 
b 
P;; a DY (Ag)? Vex [i mA T eiecat: (n 7 1)] 
k=1 
from which it is seen that P,; is the sum of all the branch admit- 
tances incident at node 7. Thus we see that P(p) is the well- 
known nodal admittance matrix of VY with respect to node n, 
and that eqn. (22) is the set of nodal equations.” 7° —_ 
The non-singularity of P follows from considerations similar 
to those for @. Anexplicit expression for det P may be obtained 
for RLC networks, this expression often being known as the 
‘dual Kirchhoff rule’, or ‘Maxwell’s rule’.28* It has been written 


* As with Kirchhoff’s rule, this dual, first given by Maxwell, is strictly a method of 
solving for the branch voltages in terms of the branch current sources. The essence 
of the rule, however, is contained in eqn. (24). 
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about by many authors, e.g. References 4, 13, 14, 17, 25, 26, 29, 
31, 32, 33, 38, 42 and 50. The expression is as follows: 


det P = )) [tree admittance product] 
all trees of WV 


(24) 


where a ‘tree admittance product’ is the product of the n — 1 
branch admittances forming a tree of 7 Notice that there is 
no constant multiplier of the form k?, as there was in eqn. (16) 
for det Q; this is because A is an E-matrix [see (/)]. 

Eqn. (22) may now be inverted to give 


Vp Ay (25) 
From eqns. (20), (21) and (25), 
v= A’P'4j 
Ke: v = A(AYA’) 14H] . (26) 


This last equation, giving v» in terms of j, is that given by 
Saltzer*! and is a particular case of Kron’s node-pair equa- 
tions.24 27. Using eqn. (9), i is easily obtained from v. It is 
of interest to note that, in this solution for » and i, the branch 
current sources j are included only as the product Aj, i.e. J. 
This means that the actual branch distribution of the current 
sources is not important; only the nodal distribution J matters. 
Thus the network response will be unchanged if, instead of 
having the branch current sources j;, j2,...j,, only n —1 
current sources are used, one across each of the node-pairs (71), 
(n2),... [n(n — 1)], of values Jy, Jz, . . . J,_1, where J = Aj. 
As in the loop case, the precise meaning of the term ‘network 
response’ must be clearly understood to be the passive-branch 
currents and potentials. 


(6.3) Mixed Method 


If both 7 #0 and e #0, then to analyse the network by 
either a loop or nodal method requires some slight modification 
from the above. Thus, instead of, in the loop case, i being 
expressible in terms of loop currents J, it is the difference i —j 
which is equal to the product B’7. Loop analysis now involves 
the following steps: 


(i) Since AG — j) = 0, then @ — j) = B’J, thus defining the 
‘loop-currents’ J. 
(ii) Defining E = Be = Bv as before, then v = 


E = BZB'I + BZj 
ie. I= @4E—BZ) 


Zi gives 


(iii) Using (i), gives 


G —j) = BQ "Be — Z) (27) 


giving i and hence also v. 


A more elegant method of solution, however, makes use of 
the linearity of the network and applies the principle of super- 
position to the solutions already obtained in Sections 6.1 and 6.2. 
By this method we obtain immediately from eqns. (18) and (26) 


i= B’Q-'Be + YA’P-'4j | 


28) 
v = ZB'Q-'Be + A’P'Aj J bai 


and 


This solution can be put into the form of eqn. (27) by using 
the following relations, which HEN be proved by matrix 


manipulation: 


YA’P-1A + B’ O-'Bz =1,. . (29) 


and ZB’'O-'B + A'PAY =1, (30) 
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Applying these to eqn. (28), we obtain 


G—j) = BQ "'Be-Z) . (31) 
and (v — e) = A’P“!AGj — Ye) . (32) 
The form of this solution has an interesting interpretation. Thus 


the left-hand side of eqn. (31), ic. i —j, represents the active- 
branch currents, as shown in Fig. 8. An interpretation of the 
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Fig. 8.—Active branch currents and potentials. 


right-hand side of eqn. (31) shows that if each branch current 
source, j,, in parallel with the branch is replaced by a voltage 
source in series with the branch and of value —Z;,;j,, then the 
active-branch currents i—Jj will remain unchanged. It is 
important to realize, however, that in general the passive-branch 
currents and so also the passive-branch potentials will change. 
A similar argument may be applied to eqn. (32), replacing the 
branch voltage sources in series by branch current sources in 
parallel and leaving unchanged the active-branch potentials 
» —e. Again, however, the passive-branch potentials and cur- 
rents will change. 


(6.4) Possibility of Other Methods 


The basis of the loop and nodal methods of analysis is the 
existence of the loop and nodal matrices B and A having the 
properties: 

(i) They are of orders m x b and (nm — 1) x b, respectively, 
where m-+n—1=b. 

(ii) They are of ranks m and n — 1, respectively. 

Gil) They satisfy the relation BA’ = 0, and so also AB’ = 0. 

(iv) They are such that the Kirchhoff laws may be expressed 
in the forms 

Bw —e) =90 

AGi—j) =0 
Any two matrices possessing all the properties (i)-(iv) may 
obviously be used to carry out two corresponding methods of 
analysis. This is in fact done in Section 8, using the ‘cut-set’ 
matrix, C, and the loop matrix, B, as our pair of matrices. It is 
important to notice that, if any two matrices, say M and N, 
have the properties (i)—(iv), they must be related to B and A by 

the relations 
M=T,B 
N == T,A 


(33) 
(34) 
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where 7; and 7> are two non-singular matrices of orders m Xx 
and (n — 1) Xx (n — 1), respectively. These relations are al 
sufficient, as is obvious. To prove necessity we proceed ¢ 
follows: 

Since MN’ = 0, then for any (” — 1) x 1 vector Vj, th 
vector x given by x = N’V;, will satisfy Mx = 0, and so satist 
Kirchhoff’s voltage law by condition (iv). Hence there is al 
(n — 1) X 1 vector V2 such that x = A’V, for this Vj, ie. | 


N’V; =A'V,. . . . . . (35 


This is true for any V,; choose a set of ‘n — 1 linearly indd 


pendent vectors (Vi){(Vi)2 --- Vidn—-1. and denote by W, th 
non-singular (n — 1) X (2 — 1) matrix formed from thes 


vectors. Denote the (n — 1) X (x — 1) matrix of the corre 
sponding vectors V, by W,. Then | 
N=T,A (34 


where T, = (W,W,—')’. T, is non-singular since N and A att 
both of rank n — 1. Similarly for M and B. | 


(7) MUTUAL INDUCTANCE 
An RLC network containing mutual inductance is called az 
RLCM network, and is denoted by as before. The tery 
‘mutual inductance’ is not meant to include the case of the idee 
transformer. Mutual inductance is defined as follows. Cor 
sider a set of b, self-inductors of values 1,1, ly, . . . Jno. Thee 
we say that mutual-inductive coupling exists between them 
the following equations hold: 


0(p) = [yy pis(p) + Lyppir(p) +... + Lypin(P) 
Vp) = 1 pis(p) + h2pin(p) +... + Lo,Pin{P) 


. 3 
(P) = ley Piy(P) + ly2Pin(p) +... + lobPio(P) 
together with the restriction 
[x] is a positive semi-definite matrix! . . (38 


The restriction (38) is usually looked upon as a stipulation {) 
ensure the passivitity of the network.?»2° It may also t 
considered in a rather different way. Thus we have so far mac 
no mention of the physical realization of mutual inductances 
As is well known, however, realization is obtained by having : 
coils with magnetic coupling between them. Hence con 
tion (38) should follow from a consideration of the magnet 
flux linkage of the coils. This is shown for the case of t 
coils by Guillemin,?° and by Duffin!> for the general case. TY 
sufficiency of the restriction (38) has been shown by Cauer’ am 
Duffin.!> 

Let us now consider the semi-definiteness of [J]. If [J,] 
not positive definite, it contains some principal submatr: 
which is singular. If any inductors are so coupled that the: 
matrix is singular, while no principal submatrix, correspondiri 
to some subset of the inductors, is singular, then the set « 
inductors is called ‘tightly coupled’. If contains no tightt 
coupled inductors, the matrix [/;,] will be non-singular and s 
positive definite. We shall assume that this is the case unles 
the contrary is specified. | 

Consider now a general RLCM network, -V, containing 1 
tight coupling. The generalized Ohm’s law equations for tt 
resistive and capacitive branches are still eqns. (5) and (7 
namely 


UCP) = rik D) 


and ip) = C.DUyg{ Pp) 


‘he inductive branches now obey eqns. (37), together with the 
estriction (38). Thus, if we express the branch- -impedance 
atrix Z(p) as a direct sum as in eqn. (10), namely 


1 
Z(p) = pL+R+—s | en RSS) 


ae matrix L is no longer diagonal but is the matrix [Ll of 
gn. (37). Matrices R and C are, of course, still diagonal. 
(ecause we are assuming no tight coupling, Z is non-singular 
‘nd so may be inverted to give 


D 
b ¥(p) =F 46 i pc ey atte kes, (40) 
where = L~'!,G=R-! andS=C-!. Now, Tis no longer 
liagonal, though G and C are. The matrices L,I’, R, G, Sand 
2 are all positive definite, and hence so also are Z(p) and Y(p) 
orp > 0. 

} The graph of an RLCM network, which is obtained by ignoring 
‘he mutual coupling, may be studied topologically as in the RLC 
ase. Now, however, the network will probably not be con- 
iected, and so slight modifications must be made to allow for 
: ‘his. We shall assume that consists of s separate parts. The 
thacidence matrix A, may be defined as in Section 3, and by 
itesult (a) of tae. Section, A, will be of rank n—s. A 
( reduced incidence matrix A of order (n — s) X b is obtained 
lvrom A, by deleting s rows, one corresponding to a node 
an. each separate part. These s nodes form a set of s 
| reference nodes’, one in each part of "3; we shall assume 
‘hat they have been numbered as the last s nodes, i.e. from 
i —s-+1 ton inclusive. By considering separately each part 
fof A, and A corresponding to each part of -V it is easy to 
i see that A is of rank n — s. Oriented loops in \“ may be 
‘defined exactly as in the connected case, and a corresponding 
‘matrix B, defined. The concept of a tree, however, needs some 
Hdiscussion. If WM is not connected it will not contain any trees: 
aowever, the separate parts of VY will each contain trees and 
‘we consider a subnetwork of made up of s trees, one from 
zach separate part. This subnetwork is made up of s separate 
‘parts, it contains all the nodes of -V; but contains no loops. 
Such a subnetwork of WY we call a ‘forest’ of >.%% 
| Obviously, any forest of / contains n — s branches. Given 
ny forest, the b —n-+-s branches of -V not contained in it 
are called ‘chords’ of the forest, and are said to form a ‘co-forest’ 
lof 1 By considering each separate part of Vit is seen that a 
system of b—n-4-s ‘fundamental loops’ is defined by these 
'ehords, having matrix By, say, of order (6 —n +s) x b; the 
rank of B, will be b — n + 5, since it will contain a unit matrix of 
hat order. Thus we see, by arguments similar to those of 
‘Section 4, that B, is of rank b —n + 5s, so that A‘ contains this 
‘number of independent loops. We again use m to denote the 
number b — n + s, which is again called the nullity or cyclo- 
atic number of WN. Any set of m independent rows of B, 
bill define a submatrix of B, of rank m, called a loop matrix 
lof WY and denoted by B; the corresponding loops of Y form 
|an independent set. 

| The electrical considerations of our RLCM network are 
jets to those of Sections 5 and 6 for RLC networks. Ohm’s 
law has already been considered, and the two Kirchhoff laws 
may again be written in the form 


oy Bete OR t= 1) 
| AEB Ae ee 


We again obtain a total of 2b equations for the 2b unknowns v, 
and i,, and so a solution may be found. The algebraic processes 
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of the nodal and loop methods of analysis still apply, but the 
physical interpretation of the nodal voltage vector V and the 
nodal current source vector J must be made with a little care. 
We obtain, as before, a loop impedance matrix Q and a nodal 
admittance matrix P, given by 


OEE Es cae ae) 
P= AVAGO 1) WERNG Rs 


Because Z and Y are no longer diagonal, the elements of Q 
and P are not quite so simply stated in words as in Section 6. 
Assuming that there is no tight coupling, both matrices are 
non-singular, although the explicit forms for det Q and det P 
given by the Kirchhoff rule and its dual no longer hold. An 
interesting relation between det Q and det P has been given by 
Cederbaum;? this is a generalization of a result by Tsang‘? for 
RLC networks, and is as follows: 


det Q =k2(detZ)(detP) . . . . (45) 


This relation also follows from the work of Bott and Duffin,? 
who give a very interesting algebraical interpretation of the 
currents and potentials in electrical networks. 

The results and discussions of Sections 6.3 and 6.4, concerning 
the mixed method of solution and the possibility of other 
methods, extend to RLCM networks. 

We end this Section by giving a slightly different approach 
which may be used when dealing with non-connected networks; 
this approach is sometimes simpler than the one used above. 
The method is to make .” connected by identifying all the s 
reference nodes as one single reference node. This new network 
will then be connected and will contain n — s + 1 nodes. The 
reduced incidence matrix, A, of this new network will be identical 
with that of the original non-connected network. The distribu- 
tion of branch currents and potentials in the modified network 
will be the same as the original distribution, and so the two net- 
works are electrically equivalent. The modified network is, in 
fact, a ‘separable’ network,>° which is defined to be a network 
containing at least one subnetwork which has only one node in 
common with its complement. 


(8) CUT-SETS 
The concept of a ‘cut-set’ of a network was first introduced 
by Whitney.°! A study of their properties and applications to 
network theory has also been made by Guillemin,?° Seshu and 
Reed*3? and Cederbaum,®9:!! from which sources much of 
the following treatment derives. 


(8.1) Cut-Sets and Cut-Set Matrices 


Definition 3.—A cut-set of a network is a set of network 
branches whose removal increases the connectivity of the net- 
work by one, provided that no proper subset of the set has this 


property (see Fig. 9). 
In this Section we shall consider only connected networks. 


ol eta ga 
Te 7 Ne 


Fig. 9.—The seven cut-sets of 
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Non-connected networks may be considered as connected by 
the method discussed in Section 7, or the results may be extended 
to include the non-connected case without much difficulty. 
Since the removal of a cut-set divides into two separate 
pieces, 1; and .%3, say, each branch of the cut-set has one 
vertex (i.e. terminating node) in ; and the other vertex in 1; 
(see Fig. 10). We may thus define an orientation of the cut-set 
by an ordering of 4, and 4, as either (4%) or (%.%). 
If the cut-set is oriented as (4;.%>), an oriented branch of the 
cut-set is said to have the same orientation as the cut-set if it is 
oriented away from its vertex in; and towards its vertex in 1. 
Fig. 9 shows all the cut-sets of the network of Fig. 1. These 
are shown dividing into two parts 4, and .W, in Fig. 10, 
where an arbitrary orientation of each cut-set is.also indicated. 


ORIENTATION ORIENTATION 
———> See 


ORIENTATION 
——— 


(g) 
Fig. 10.—An orientation of the seven cut-sets of 


Notice that the two networks -7; and .4, must each be con- 
nected when -/ is connected, for otherwise removal of the cut-set 
will divide “into more than two separate subnetworks, contrary 
to the definition of a cut-set. Hence contraction of those net- 
work branches not contained in the cut-set leaves the cut-set 
as a parallel arrangement of branches between two nodes. 

In general, 4 will contain many cut-sets, which may be 
arbitrarily numbered and oriented. Incidence between network 
branches and cut-sets may be described algebraically by a 
matrix C,, containing b columns, one for each branch of 
and a finite number of rows, one for each cut-set of The 
elements C;, of C, are +1, —1 or 0 as follows: 


Cx. = +1, if branch k is incident with cut-set j and has the 
same orientation. 

Cj, = —1, if branch k is incident with cut-set j and has the 
opposite orientation. 

Cj, = 0 if branch k and cut-set j are not incident. 


The matrix C, for the cut-sets of Fig. 10 is 


A SS a ee tn er 
Sit. 21.L Mooi SOuieO 

0 Salt. 50> SS ae ey 

CP ieee Ot Coe ees 
O07 Ogee. =i cet ame 

OC Ne 6. “0s 

le 08 Opel oO, 1 
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Seshu and Reed‘? have shown that C, satisfies the relatio 
BC, = 0, and so also C,B’ =0. They have also shown a 
intimate relation between cut-sets and trees, namely that a cut-se 
is a minimal set of branches containing at least one branch o 
every tree of As with loops, trees provide the basis 
defining a ‘fundamental’ system of independent cut-sets 
follows: 

Consider any tree of VY; each branch of this tree is a cut-s 
of the tree and so divides its nodes, i.e. the nodes of AN, int 
two sets. Thus each tree branch, together with certain of t 
tree chords, will define a cut-set of “ It may be shown’? thz 
those chords which combine with any one tree branch to fort 
this cut-set are the chords whose fundamental loops contain th 
tree branch. We thus obtain a system of m —1 cut-sets ¢ 
AN, one from each tree branch. Such a system is called 
‘fundamental system’, and has the following properties. Becaus 
each cut-set of the fundamental system contains precisely ¢ 
branch of the tree, the corresponding submatrix of ordé 
(n —1) x b of C, will, with suitable ordering and orientz 
tion of the cut-sets, contain a unit matrix of order n — | 
This, together with the relation BC; = 0, gives: 


(0) C, is of rank n — 1 for a connected network. 


Any submatrix of C,, of order (x — 1) x b and defining 
fundamental system, is denoted by C;; we see from 
above discussion that the rows of C, form a basis for the row, 
of C,. However, any (nm — 1) X 6 submatrix of C, wh 
is of rank n — 1 will also have this property, and so w7 
define a system of n — 1 independent cut-sets. Such a maf 
is called a ‘cut-set matrix’ of “and is denoted by C. Becau. 
the rows of C and C, form bases for the rows of C,, there exis: 
a non-singular matrix T such that 


C296, ot! gi -s (uae ee 


But C, contains a unit matrix, and the elements of C are +1 « 
0; hence the elements of J are also +1 or 0. 

Suppose the numbering and orientations of the cut-sets aa 
such that, for a particular fundamental system, C; is of the for: 


C= Et | ls. ce in0e ae ae 


while the loops have been so numbered and oriented that tk 
corresponding matrix B, is of the form 


Be = ip Fe ay 11S ne ee 
Let the corresponding form of A be 
Ai (KX, EK) . eS eee 


where, from eqn. (47), K is the r.i.m. of a tree, and so is no: 
singular by (g). From the relations 


BA’ — BrCr= 0 . . . . . (33 
(Pp) B=) > P= KX 3 3 eee 
and Cr= K-14 . ° ° . . . (5 


The fundamental system of cut-sets corresponding to the tr: 

of Fig. 4(/) are those numbered (a), (6) and (f) in Figs. 9 and 1] 
The corresponding matrix Cis given by 

—1 1 1 1 0 0 

Cr= 1 —1 0 0 1 O'} see 

0 1 1 0 0 1 


This is of the form 
Cr rz [E, 13] 


) | yhere —1 1 1 
la ee 1 —1 0 
oy Deerien st 
N I 


\\ he matrix E should be compared with the product K-1X given 
2 Section 4; their equality illustrates the result ( Dp). 
i From eqns. (46) and (52), and using (g), we obtain: 


(q) An (n — 1) — minor of C (or Cy) is non-singular if and 
nly if the columns of the minor correspond to branches of a 
tee of MN, 


) Further, because the elements of K~! and T in eqns. (52) and 
46) are +1 or 0, 


'(r) The value of all non-zero (2 — 1) — minors of C is +k 
_)t —k, for some integer k. 


Cederbaum®: |! has shown the following result: 


(s) Cris an E-matrix. 


i 
i 
een developed by Gould.! Seshu and Reed4? have obtained 
he following result: 


A method of realizing a fundamental cut-set matrix C ', has 


i ' (t) If Mis any matrix of order (xn — 1) x band of rank n — 1, 
‘“iaving M,, = + 1 or 0, and satisfying 

oh 

i BM’ =0 

‘i r some loop matrix B of -V; then each row of M represents 
: ither a cut-set of Mor a disjoint union of such cut-sets. 


Ce A i echt) -< (54) 


id so C and B satisfy the necessary and sufficient conditions 
of Section 6.4 to possess properties (i){iv) of that Section. 
(ence, a cut-set analysis of may be carried through, analogous 
0 nodal analysis. We assume at first that e = 0, and define 
Whe (2 — 1) x 1 column vector 


JI(p) = Gi(p) 


‘salling it the cut-set current-source vector. We may also define 
whe (n — 1) X 1 column vector V“(p) satisfying 


i Moy VA Pp) ne ee we bp) 


ive is the cut-set potential vector. Carrying through a process 
similar to that of nodal analysis we obtain 

, i A OLGWS tniatd susie 1G) 
ie denote the matrix CY(p)C’ by Pp), and call it the ‘cut-set 
jadmittance matrix’. 

| The cut-set admittance matrix for the system of fundamental 
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Notice that, from eqn. (54), 


det P* = (det T)* (det K—!)? (det P) 
Siete Geta bese eWay crit St AD cena ze 


where P is the nodal admittance matrix and k is an integer; 
[cf. result (r)]. The particular cases of systems of cut-sets giving 
k = + 1 in eqn. (57) give what Cederbaum®® calls the ‘basic’ 
value of det P°; the corresponding systems of cut-sets he calls 
‘simple’. Fundamental systems are particular cases of simple 
systems. From eqn. (57), since P is non-singular, so also is P°¢. 
Hence, from eqns. (55) and (56), 


OREM (PIANC) VG sive. Gots G8) 
and so POV (Paty a es ee en aoy 


If voltage sources are assumed to be present, arguments similar 
to those used in Section 6.3 show that a mixed method will give 


i= BQ -'Be + YC(P)'CG] ».-s . 0) 
and v= ZB'O'Be + C(iP)-1Gi . «:. (Gl) 


which are the equations equivalent to eqn. (28). 


(9) CONCLUSION 


A rigorous development of three methods of network analysis 
has been obtained. These are nodal analysis, loop analysis and 
cut-set analysis. In a later paper it is hoped to present two 
further methods of analysis which are believed to be more 
basic than those given here. One of these methods is well 
known, being the node-pair method, while the other is new, 
involving the dual concept of a node-pair, which we have 
called a ‘split-node’. The results and methods used in this 
paper will serve as a basis for the development of the new paper. 

The node-pair and split-node methods of analysis become 
important when the behaviour of multi terminal-pair networks is 
investigated. 
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SUMMARY 


Exploratory experiments are described followed by an account of 
a more systematic study of the corona discharge with concentric- 
cylinder electrodes. From experimental records which relate the 
charge flow in an external circuit to the applied voltage, the corona 
current and energy loss were derived. An attempt is made to interpret 
the observations in terms of modern views on the mechanism of 
electrical breakdown in gases. The attenuation by corona of surges 
on transmission lines is examined in an Appendix. 


LIST OF PRINCIPAL SYMBOLS 


A and a = Radii of outer and inner conductors of concentric- 
cylinder electrode system, cm. 
W = Energy dissipated by the corona discharge, joules 
<olOme: 
V,, = Peak applied voltage, kV. 
V; = Inception voltage, kV. 
q = Charge flow in external circuit, Cem x 107!9. 
We = Charge flow due to corona, C/em x 107!°. 
(q.)1 = Charge flow due to corona at end of high-current 
epoch, C/em x 107!9, 
(q.)2 = Charge flow due to corona at end of voltage excur- 
sion, C/em x 107!°, 
q; = Net space charge, C/em x 107!°, 
T = Duration of high-current epoch, microsec. 
E = Electric field, kV/cm. 
« = Primary ionization coefficient, cm—!. 
y = Secondary ionization coefficient, cm~!. 


(1) INTRODUCTION 


In non-uniform fields in gases discharge may occur at a 
voltage below that required for a complete breakdown between 
the electrodes; this phenomenon is called corona. If the non- 
uniform field results from the use of electrodes of different 
shapes or dimensions, e.g. point-plane or concentric cylinders, 
any visible discharge is located mainly in the high-field region. 
The corona is defined as positive or negative according to 
whether the electrode associated with the high field is the positive 
or negative one. The corona produces a current in the external 
circuit of the electrode system, and this current or its integral, 
i.e. the charge flow up to any instant, can be measured; the 
existence of a corona current implies that energy is being 
abstracted from the voltage source, and this can also be deter- 
mined. The process of corona formation involves the creation 
and separation of charged particles—electrons and positive 
ions—in the electric field and these charges may modify the 
field; no experimental technique for measuring field distribution 
in the presence of a corona discharge has yet been successfully 
applied. A study of the light emitted during the corona is 
essential to a complete understanding of the mechanism, and 
experimental techniques are available which should make this 
study practicable, but no systematic data are yet available. 
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The corona discharge is of considerable technical interes 
It is a source of power loss when energy is transmitted at hig 
voltages by overhead lines, and it can exercise a beneficial effi 
in attenuating the over-voltages produced on an overhead lai 
during thunderstorms. A study of the corona discharge ma 
therefore, in addition to providing information on the mechanis; 
of breakdown in gases, have useful practical applications. 

In the paper are described the results so far obtained in é 
investigation which began as a study of the effect of corona ¢ 
surges on transmission lines but which soon indicated that if 
phenomenon appeared to be so complicated that it seeme 
desirable to study first the nature of corona with simple electrag 
arrangements in the laboratory. The results of this study a 
given, and a qualitative application of laboratory observatis 
to the attenuation of impulse voltages on transmission lines | 
given in Appendix 7. 


) 


(2) EXPLORATORY EXPERIMENTS 


The experiments described in this Section were of an explcr 
tory character intended to assist in planning a more systemat) 
investigation. . 


(2.1) Effect on Transmission-Line Characteristics 


On a loss-free transmission line surges travel without atten: 
tion and with a velocity (LC)—!/, where L and C are the indw 
tance and capacitance per unit length; the ratio of the volta 
to the current, defined as the surge impedance, is L'/2C~! 
Energy losses are introduced by resistance in the conductor 22 
in the earth path and by leakage, and if the voltage is above tk 
corona inception value by corona; these losses produce volta 
attenuation and waveshape changes. Several attempts! ha 
been made to explain the results of field measurements; e.g. t: 
corona discharge has been assumed to constitute an extensid 
of the conductor made up of an infinite number of concentt 
sheaths corresponding to infinitesimal increments of voltag! 
These sheaths increase the capacitance of the conductor, 
since they carry no appreciable longitudinal current they do 
affect the inductance of the line. The increase in capacitan 
varies for each sheath and is greatest for the outermost. As: 
result the velocity of propagation of the outer sheaths is ld 
than that of the inner ones so that the wavefront is distorted _ 
its travel. 

One consequence of this hypothesis is that if a surge is appli 
to a transmission line the voltage/current ratio should decrea; 
as the voltage increases. To test this, surge voltages we 
applied to an experimental transmission line comprising a co 
ductor 2cm in diameter suspended 18m above ground a: 
about 550m in length, via a resistance of 500 ohms. The in 
voltage to the line and the current at the earthed end of t' 
generator were measured 1-5 microsec after the start of the wa‘ 
when violent oscillations had subsided and the wave reflect 
from the far end had not reached the near end of the line. 

With surges of positive polarity the voltage/current ra‘ 
decreased from 570 at 100kV peak by 20% at 700 kV; wi 


egative polarity the corresponding figure was 5°%, and this 
j7as comparable with the repeatability of the observations. 

| A change in the ratio of 20% would, if attributed to a change 
jnly in the capacitance per unit length of the line, require an 
crease in the capacitance of the line of nearly 50°%, correspond- 
4g to fifteenfold increase in conductor size. 


(2.2) Effect on the Output Wave of a Surge Generator 


Tests were made to check whether any significant modification 
iccurred to the shape of the wave applied to a test object from 
|. surge generator if corona was produced on the conductor 
| onnecting them. Unidirectional surges of 1 microsec front 
vere applied to a conductor 20m long and 0-1cm diameter 
luspended in the laboratory. Oscillograms of the applied 
oltage showed that the upper part of the wave was progres- 
lively flattened as the voltage was increased, the effect being 
lreater for positive than negative polarity. This effect was 
tributed to corona current, which presumably produced a 
i ‘oltage drop in the damping resistance of the circuit of significant 
peeonitude relative to that produced by the charging current to 
the load capacitance. It was inferred, as later experiments 
owed, that substantial corona currents could be produced 
Vithin 1 microsec of the instant of application of the voltage. 
) The experiment illustrates the need for low damping resistance 
und large load capacitance in the test circuit especially for the 
jlerivation of time-lag curves of insulators and spark-gaps at 
jigh over-voltages. 


| (2.3) Point-Sphere Electrodes 
| The corona discharge for a point-sphere electrode system in 


air was investigated. The sphere of 75cm diameter was the 
Aigh-voltage electrode. To minimize the inter-electrode capaci- 
sance the point was shielded by an earthed hemispherical con- 
tuctor of S5Scm diameter, through a hole in the pole of which 
jhe point projected about 2mm. The current in the external 
vircuit was derived from the voltage developed across a non- 
inductive resistance located between the point and earth; for 
»neasurements of charge flow in the external circuit a capacitor 
vas substituted for the resistor. The current measured by this 
BP ngement is the sum of the capacitive current C(dv/dt) (v is 
he instantaneous applied voltage) and the corona current. If 
sorona current is established on the wavefront when the rate of 
vhange of voltage is high the corona current could be masked by 
he capacitive current; with this electrode arrangement, however, 
he contribution of the capacitive current to the total was 
negligible. 

Tests were made with aperiodic surge voltages (waveshape 
mainly 1/115) of different amplitudes and gaps between the 
slectrodes. 

_ The positive corona current was very steep fronted (approxi- 
nately 10~? microsec duration), decreasing to a very low value 
n about 0-Smicrosec. The corresponding negative corona 
surrent was similar in shape, the measurable portion of the 
‘urrent was appreciably shorter in duration and generally the 
amplitude was less. The interval between the instant of applica- 
ion of the voltage and the beginning of the corona current was 
variable but tended to decrease as the voltage amplitude was 
mereased, so that at the lower amplitudes the current flow 
started on the wave back and at higher amplitudes on the 
‘ront. 

The charge/time curve for the positive corona showed that 
approximately 95°% of the total charge flow took place within a 
Yraction of a microsecond, the remaining 5% being contributed 
during the succeeding 30microsec, indicating that the corona 
current consists of an initial pulse of relatively high amplitude 
and short duration followed by a low-amplitude current of much 
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longer duration. The charge/time curves for the negative corona 
also indicated that there was a short-duration high-current epoch 
followed by a long-duration low-current one. Only about 20% 
of the total negative charge flow was associated with the initial 
current pulse, the remainder being supplied during the following 
30microsec. The total charge flow for the positive corona dis- 
charge was approximately twice that for the negative for the 
same conditions of electrode spacing and applied voltage. 


(3) CONCENTRIC-CYLINDER ELECTRODES 
For the systematic study of the corona discharge concentric- 
cylinder electrodes were selected. They have the advantages that 
the applied field can readily be calculated and the field geometry 
approximates to that of a transmission line. 


(3.1) Experimental 
Two electrode arrangements were used. Particulars of these 
are as follows: 


Arrangement A Arrangement B 


Radius A of outer electrode, cm 8-25 2-92 
Radius a of inner electrode, cm PIO SC NVR = 2509) Se ME 
Active length of electrodes, cm so SY 15 


58) 


log: Aja 5 a7 : 
9-75 x 10-2 9-45 x 10-2 


Inter-electrode capacitance, pF/cm +: 


The outer electrode of arrangement A was fitted with guard 
rings and completely shielded from external fields by a third 
cylinder connected to the guard rings and earthed. The outer 
cylinder of arrangement B was fitted with guard rings; the 
complete electrode system was assembled in a closed glass 
cylinder provided with facilities for filling with clean dry gases 
to different pressures. 

The outer electrode was connected to earth via a measuring 
capacitor and surge voltages were applied between the inner 
electrode and earth; the voltage waveshape was aperiodic with 
front times varying between 1-6 and 10microsec, and times to 
half value on the wave back of about 50microsec. The voltage 
developed across the measuring capacitor, which was propor- 
tional to the charge flow in the circuit external to the electrode 
system, was applied to one pair of plates of an oscillograph, and 
a fraction of the test voltage was applied to a second pair of 
plates at right angles to the first. The oscillograph thus pro- 
duced a record of the relation between the voltage on the elec- 
trodes at any instant and the charge flow in the circuit up to that 
instant. Oscillograms of the time variation of the voltage were 
also obtained, so that from the two curves the relation between 
charge and time could be derived, and subsequently the corona 
current. Direct recording of surge corona current was not 
practicable with concentric-cylinder electrodes because of the 
large inter-electrode capacitance. 

If g is the charge flow at any voltage v, the energy absorbed 
by the corona is 


q 
i vdq — cv 
0 


where c is the inter-electrode capacitance per centimetre length 
of electrode. The value can be derived by mechanical integra- 
tion of the g/v curve. For the complete excursion of voltage 
the total energy absorbed is given by the area enclosed by the 
g/v curve and the g-axis. The energy as a function of time can 
also be derived, and hence the power absorbed at any instant. 


(3.1.1) Experimental Results. 


Oscillograms were redrawn, giving the charge flow per centi- 
metre length of electrode as a function of the applied voltage; 
examples of these are reproduced in Figs. 1-3. In the absence 
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q, C/cm 


Fig. 1.—q/v curves. 


Arrangement A. 


(a) Positive corona. Waveshape; 3: 6/60 microsec. 
(b) Negative corona. Waveshape; 2-4/60 microsec. 


of a corona discharge the g/v relation is a straight line represented 
by the equation 
ECO 


In the presence of a discharge the curve leaves the straight line 
at a voltage V; defined as the corona inception voltage, the 
additional charge flow in the circuit, g,, being that due to the 
discharge; beyond the inception voltage g increased rapidly with 
voltage for a small increment of voltage, and then less rapidly; 
q usually continued to increase to some point on the wave back 
and then decreased for the remainder of the voltage excursion. 
Analysis of the g/v curves in conjunction with the corresponding 
v/t curves indicates that the corona current had an initial high- 
current short-duration epoch followed by a long-duration low- 
current epoch similar to that observed with a sphere-point 
electrode system. The end of the high-current epoch and 
therefore its duration was not always clearly defined. With 
arrangement A the current in the low-current epoch decreased 
continuously to zero(corresponding to the point on the q/v curve 
where the tangent is parallel to the line g = cv) and then reversed 
sign; with arrangement B no current reversal occurred. Typical 
current/time curves are illustrated in Fig. 4. By analysing g/v 
curves electrical characteristics of the corona discharge were 
determined; some of the characteristics are given in Tables 1-5. 


(3.2) Discussion 
(3.2.1) Mechanism of Electrical Breakdown in Gases.2 


Most breakdown processes in gases are initiated by an electron 
avalanche, which is the term applied to the process of electron 
multiplication in an electric field. If «, represents the number 


Table 1 


ARRANGEMENT A; POSITIVE CORONA; WAVESHAPE 
3-6/60 MICROSEC. ELECTRICAL CHARACTERISTICS 


Ww 


joules/cm 
1054 


microsec 


Or25 
0:25 
0:25 
0-40 


2:14 
1:44 
0:95 
0:49 


X 190710 
150 


4,C/em 


50 


(e) 25 Bye) 
v,kV 


Fig. 2.—q/v curves. Arrangement A. 
Positive polarity. Waveshape; 10/40 microsec. 


Table 2 


ARRANGEMENT A; POSITIVE CORONA; WAVESHAPE 
10/40 microsEc. ELECTRICAL CHARACTERISTICS 


Ww (Ge)1 (Gc)2 
kV kV microsec that x Sorte feed 0 
Gio: 6 5325 
19-2 
(2)26-0.|. °4°9 
32-0 44-4 
21-6 40-7 
26:6 33°5 
OFT 23-2 
8-0 14-0 
0-0 23-2 


1. figures 1 and 2 in the second row refer to the first and second high-curr) 
epochs. 


DAVIS AND COOK: THE SURGE CORONA DISCHARGE 233 


Fig. 3.—gq/v curves. 


Arrangement B. 


Waveshape 1-6/60 microsec. 
(a) Positive corona. 
(b) Negative corona. 


Table 3 


ARRANGEMENT A; NEGATIVE CORONA; WAVESHAPE 
2-4/60 MICROSEC. ELECTRICAL CHARACTERISTICS 


microsec 
RB) 11:9 0-10 7:9 9:3 
69 11-0 0-10 4-3 11:5 
55° 5 ie 0-10 Dal 5°6 
47 14-1 0-10 1-4 6:2 
40 12-0 0-10 0-85 2°3 
OS: 0-37 5:8 


Table 4 


ARRANGEMENT B; POSITIVE CORONA; WAVESHAPE 
ELECTRICAL CHARACTERISTICS 


1: 6/60 MICROSEC. 


Vp Vi W (4e)1 
joules/cm 
kV kV microsec Sal0s7 x 10-10 
24-1 10-8 T-5 
24-1 Beil 0-60 
24-1 97, 
20-1 10:6 
7 20°1 9-8 
—16°8 10-3 
16:8 95 
16:8 10-5 
23 8-4 
12-3 9-1 
8-5 7:8 


Table 5 


ARRANGEMENT B; NEGATIVE CORONA; WAVESHAPE 
1-6/60 MicRosEC. ELECTRICAL CHARACTERISTICS 


a) 


Ww 


: joules/cm 
microsec 


— 


— 


kV 
3 
3} 
DSi 
7:0 
Zee 
Ne % 
weal 


of ionizing collisions per centimetre length at a position x, then 
x2 

for each electron at x, there are exp ( ce. electrons at x. 
x1 


The symbol «, represents the first Townsend ionizing coefficient 
and it is a function of the field; in a uniform field «,, is a constant 
a, say, and the integral term is replaced by a(x, — x,). As 
many positive ions as electrons are created in the avalanche, 
the number dn in a short path length dx being given by the 
equation 


x 
dn = a, exp oe, dx éapiteicameten tly 


x1 


Breakdown requires, in addition to the initial avalanche, 
secondary ionizing processes which lead to secondary ava- 
lanches; processes which have been identified include the release 
of electrons from the cathode by positive ions and by the photo- 
electric effect, and ionization in the gas by photons or positive 
ions. 

In the Townsend theory of breakdown, for each electron 
created in the primary avalanche, y secondary electrons avail- 
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Fig. 4.—Typical corona currents. 


(a) Positive corona. 
(b) Positive corona, 
(c) Negative corona. 


MICROSEC 


(0) 


Arrangement A. 


19kV. 
S6kvV. 
S6kV. 


able for initiating secondary avalanches are produced; since 
« (e%4 — 1) electrons are created in the primary avalanche the 
number of secondary avalanches is y(e*4 — 1), and the con- 
dition for breakdown is 


eed ep) ee fe ee er HD) 


The streamer theory of breakdown has been proposed as an 
alternative. In this the initial process is again the electron 
avalanche which grows until it produces an increase in field 
at the head due to the positive space charge; secondary ava- 
lanches originating in electrons created by photo-ionization in 
the gas are directed into the positive space-charge region. In 
this way the region of high positive space charge is rapidly 
extended towards the electrodes and is also permeated with 
electrons or negative ions. This channel of positive and negative 
ions constitutes the so-called streamer, and when its growth is 
extended to the two electrodes the gas path is effectively short- 
circuited and breakdown is effected. 

Both Townsend and streamer theories have been given quanti- 
tative significance, permitting the prediction with good accuracy 
of the breakdown voltages in uniform fields. Thus, for the 
former, « and y can be determined experimentally, and if the 
values which satisfy eqn. (2) are associated with a field E the 
breakdown voltage is Ed, where d is the electrode separation. 
In one form of the streamer theory* it is postulated that a 

* Associated with the name of Dr. J. M. Meek. 
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streamer will form when the avalanche has grown to such a siz 
that the positive space charge at the head produces a field so 

fraction of that applied; in another* it is postulated that | 
streamer will form provided that f adx has a value of 18 to 2 
The quantitative application of streamer theory is essential 
empirical; the good agreement between calculated and measure 
breakdown in uniform fields obtained with the three quantitatiy 
treatments has been attributed to the fact that a common am 
dominating feature of all calculations is the size of the prima 
avalanche. . | 


(3.2.2) Qualitative Discussion of the Corona Discharge Mechanism. , 


The process is initiated by one or more electron avalancha 
directed outwards from the inner conductor for negative am 
inwards for positive corona. For a direct voltage applied to tf! 
electrode system the source of the primary electrons is usuaill 
attributed to the ionizing action of cosmic rays; with aa 
voltages of 1 or 2microsec front duration, experiment shows th 
an electron is always available in a suitable position for tf 
extremely short time of a fraction of a microsecond correspond 
ing to the observed variability in inception voltage, which wo: 
imply, if cosmic rays were the source, an activity correspondir 
to several per microsecond. This activity is unlikely and som 
other source is needed. This, it is suggested, is provided by 
action of the field on the positive or negative ions which ai 
present in the atmosphere in numbers of 500-1000 per cu5: 
centimetre. Two possible mechanisms are the emission 4 
electrons from the cathode by positive-ion impact, and ‘F 
stripping of electrons from negative ions in the applied field 
The yield of electrons from positive-ion bombardment of 
cathode is small at low energies3 and is therefore a more like 
source with negative corona where the cathode is in the high-fie? 
region than with positive corona. The stripping process occur 
according to Loeb,* at values of E/p of 90 (where E is in vel 
per centimetre and p is in mmHg), corresponding to a fic 
of 68:5kV/cm at atmospheric pressure. 


(3.2.2.1) Negative Corona. 


The first avalanche will start near the cathode, which is ik 
inner electrode, and move outwards, the number of electrons | 
the head continuing to increase until the field is too small f 
further ionization. In the low-field region near the anode th 
electrons will be slowed down, and many will become attache 
to atoms to form negative ions, and so reduce still more t 
velocity of the negatively charged particles. In the avalanc 
path relatively immobile positive ions will be. left with a densi 
distribution starting at zero, increasing to a maximum, at! 
falling to zero at the point where avalanche multiplication h1 
ceased. This positive space charge will tend to increase t 
field on the cathode and decrease it on the anode side. Second: 
avalanches, originating in electrons derived from positive-id 
bombardment of the cathode or other means, will feed into t! 
positive space charge and extend the high-density positiv 
space-charge region towards the cathode. The charge separ! 
tion associated with these processes produces the initial char 
flow q, in the external circuit. Meanwhile the charge on t{ 
cathode is increased by the charge flow in the external circu] 
and decreased by the entry of positive ions, the net effect bei! 
a decrease to such a value that the field becomes too low f 
further ionization by collision. This terminates the high-curre’ 
epoch of the corona discharge. If no negative carriers has 
entered the anode the net negative space charge in the dielectt! 
will equal the positive space charge which has entered ti 
cathode. | 

When electrons enter a low-field region they will becor 


* Associated with the name of H. Raether. 
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‘tached to atoms to form negative ions and be slowed down. 
Yhen avalanche activity has ceased negative ions will be dis- 
‘ibuted along the avalanche channel together with positive 
ms which will not have moved far from the position at which 
ey were created. The ratio of negative to positive ions will 
Acrease outwards from the inner electrode. Since the high- 
irrent epoch lasts for only 0-1 microsec, similar primary and 
*condary avalanches will have developed almost simultaneously 
long the length of the cathode. 

When avalanche activity has ceased charge separation will 
ontinue and produce a small corona charge flow in the external 
‘reuit. As the applied voltage increases, the field at the cathode 
icreases, and more positive charge can enter and so increase the 
et negative space charge in the gas; this increase will continue 
nti at least the maximum value of g is reached. Subsequently, 
Ss q decreases, the field at the inner electrode will tend to reverse 
nd further entry of positive ions into the cathode will be 
ihibited. At a later stage in the cycle, reversal of corona 
harge flow can occur corresponding to a reversal of the corona 
urrent. This phenomenon is discussed further in Section 3.2.3. 


3.2.2.2) Positive Corona. 


'The primary avalanche moves to the anode, which is now 
4e inner electrode, and grows continuously provided that the 
eld is not modified by space charge. The positive space-charge 
ensity, which is zero at the point where electron multiplication 
€gins, increases continuously to the anode. Secondary ava- 
mches, which probably originate by photo-ionization in the 
as, the photons being created during the primary avalanche, 
nen feed into the positive space-charge region. Electrons enter 
he anode and reduce the field there at the same time as the 
jOSitive space charge extends outwards to a region where the 
eld is too low for electron multiplication. The high-current 
poch can be regarded as terminated when the entry of electrons 
ato the anode is temporarily interrupted because the field at 
he surface has fallen to zero. For the low-current epoch the 
orona current as with the negative corona is due to the separa- 
ion of positive and negative ions. 

With the positive corona a second high-current epoch was 
ccasionally observed as illustrated by the g/v curve for an applied 
oltage of 5OkV in Fig. 2 and by Fig. 4(d), indicating that during 
he increase in voltage after the end of the initial avalanche the 
ield near the inner electrode can increase sufficiently to permit a 
enewal of avalanche activity. 


3.2.3) Space-Charge Considerations. 


If v is the instantaneous voltage, g,, the charge per centimetre 
n the inner electrode, and g(r) the net space charge per centi- 
etre radial distance at radius r per centimetre length, then, 
1 appropriate units, 


Pe weria 
i J q(r)dr 
2 aw log. a a +—§dr 


a if 


2.0) 5 Pasa GR 


he charge q,,, assuming that no charge particles have entered 
1e outer electrode, is the difference between the charge flow in 
1e external circuit and the charge on the particles which have 
itered the inner electrode, i.e. the net space charge. Hence 


A 
Rony bade — 4) 
Vw = A Ain Wc i q(r)dr ( ) 


ae a 
2 log, - 


here q, is the charge flow due to corona per centimetre length. 


(5) 


| “faire 


r 


Thus dr 


A , 1 
Ge = i q(r)dr — a 
¢ log. — ~ ° 


The experiments provide no information about the form of q(r). 
On the simplest assumption that the net space charge q, is 
located in a sheath concentric with the electrodes at radius r, 
eqn. (5) takes the form 


(6) 


The qualitative discussion of the corona discharge shows that 
this assumption is quite untenable. Its only justification is that 
it permits a crude quantitative discussion of the experimental 
data which would be otherwise impossible, and when for any 
good reasons a value can be assigned to q, it enables through 
eqn. (6) a mean position for the net space charge to be deter- 
mined which is not likely to be seriously in error. 

The field, E,, at the inner electrode, whatever the space-charge 
distribution, is 


2 
E, re a4 re qs) 
0:18 
= a — 4) @ 


The field, E,, controlling the movement of the space-charge 
sheath, which is the mean of the field at each side, is given by 
the equation 


2 
Ep 74 — q.|2) (8) 
1 r 
ee) a OC eS 
r|2log, A/a | ae log, r/a 


If the corona current changes sign, then, at the instant of reversal, 
from eqn. (8), 


(10) 


If during the voltage excursion the space-charge sheath reaches 
a position such that r = »/(Aa), eqn. (9) shows that current 
reversal cannot occur. 

After the voltage had fallen to zero no measurable charge flow 
in the circuit was observed. If r is the position of the net 
charge q,, a fraction —fq, will be induced on the inner and 
—(1 — f)q, on the outer electrode, where 


qs = 2q 


1 
log, r/a 


oS. ign ee 


| 
' log, A/r 


nip lOSe AIL. 
~ log, A/a 


log, r/a 


If the fraction 8 enters the inner electrode and the fraction 
(1 — ) enters the outer electrode the charge flow in the external 
circuit is 
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A more sophisticated examination suggests that, depending on 
the value of r, there may be an increase or decrease of charge 
flow, but, as stated, the effect was not detected experimentally. 

Once the excess charge has been removed the remaining 
charged particles will combine under their mutual fields. 


(3.2.4) Examination of Experimental Data. 
(3.2.4.1) Inception Voltage and Primary Avalanches. 


In Table 6 are given the minimum inception voltages, Vj min, 
abstracted from Tables 1-5 and the corresponding values of 


| a,dr, where « has been assumed to be a function of the applied 
a 


field unmodified by space charge. Included in the Table are 
A 


the values of v corresponding to i «,dr = 20, which is the 
a 


Raether criterion for streamer formation. 


Table 6 
A 


RELATION BETWEEN INCEPTION VOLTAGE AND | ear 
a 


Test condition and 
Table number 1 2 3 a 5 


Electrode arrangement A A A B B 
Corona aed aif ar = aie = 
Viming KV ; 17:8 14-8 11-0 7:8 7:0 

A 
| ear corresponding | 16-5 | 10-5 | 4-0 | 13 10 

a 

to Vi min 
Value of V;correspond- | 19-0 19-0 19-0 Oe 7 9-7 


A 
ing to [ rae 0 
a 


Table 6 shows that the corona discharge can be initiated when 
the amplification of the primary avalanche is as low as e*. If 
the condition for corona discharge inception were governed by 
Raether’s criterion the inception voltage would be as given in 
the last row of the Table, and would be independent of polarity 
for a given electrode geometry but dependent on the geometry. 
The actual inception voltage depended on the geometry, the mean 
value for arrangement A being greater than for arrangement B, 
which would be expected if inception voltage were related to the 
amplification factor of the primary avalanche. 


(3.2.4.2) High-Current Epoch. 


(a) Negative Corona. 

Initially the maximum charge generation and separation take 
place between one and two cathode radii from the cathode 
surface. The resulting positive space charge increases the field 
between it and the cathode, and this region is rapidly ionized; 
positive charge enters the cathode reducing the field there, 
avalanche creation ceases, and the high-current epoch can be 
considered as terminated when the field at the cathode has fallen 
to zero. Thus the high-current epoch is of short duration— 
actually of the order of 0-1microsec—with the ionization 
restricted to a narrow region round the cathode. 
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If q and q, are the total charge flow and the charge flow dus 
to corona at the end of the high-current epoch, the net space 
charge g, and its mean position r are, from eqns. (7) and (5), 


qs 
Ye = 4s log. ra/log. Ala 


Values of g, and r derived from Figs. 1(b) and 3(6) are given 
in Table 7. 


Table 7 
MEAN PosITION r AND MAGNITUDE OF NET SPACE CHARGE g 
AT END oF NEGATIVE HIGH-CURRENT EPOCH 


Electrode A 
arrangement 


1(d) 


30) SAT Olme SS 
15 | 14 iS 10" 


3-9 Sai 5- 6 10. 
0-11 |0-14 |0-16 |0-28 


The values of g, are practically constant and independent 5} 
the inception voltage for arrangement A; with arrangement } 
they increase with inception voltage. or both arrangement 
the mean value of r increases with the peak voltage and therefori 
with the rate of change of voltage during avalanche activity. 


(b) Positive Corona. 


Maximum charge generation and separation are initially a: 
the anode. The resulting positive space charge is graduail 
extended outwards by later avalanches until the field is too lev 
for ionization. Meanwhile electrons continue to enter the anod: 
until the field there is reduced to zero and the high-curreri 
epoch is terminated; the duration is three to four times that « 
the negative corona. 

Table 8 gives the value and mean position of the net positiv 
space charge at the end of the high-current epoch. Both q, an’ 
r at the end of the high-current epoch are much greater tha: 
the corresponding values for negative corona; they increase wit! 
increasing inception voltage. 

The field at r is 0-18g/r kilovolts per centimetre, which | 
equal to 0:18q,/r kilovolts per centimetre at the instant con’ 
sidered. For all the values of g, and r given in Table 8 th 
fields are less than 20kV/cm. The existence of positive ions ¢| 
r can, because of mobility considerations, only be attributed t 
avalanche activity, so that fields considerably higher thay 
20kV/cm must have existed. This suggests that, as the positiv 
space charge extended outwards from the anode, there wz 
associated with it a high field at the tip which extended th! 
region towards the cathode where avalanche activity was possibi’ 
This suggests, further, that the discharge consists of a number ¢ 
narrow discrete channels or streamers extending well out toware 
the cathode in contrast with the narrow zone of ionizatic 
around the inner electrode atrributed to the negative coron: 
These suggestions are supported by the electrical dischargd 
between coaxial electrodes reported by Looms.° 

The g/v curve in Fig. 2 for a peak voltage of 50kV shows: 
second high-current epoch on the wavefront at g = 79. TH 
suggests that the field at the anode has increased from zero 
the end of the first high-current epoch to a value sufficient 
permit a renewal of avalanche activity. In the expression fil 
the field at the inner electrode, i.e. eqn. (7), qs is unknown at tl 
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MEAN PosiTION, r, AND MAGNITUDE OF NET SPACE CHARGE g, AT END OF POSITIVE HIGH-CURRENT EPOCH 


| ee of the second high-current epoch. However, if r is 
!ssumed to be as given in Table 8, then, from eqn. (5), 


1OR ALG 32 eT 5 60 
a! ~ F168 ra ~ 3-05 
t 0-18(¢—¢)_ 0-18(79 = 60) 
if = = 
mhence Vp ra E Fe Se OL? 122kV/cm 


Vinicn is a value sufficient to permit avalanche activity. 

The field E,, at the peak voltage corresponding to the other 
4 /v carves of Fig. 2 and those of Fig. 1(@) calculated on the same 
4 ssumption was approximately zero at the lowest voltage ampli- 
ude, it increased with the amplitude and had a maximum value 
of 97kV/cm for the 50kV curve of Fig. 1(a). 

' The maximum rate of change of current in the high-current 
spoch, for both the positive and negative corona, is many orders 
higher than in the low-current epoch. To this high-current 
poch the radio interference associated with a corona discharge 
‘an be attributed. 


40 Low-Current Epoch. 

/; The low-current epoch begins at an instant not clearly defined 
ten avalanche activity has ceased, and ends when the voltage 
as fallen to zero; current reversal may occur. Exceptionally 
the low-current epoch may be interrupted by a second period 


Electrode arrangement 
Fig. No. 1(a) 2 3(a) 

{ 

i Vp, kV : 20 30 40 50 20 30 40 50 8:5 12:3 16°8 20 24 

| V; (peak) . 19 16:5 20 20 17 15 20 16 8:0 9-0 10-6 11:3 10-2 

| qs, C/em x 10- 10 | 45 45 Dil 69 44 28 54 38°5 24 48 74 90 68 
»| | tla 27 24 28 32 31 9 31 21 50 10549 |Gh135:, | 9435 '< | 119 
‘it r,cm ODS en mOOSeaimOus. m0 162m 0: S6u» O-2601 00°86 lmOsssm i OrdtalmOssis ele O2s| Me O2n ImOs08 


of avalanche activity. The charge flow due to corona, q,, in 
the low-current epoch is attributed to the movement of positive 
and negative ions and not of electrons. The total charge flow q 
increases continuously to a maximum which is usually at some 
point on the wave back, and then decreases. During the 
increase the field at the inner electrode will tend to increase, 
and charge of the appropriate sign will enter, thus increasing q,; 
this process will continue until at least the maximum value of qg 
is reached. Subsequently the field at the inner electrode will 
either get smaller or possibly reverse, and the entry of charge into 
that electrode will be inhibited. Thereafter g, remains constant 
since any charge which may have entered the outer electrode can 
be considered as located infinitely close to it, where it influences 
r only. 

It is assumed that, at the instant q,,,, is reached, the field at 
the inner electrode is zero, from which 


q ae ee 


and the mean position r of the space charge can be derived 
from eqn. (6) by the use of the appropriate value of q¢, and the 
value of gd), derived from Figs. 1-3. The results of this calcula- 
tion are given in Table 9. Tables 7-9 show that at q,,,,, r/a 
although generally greater can be less than its value at the end 
of the high-current epoch. In the period separating these two 
events q, increases because of the entry of charged particles into 
the inner electrode, with the consequence that the net space- 


Ama x 


{ Table 9 


MEAN PosITION r AND MAGNITUDE OF NET SPACE CHARGE (@,) max 


Vp, kV.. Sy. 20 30 40 50 Electrode arrangement A posi- 
G@maxs Clem > % 10-10 47 58 82 108 tive corona, Fig. 1(a) 
rla a a 28 NILE 28-1 31:6 
r,cm 0-78 0:50 O79 0-89 
i Vp 20 30 40 50 Electrode arrangement A posi- 
7 C/em ~ 10-10 48 48 81 107 tive corona, Fig. 2 
1 Bas i 32-4 9-4 20:8 24-5 
] 7, om 0-91 0-26 0-58 0-69 
| Vp, kV 30 47 69 85 Electrode apne Ne nega- 
1 Gs)max, Clem x 10-10 36 70 133 186 tive corona, Fig. 1(6 
Gnas an 4-2 12-9 29-5 38 
jr,cm 0-12 0-36 0-83 1-06 
el, KV... 8-5 1258 16°8 20 24 Electrode ee posi- | 
10 26 58 105 134 140 tive corona, Fig. 3(a 
Gh he one s, 122 160 219 229 249 
i Cm 1:0 eB) 1:79 1-88 2:04 
9-0 12-0 26-4 32-5 Electrode arrangement B nega- 
eke Clem > x 10- 10 16 23 53 94 tive corona, Fig. 3(6) 
Bia. 33 34-5 150 107°5 
|r, cm 0:27 0-28 1-23 0:98 
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charge density near the inner electrode is increased and the mean 
position r is reduced; the effect of the field is to increase the 
value of r. Either of these opposing effects can predominate. 

Beyond g,,., the net space charge g, remains constant and 
the mean position depends solely on the field. If, subsequently, 
the variation of r were controlled by the field E, given by eqn. (8), 
then, at zero corona current corresponding to the point where 
the tangent to the q/v curve is parallel to the line q = cv, the 
field is zero and 

g = 0°54, = 05d max 


The q/v curves for electrode arrangement A (Figs. 1 and 2) indi- 
cate a current zero for which, on the average, 


q.— 0- 899 jax 


the numerical factor varying between 0-61 and 0-96. This 
result provides reasonable support for the assumption made in 
Section 3.2.3 that the mean position r of the net space charge q, 
can be defined by eqn. (6). 

If the equation of the field E, is expressed in the form 


IP 2G — PGmax) kilovolts per centimetre 


where p is a constant, a value for p can be derived from the 
experimental data by assuming that 


dr 

him 
where M is a constant of the nature of a mobility. The value 
of dr/dt can be derived from a curve relating r and ft, where r 
is derived from eqn. (6) with g,.,, in place of g,, and t is derived 
from a v/t curve. 

This procedure was carried out for the g/v curve for 85kV 
of Fig. 1(6) and the g/v curve for 24kV of Fig. 3(b). The value 
assigned to M was 2000cm?/kVs, corresponding approximately 
to the mobility of positive and negative ions. The values 
derived for p were as follows: 


g/v curve 85kV for r = 1-1cm; p = 0-67 
qlv curve 24kV for r = 1:7cm; p = 0-68 
q/v curve 24kV for r = 2:7cm; p = 0-71 


These values of p were in reasonable agreement with the theo- 
retical value of 0-5 and the other experimental value of 0-85. 

The values of r/a at Gq, were generally appreciably higher for 
electrode arrangement B than for A, and this suggests, from 
consideration of eqn. (9), that current reversal is more likely 
with arrangement A than B. 


Energy Dissipation in the Corona Discharge. 


The energy, W, dissipated in the corona discharge depends on 
the inception voltage and the peak value of the applied voltage. 
Insufficient data are available to provide a functional relation 
between W and V; for constant V,, or between W and V,, for 
constant V;. The data in Tables 2 and 4 indicate generally that, 
for a given value of V,, the energy increases with increasing 
inception voltage. The relation between the average value of 
W and V, could be represented approximately by an equation 
of the form 

E = constant x (V,)" 


where n for the two arrangements and the two polarities is as 
follows: 
Arrangement A, positive corona 
Arrangement A, negative corona 
Arrangement B, positive corona 
Arrangement B, negative corona 
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(4) CONCLUSION 


The interpretation of the experimental data provides a reasont 
ably consistent picture of the processes in the gas during tho 
corona discharge; they are summarized below. 

At a certain applied voltage, defined as the inception voltage 
electrons are created which, through ionization by collision is 
the applied field, produce a primary avalanche. The electron 
may be produced by the impact of positive ions with the cathod: 
or by the stripping of electrons from negative ions in the appliee 
field. On the average the applied field at the inception voltage i 


ns 


A 
such that | ear is about 20, although a value as low as 4 ha: 


been observed. | 

The primary avalanche is followed by secondary avalanche} 
until the field everywhere in the dielectric has been so modifice 
by space charge that further collisional ionization is stoppe 
The charge separation which occurs during the period of avai 
lanche activity and which is attributed to the movement < 
electrons and to a lesser extent of positive ions provides thi 
high-current epoch of the corona discharge, which lasts abou. 
0-1 microsec with the negative and 0O-3microsec with t 
positive corona. 

In the negative discharge the positive ions resulting from t 
earlier avalanches are located one or two radii from the inne 
electrode and enhance the field between the inner electrode ane 
this position; this region is rapidly ionized by subsequer 
avalanches. The region of ionization is thus restricted to i 
narrow band round the inner electrode. Positive ions enter t 
cathode and reduce the field there until the ionizing process 7 
stopped. The high-current epoch can be expected to be com 
pleted in a very short time. 

In the positive corona discharge, the positive ions create 
during the earlier avalanches are located at the inner electrod 
and as further avalanches travel inwards, the positive ion: 
extend outwards until the field becomes too small for avalancha 
production. Analysis shows that the applied field at the mear 
position of the net positive space charge at the end of the high: 
current epoch is too low for avalanche production. Thi: 
suggests that as the positive space charge extends outwards i 
produces a high-field region at the tip which permits ionization 
so far from the inner electrode. Such a high-field region would 
be produced if the positive ions extended radially outwards it 
narrow discrete channels. It is reasonable to assume that tha 
avalanche process, extending as it does so much further toward: 
the outer electrode, will require a longer time for completion 
than the avalanche process associated with the negative corona: 
The form of the ionized region and presumably the light asso: 
ciated with it will be very different for the two polarities. 

The low-current which follows the high-current epoch i 
attributed solely to the separation of positive and negative ions: 
Exceptionally, with one particular geometry, positive polarity 
and the highest applied voltage, the low-current epoch wa: 
interrupted by a second high-current epoch, associated with : 
renewal of avalanche activity. Apart from this one exception: 
all charge creation occurs over a very short interval at the 
beginning of the corona discharge. Reversal of the current it 
the low-current epoch can occur, depending on the electrod 
geometry. 
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(7) APPENDIX 


Attenuation by Corona of Surges on Transmission Lines 
By W. G. STANDRING 


Suppose a wave of voltage 6V and current SJ is travelling 
along a transmission line of inductance LZ and capacitance C per 
unit length, and that the charge flow in the conductor on account 
In a length of line dx of 
nductance Léx across which the voltage is SV the current is 


ichanging at a rate dJ/dt, dt being the time in which the wave 
‘moves a distance dx, so that 


Léx61/6t = 6V 


'The current 65/ flowing for a time d¢ charges up a capacitance 


! 


‘Cox to a voltage SV and supplies a corona charge flow 6Q6x, 


bs that 

a (CSV + 8Q)8x = SI8¢ 

a S(VIL)8I = Sx]St = S1/(CSV + 8Q) 
isnce dx/dt = [L(C + 8Q/6V)]—“'? 


Below the corona voltage the velocity of a travelling wave is 
_- Above the corona voltage the velocity of a voltage 
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increment dV accompanied by a corona charge flow 5Q is 
(LC)'(1 + 8Q/CdV)—1. Thus the effect of corona on any 
wavefront can be predicted if sufficient information is available 
about the charge flow due to corona. Unfortunately the experi- 
mental work described in the paper shows that the inception of 
corona, and the charge flow which occurs on an increment of 
voltage, are not simply functions of voltage but of the previous 
rate of change of voltage. A general treatment is not possible 
without simplifying assumptions. 

In general, the total charge flow due to corona nearly all occurs 
on the wavefront and increases with the voltage. On the assump- 
tions that the inception voltage is constant and that above this 
voltage 6Q/SV is constant on the wavefront and zero on the wave 
back, the travelling wave can be regarded as the sum of a wave V, 
travelling with the velocity (LC)—'/? and a wave V, having a 
front velocity of (LC)—1/(1 + Q/VC)—!/* and a back velocity 
of (LOS 

If 5Q/SV is not constant the wavefront of V, alters in shape 
as it travels along. Where 5Q/dV increases with voltage the 
wavefront lengthens. Where 6Q/SV decreases with increase of 
voltage the wavefront steepens, subject to the limitation that the 
rate of rise cannot be faster than instantaneous. 

Perhaps the most important effect of corona on travelling 
waves is the reduction of amplitude of very high voltages of 
very short duration such as are produced by high over-voltages on 
line insulators. Suppose the voltage on a line at a point A exceeds 
the value V for a time Ty. At a time ¢ later the point V on the 
wavefront moving with a velocity L~1/*C-1/2(1 + 6Q/CéV)-17 
has reached a point B distant L~4/2C—1/(1 + 6Q/C8V)—!/t 
from A. The point V on the wave back moving with the 
velocity L~1/*C—1/? has reached a point D distant L~1/* C~1/2 
(t — Tp) from A. The voltage above V is therefore wiped out 
when B and D coincide in a time T)K/(K — 1) and in a distance 
ToL '?C—17/(K — 1) where K = (1 + 6Q/COV)—1/?, Precise 
calculations cannot be made in practice because, as already 
stated, 5Q/SV is not simply a function of voltage, but measure- 
ments on a short length of line of the total charge flow as a 
function of the peak value of short test waves should provide 
sufficient data for useful approximate calculations. 
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TEMPERATURE RISES IN ELECTRICAL MACHINES WITH SUSTAINED VARIATIONS 
IN LOAD AND SPEED 


By B. J. PRIGMORE, M.A., M.Sc.(Eng.), Associate Member. 


(The paper was first received 6th May, 


SUMMARY 


A method is presented for obtaining the temperature-rise/time curve 
for a given machine for an arbitrary sequence of operating currents 
and speeds; the method is demonstrated to give results for such a run 
correct to about +2°C in 60—70°C. 

The method is to suppose that the equivalent thermal network of the 
machine is linear, its temperature/time curve thus being the sum of the 
temperature/time transient responses for a series of short times, df, 
successive transients corresponding to the average operating conditions 
during successive intervals; and then to modify this curve to that for 
the actual non-linear machine by adding a correction curve which is 
itself composed of two series of transient responses: one of these 
allows for the effects of non-linearity due to temperature rise, and is 
based upon the succession of average temperatures, given from the 
first curve, during the intervals dt; the other allows for the effects of 
changes in dissipation coefficients due to changes in speed. 

The test-bed procedure for obtaining the temperature/time transients 
for the linear machine, and the corrections for non-linearity, is specified. 
It is recommended that this procedure, lasting about 36 hours, should 
be applied to samples of appropriate types of machine. 


LIST OF SYMBOLS 


Note.—The units are not always necessary: they are given 
here to correspond with those used when the theory is applied 
numerically. 


a, = Temperature coefficient of increase of resistance based 
on 6. 
C,, = Temperature correction, nth ordinate, deg C/amp* per 
degree difference from standard temperature. 
dc = Small change in dissipation coefficient, i.e. in rate of heat 
dissipation per unit temperature rise. 
dt = Small time interval, min. 
D,, = Dissipation correction, nth ordinate, deg C per degree of 
temperature rise. 
Jf = Fractional deficit of exponential rise from its tangent 
through the origin. 
J = Current, amp. 
I, = Maximum service (or accelerating) current, amp. 
k = Various temporary constants of proportionality. 
R, = Conductor resistance at temperature oe ohms. 
R, = Conductor resistance at temperature 0,, ohms. 
7 = Time-constant of exponential, min. 
6, = Average temperature rise during nth time interval, 
deg C. 
6., = Temperature-correction transient, nth ordinate, to allow 
for non-linearity due to temperature, deg C. 
6.4, = Temperature correction, nth ordinate, to allow for non- 
linearity due to changes in dissipation coefficient, deg C. 
6,, = Temperature rise during first interval of zero-speed test 
in which I = J,,, degC. 
6, = Standard temperature; 85°C, or 65°C rise. 
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6, = Actual temperature rise after time 67, degC. 

0.. = Temperature rise after time 6¢, assuming straight-lina 
heating, deg C. 

B = Proportion of copper loss, P, which is eddy loss. 

P = Copper loss at standard temperature, 0,, watts. 

0, = Ultimate temperature rise of non-linear machine, deg ¢ 

@, = Ultimate temperature rise of linear machine, deg C. | 

6, = Ultimate temperature rise of non-linear machine if f is 
assumed to be zero, deg C. 


(1) INTRODUCTION 


In selecting and using electrical machines such as tractie 
motors for operations involving varying loads and speeds, it is 
required to estimate the temperatures, especially the maximuy 
temperatures, which may arise from specified operations 
During design such predictions require estimates of the hea 
input and its distribution, and of thermal conductances anc 
capacitances. However, when a sample machine is available fs» 
tests it is possible to attempt to relate the temperature rises ir 
service to those found on the test bed, so avoiding the need tc 
evaluate the various parameters. This gives fairly direct means 
of assessing the severity of duty which could safely be under 
taken by an existing motor. In traction, for instance, it gives 
a means of assessing the effect of adding extra vehicles to a train 
of stopping more frequently, or of using weak-field operation tc 
a greater extent; or for determining the load which a locomotive 
could take over a route other than that for which it had originally} 
been designed. 

Such methods have been shown by Tustin and Bates!+2 to be 
straightforward when the durations of individual runs are short 
compared with the thermal time-constants of the machine; iti 
then suffices to estimate the mean equilibrium temperature, with) 
if required, a simple approximate addition to give the peak! 
temperature. 

The paper discusses how the varying service temperatures may} 
be related to test-bed temperatures when the durations of indi 
vidual runs are appreciable compared with the thermal time= 
constants of the machine. This applies to a main-line locomotive 
on a route with varying grades, where the maximum temperature 
rise usually occurs after the locomotive has surmounted the moss 
severe grade, but also depends on the temperature rises of the 
parts at the commencement of the climb: it also applies to some 
city and suburban services, where a train may average 40 start¢ 
an hour for 30min in each 90min and about 25 during the 
remaining hour. When the thermal time-constants play such 2 
decisive part, estimates of the mean equilibrium temperature 
would give little help. 

The problem is awkward because the dissipation coefficients 
(or thermal conductance from the various parts) of the motov 
vary with speed, while the J*R losses vary with the temperatures 
of the resistive elements (mainly the windings). If these 
two features were absent there would remain a linear system ir 
which the heat inputs to the components depended only on the 
operating conditions (speed, current and flux). The temperature: 


rontributions in each short period, 51, of operation at specified 
onditions could then be added or superposed. 


(2) BASIS OF PROPOSED METHOD 


The proposal explored in the paper is to estimate the tem- 
perature rise in two stages. First, the temperature-rise/time 
elation is calculated on the basis of constant thermal con- 
‘ductances and constant electrical resistances (the R factors of 
the I’R losses). A hypothetical machine for which these con- 
3tancies apply will be called a ‘linear machine’. Secondly, 
‘corrections are made for the variations in the thermal con- 
idductances and electrical resistances. 

An increased thermal conductance, due to increase in speed, 
results in extra dissipation of heat; an increased resistance, due 
‘to increase in temperature, results in extra J?R loss; the J2R 
‘loss depends also on the momentary current, and both depend 
‘upon the momentary temperature rise. Exact calculation of the 
‘additional temperature rises (or falls) due to these factors, as a 
function of time, would be very laborious. It is shown that these 
-additional rises are usually small, and that a sufficiently good 
approximation for this correction may be made fairly simply. 
A scheme of calculations for the above necessitates the speci- 
‘fication of suitable tests, and of procedures for deriving data from 
them in a form suitable for the calculations. This is discussed 
and demonstrated in the rest of the paper. 


(3) TEMPERATURE VARIATIONS IN THE LINEAR 
MACHINE 


, The operating condition of a machine in service changes either 


Se 


continuously or in steps. To estimate the changes of tempera- 
ture rise with time, the time of operation must be divided into 
eeort intervals, dt, during each of which the operating condition 
‘may be regarded as constant. If the motor were to be switched 
fon only for the interval 6¢ the temperature-rise/time curve 
during and after the interval would have the almost linear rise 
ea roughly exponential fall of the curves at the bottom of Fig. 1. 
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Fig. 1.—Standard heating transients for 92 amp 590r.p.m. motor. 


With a linear machine (Section 2), superposition of the above 
curves, one for each time interval, would give the overall tem- 
perature/time curve, as in Fig. 1. More formally, the tem- 
perature-rise/time relation for any given part of the linear 
machine is the sum of the succession of its temperature/time 
transients which correspond to the operating conditions during 


successive intervals dt. 
~ To use this method in a general calculation for a linear 
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machine, a set of temperature/time transients is required which 
covers the range of operating conditions likely to be met in 
service. For a series motor these comprise transients for various 
currents at normal voltage (as in Fig. 2, where larger rises are 
due to the greater J*R losses arising from higher currents), and 
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Fig. 2.—Normal-voltage (230 volts) heating transients. 


(a) 150 amp. 
(6) 120amp. 
(c) 92amp. 
(d) 75 amp. 
5¢ = 5 min. 


for various speeds at the maximum accelerating current (as in 
Fig. 3, where larger rises are due to the greater iron losses arising 
from higher speeds). Such data could alternatively be presented 
as curves giving the temperature rises at times 57, 267, 36y, etc., 
on a base of current or speed. 
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Fig. 3.—Maximum-current (150 amp) heating transients. 


(a) 500r.p.m. 
(b) 200r.p.m. 
(c) Or.p.m. 
5t = S5min. 


These transients must be derived from tests made on the real, 
non-linear, machine, and corrections must be found for the 
effects of non-linearity if the temperature/time curve for a real 
machine is to be predicted. This is discussed below. 


(4) TEMPERATURE DIFFERENCES DUE TO 
NON-LINEARITY 

Let a real machine be the same as its linear counterpart when 
it has a standard temperature (and hence equal winding 
resistances) and a standard speed (and hence equal dissipation 
coefficients). 

Let the linear machine be subjected to a sequence of operating 
conditions and its temperature-rise/time relation be recorded. 
To make this machine identical with the real one, two different, 
varying losses must be added (algebraically) to those of the 
linear machine: the first is an additional J?R loss arising from 
any increase of winding resistance with temperature; the second 
is an additional rate of heat input to all those parts for which 
the dissipation coefficients vary with speed. (This power corre- 
sponds to the reduction in power dissipation caused by any 
reduction in dissipation coefficients, usually arising from a 
reduction in speed.) 
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(4.1) Difference due to Variation of Winding Resistance with 
Temperature 


The additional 72R loss in the winding is J7Ra«(@, — 8,), 
where « is the fractional increase of resistance per degree tem- 
perature rise referred to the standard temperature 0,, R is the 
winding resistance at temperature 6,, and @, is the actual tem- 
perature. The additional energy input during the short time 
dt is thus J7Ra(6, — 6,)5t (where 6, is now the average actual 
temperature during 6/), and will give rise to an additional tem- 
perature rise 0, where, k being a constant, 


8: SIRT ONbt Bo eed) 


For a fixed time 5¢ and a given winding, since k, R, « and 6¢ 
are all constant, their product may be called C, giving 


Ware it he eee 0) 


If current J and temperature 0, apply for a time 6¢ only, their 
effect on the motor temperature will thus itself be a tem- 
perature/time transient consisting of a rise during time 6 
followed by cooling. The extra temperature rise, as a function 
of time, due to changes in temperature for the whole sequence of 
operating conditions may thus itself be obtained by summation 
of the temperature-correction/time transients corresponding to 
the operating currents and temperatures during the succession 
of intervals dr. 

Another temperature-dependent Joss in armature windings is 
eddy loss, which is inversely proportional to the resistance of the 
armature winding. This is discussed in Section 12, in which it 
is shown that, if the proportion of eddy loss is small, corrections 
based on eqn. (2) will be a little large, but in error by less than 
1°C in the important temperature range. 


(4.2) Difference due to Variation of Dissipation Coefficients with 
Speed 


The additional rate of heat input to each of those parts for 
which dissipation coefficients vary with speed will be —écé,, 
where dc is the increase in thermal conductance from the part 
and @, its actual temperature rise. The negative sign arises 
because an increase of conductance, due to an increase in speed, 
increases the rate of removal of heat, the actual rate also being 
proportional to the temperature rise 0,,. 

Thus for a given 6,, if the speed is greater or less than the 
standard speed for a short time 6¢, there will be an extra tem- 
perature fall or rise compared with that due to dissipation at 
standard speed over the same interval. 

This extra temperature rise will be D@,, where D is a constant 
(positive or negative) for any one speed, and is a function of the 
departure (negative or positive respectively) of the speed from 
standard. If a certain speed difference persists for time d¢ only 
(after which the speed reverts to standard), its effect on the 
temperature of the machine will be given by a temperature/time 
transient consisting of a rise or fall of 0; (=D8@,) during time 81, 
followed by cooling or heating respectively. 

The extra temperature rise, as a function of time, due to the 
succession of departures of speed from the standard may thus 
be obtained by summation of the temperature-correction/time 
transients corresponding to the sequence of speeds and tem- 
perature rises appropriate to the succession of intervals 6¢. 


(5) TEST PROCEDURE 
If the constants C and D of Section 4 can be found from tests 
on the test bed, then from any temperature/time curve so 
obtained the corresponding curve for the linear machine can be 
derived, and conversely. An approximation in the procedure 
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arises here. The corrections depend on @,, the average tem) 
perature during an interval 67. The first prediction will give the 
uncorrected temperature/time curve for the linear machine 
corrections are first based on rough values of 0, from this uncori 
rected curve. Strictly, the corrections should be reassessed : 


the basis of the new values of @, obtained by applying the firs 
corrections to the uncorrected curve. This iteration will rarely 
be necessary, since its omission rarely gives rise to more than 
1°% error in the final prediction. Moreover, corrections ar 
often of opposite sign, so that the total correction may be smalll 
and its reassessment unnecessary. 

A strictly algebraic approach to the above is impossible, since 
the total correction is often more dependent on what has gona 
before than on conditions through any given interval. 

A test procedure, comprising four groups of tests, to give 4 
(associated with dissipation-dependent non-linearity) and ¢ 
(associated with temperature-dependent non-linearity), as we 
as the temperature/time transients for different operating| 
conditions, is outlined below. For these tests a machine wit 
embedded temperature detectors is required if armature-winding 
temperatures are to be studied. Sections 10.1 and 10.2 
Reference 1 describe such equipment and a spiral-belt substitut 
for brushes. 


(5.1) Effect of Speed Differences 


To obtain D, cooling curves which differ only because 
differences in speed must be obtained; each cooling test mu 
thus be started from the same temperature rise and with t 
same temperature distribution between the parts. The fir 
tests are thus made by heating the machine to the equilibriu 
temperature at the r.m.s. current and average service speed, thi 
temperature and speed being taken as standard. (This wii 
result in corrections often being small and averaging roughi: 
zero; the effects of approximations will thus be minimized. 
From the heating curve can also be derived a heating transient 

Tests 1, to give the heating transients due to changes is 
dissipation, are thus: 

oe Heat to given conditions at standard speed; cool at standare 
speed. 


(16) Heat exactly as in Test (1a); cool at a series of differenr 
speeds. 


(5.2) Effect of Temperature Differences 


To obtain C, a heating curve is required which is due only t¢ 
the winding J?R loss. This curve must thus be obtained fror 
a test at zero speed (no iron loss), and for convenience should 
be at the maximum service current J,,. The second test, to givy 
the heating transient due to changes in temperature, is thus: 


(2) Heat to approximately standard temperature with the maxi 
mum service current at zero speed; cool at standard speed. 


(5.3) Basic Heating Transients 


The third tests, to give the heating transients due to variou 
currents at the speeds corresponding to normal voltage are: 


_@Ga) Heat to approximately standard temperature at the conr 
tinuous rating current and corresponding speed at normal voltage 
cool at standard speed. 

(36) Heat to approximately standard temperature at severad 
higher currents up to the maximum service current J, at the corr 
sponding speeds at normal voltage; cool at standard speed. 

(3c) Heat to equilibrium temperature at a few currents below tha 
continuous rating current at the corresponding speeds at norma: 
voltage; cool at standard speed. 


The. fourth tests, to give the heating transients due to th 
maximum service current J,, at various speeds are: 


(4a) Heat to approximately standard temperature at the maximu 
service current J, at a few speeds between zero and that correspond: 
ing to normal voltage; cool at standard speed. 


(6) TEST ANALYSIS 


| To derive the sets of temperature transients for the linear 
machine the procedure is as follows. First, find heating transients 
due to changes in dissipation from the groups of cooling curves 
pt Tests 1, and apply these by successive summation, as tem- 
joerature/time corrections, to the results of Tests 2-4, to give 
che heating curves of the linear machine. Finally, analyse these 
jaeating curves into their heating transients, which may be called 
whe standard heating transients. Data thus become available for 
ithe prediction of actual temperature/time curves. 


(6.1) Choice of Time Interval, 6 
i 


. To reduce the task of summing transients over a long run it 
is preferable that 5¢ should be as long as possible. But so that 
‘the average operating conditions during dr might reasonably 
account for the integrated effects of the varying conditions 
lpossibly occurring, 5¢ should be short compared with the 
hermal time-constant of the motor. 
| For very short times the temperature rise of a part from cold 
is proportional to the total energy loss, whatever its time 
'distribution, in that part. With the first two terms of the series 
for «* it is found that an exponential heating curve of time- 
‘constant 7 departs by a small fraction, f, from its tangent 
‘through the origin when d¢/t = 2f. This means that fraction 
1—f of the temperature rise is dependent on the losses, and 
fraction f may be affected by speed variation to the small extent 
that average cooling is not necessarily equal to cooling at average 
speed. In addition, when 6¢ is short, the mean temperature 6, 
during 6r is closely the mean of those at the beginning and end 
of the interval. 
_ For the author’s tests, 67/7 was about 10% and f thus about 
5%, so that 8, for each interval was in error by no more than 
24% of the increment during each interval. Since conditions 
“were constant during each interval, no errors arose from averag- 
‘ing either losses or speeds; longer intervals could thus have 
‘been used, but they would have rendered the demonstration 
artificial. 
b 


(6.2) Cooling Corrections 


To find the dissipation ‘heating’ transient which accounts for 
the difference between a zero-speed (say) cooling curve and that 
at standard speed, the pair of cooling curves from Tests 1, as 
shown in Fig. 4, is used. The heating transient is defined by its 
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Fig. 4.—To find the dissipation heating transients. 


ordinates D,, D», D3, ..., D, at intervals of 207, 367, .. . not 
from the start, and the correction curve by its corresponding 
ordinates 0,1, 94, . » -» Ain. The mean actual temperatures on 
the standard curve during these intervals are 9,1, 9,2, - + + Ge 
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Then 


Ou, = Oa1D, } 
O42 = 841D2 + Oq2D1 j 2, te Lone) 
B43 = 841D3 + O,2D2 + O43D; 
From Fig. 4 and eqns. (3), it being remembered that @,,, and 
6.,, are known and D,, is to be found, it will be seen that 


D, sae 051/821 . . . . . . . . (4) 
Dy = (a2 — 92D 1)/8 a4 brane EE os be 8) 
Ds = (843 — 9a2D2 — Ga3D))/9n4 - » - © 


etc., each value of D,, depending upon knowledge of D,,_;. 

By procedures such as the above a set of heating transients 
(per unit temperature rise) which account for changes of dissipa- 
tion coefficient due to changes in speed will be obtained. 


(6.3) Temperature Correction: 17R Loss 


To find the temperature heating transient which accounts for 
the difference between J*R heating at standard temperature and 
at any other temperature, the result of Test 2 (of heating at J,, 
and zero speed, with cooling at standard speed) is used, as 
shown in Fig. 5. The temperature rise, @,,, during the first 


OQ St. 28t 48t 6ht 8st 


Fig. 5.—To find the temperature heating transient. 
590r.p.m. is standard speed. 


interval, at a mean temperature of 0, (approximately 40,,), is 
proportional to I? since there are no other losses, and to R,, 
the winding resistance at the mean temperature 0,. 

With k as a constant of proportionality, 


OFA TER TE hs Aree at ay 
whence BR, calichiains: Taide BAe eS) 
But Ri RM cca 2.0) edt ante sere) 


where 0, is the standard temperature and «, the corresponding 
temperature coefficient of resistance [~, is 1/(234:5 + @,) for 
copper, 0, being in degrees Celsius]. 

If Oc; is the correction to be added to make the temperature 
rise what it would be if the mean temperature were the standard 
temperature, 


6, + Oc, = kRIZ. (10) 
whence, subtracting eqn. (7) from egn. (10), 
Oe, = KIp(Rs — Ra) (11) 
But, from eqn. (9), , 
R,—R, =R aia Be) 2 ae ay 


21 — a0, — O,) 
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Substituting eqns. (12) and (8) in eqn. (11) gives 


an = 6s) 
Pe Sos a 3 
Oc 915 = a6, Ce) a ) 
whence, from eqn. (2), 
Cc ao 8, /12(8, a 6.) 7 a1 = y (14) 


. iz jo 2,0, aA 8.) 


which was to be found. 

Since the correction transient is regarded as arising from 
resistance loss only, its cooling part is the same shape as that 
due to resistance loss only. 


(7) REVIEW OF TESTS AND RESULTS 


(7.1) The Machine, and Temperature Measurements 


The machine used to verify the above proposals was a 230-volt 
25h.p. d.c. series steelworks mill motor with forced ventilation; 
its continuous rating was 92amp at 590r.p.m. The machine 
and thermometer arrangements were as used earlier by Tustin 
and Bates.!:2 This had the advantage that the machine was of 
known characteristics and was well equipped for temperature 
measurements; the sole disadvantage was that the forced ventila- 
tion reduced the range of change of dissipation coefficients with 
speed. Thus, although the equivalent conductance from the 
armature winding to the ambient air varied by about +30% 
from that at the mean speed! over the speed range used in the 
present tests, a severe test of the validity of the dissipation 
(speed) correction was not possible. 

The resistance thermometer used for these tests was inserted 
‘between. the top and bottom coil sides in an armature slot, to 
give the slot-centre copper temperature. With a potentiometer 
method of measuring the thermometer resistance, temperature 
rises with less than 4°C error could be obtained when all was 
well. Unfortunately, oil seepage on to the spiral belts which 
tapped the voltages from the pulley ‘slip-rings’ on the armature 
shaft increased the error of a number of readings, and the tails 
of many of the cooling curves were less accurate than had been 
hoped. In addition, the varying sunlight through the glass-roofed 
laboratory gave short-time fluctuations of +2°C to the ambient 
temperature. 


(7.2) Basic Results 


An outline series of tests was made as in Section 5, except 
that the normal-voltage continuous-rating speed (590r.p.m.) and 
temperature (85°C, or 65°C rise) were taken as standard. To 
allow for the appreciable fluctuation of ambient air temperature, 
the effective ambient temperature was obtained by smoothing 
the ambient-air-temperature curve with a time-constant of about 
50 min—roughly equal to that of the motor viewed as a single 
body. 

The temperature-rise/time curves obtained were treated as 
Outlined in Section 6, to give the standard heating transients of 
Figs. 2 and 3, the temperature heating transient of Fig. 6 and 
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Fig. 6.—The basic temperature correction heating transient. 
C, is of magnitude 2:53 x 10-6 J2 for a current of J amperes. 
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Fig. 7.—The dissipation correction heating transients for an arbitra 
run containing extreme conditions. 


(a) Or.p.m. 

(6) 200r.p.m. 

(c) 400r.p.m. 

(d) 590r.p.m. (standard). 
(e) 1200r.p.m. 


the dissipation heating transients of Fig. 7. Since the derived 
curves were generally based upon the relatively small differences: 
between two test curves, they were often ill-defined. The best 
curves to fit the derived points were chosen by making positive 
and negative errors roughly equal; to do this, a short-time 
departure of +2°C had to be accepted, but in general the errors 
were less than this. 


(7.3) Prediction of Temperature/Time Curves for Arbitrary Rua 
Fig. 8 shows the test points for an arbitrary run performed! 
for comparison with a predicted curve; it consisted of a sequence 
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Fig. 8.—Comparison of prediction and test for arbitrary run. 


—-—-— Uncorrected prediction of temperature rise. 
Corrected prediction of temperature rise. 
tosses Test points. 
----- Frame temperature rise. 
In the lower Figure the upper curve gives the dissipation correction and the lower! 
curve the temperature correction, 


of five extreme conditions, each sustained for from half to twice: 
or more the overall thermal time-constant of the motor (about’ 
50min). The final cooling was chosen to be at 200r.p.m.. 
because earlier work! had shown an anomaly in the equivalent’ 
thermal conductance from the armature winding at this speed: 
this anomaly did not obtrude in the present study. Fig. 8 shows: 
the temperature/time prediction for the linear machine, the: 
corrected prediction for the actual machine and the test points: 
the lower graph shows the individual corrections. 


( 
_ In general, the predicted and test temperature rises agree to 
vithin 2° C (and often less) even when rates of change are large; 
ind the total correction almost always has the sign and mag- 
uitude to improve the prediction. 

The least successful prediction occurs during maximum-speed 

sooling after zero-speed high-current heating—a succession of 
*xtremes unlikely in practice. Here (from 3 to 2 hours or more) 
whe test curve had greater curvature than the predicted curve, 
‘nut (except at low temperature rises) the correction had the 
correct sign; and at high temperature rises and with large rates 
of change, errors were still under about 2°C. The greater 
curvature occurs, however, when the inactive parts of the 
machine are relatively cool (frame temperature rise about 
10°C), and this would cause accelerated cooling of the active 
parts. During the second part of the test, when the inactive 
parts had become warm (frame temperature rise about 15°C) 
and conditions were less extreme, prediction was generally 
|within +2°C and often closer to the test results. 
_ Comparison of the first and second heating-cooling sequences 
\shows that the prediction of peak temperatures was a little high 
(+0-7°C and +2-5°C), and that of temperature rises in the 
am 40-60° C was within +2°C of test results; but the pre- 
ceding paragraph shows that prediction of the lower rises seems 
i uenced by the temperature rise of the inactive parts, being 
‘less in error when these are warm. It is thus concluded that the 
‘prediction of peak temperatures is little affected by the tem- 
oe of the inactive parts, but that the prediction of lower 
‘temperatures is so affected. To reduce errors due to this, 
‘lower-current tests (more liable to these errors) should be per- 
‘formed when the inactive parts are warm. 


—— 


| 


(7.4) Examination of Results 


s 
(7.4.1) Basic Heating Transients. 


The normal voltage transients of Fig. 2 show the somewhat 
‘sharper knee that is expected for cooling from higher-current 
operation, owing to the increasing predominance of J*R losses 
and the shorter thermal time-constant of the copper; the 
maximum-current transients of Fig. 3 show the expected increase 
in rate of increase of temperature rise due to the increase in 
‘iron losses at higher speeds. 


(7.4.2) Assumption of Linearity: Temperature Correction. 


Section 4.1 shows how to allow for the non-linearity due to 
temperature changes. Applying the correction of Section 4.1 
to test (1a) gives the heating curve for the linear machine with 
constant losses equal to those at standard temperature. The 
cooling curve of this test should be the inverse of the heating 
curve of the linear machine: if the temperature correction is 
exact, the two curves should coincide. Fig. 9 shows the inverted 
cooling curve plotted with the corrected (constant-loss) heating 
curve. The correction is seen to be high for much of the tem- 
perature range. Since eddy-current losses vary inversely as 
resistance and are ignored in this correction, the high tendency 
is acceptable. 

At longer times the cooling curve is high, giving rise to the 
lowness of the inverted cooling curve compared with the constant- 
loss heating curve. This is because the warm inactive parts 
(towards the end of the test) delay the final cooling when tem- 
perature rises are low, but have very little effect on the heating 
when temperature differences are appreciable. 


(7.4.3) Dissipation Correction Heating Transients. 
Fig. 7 shows that, in general, these are not sharp rises over 


the first interval 5¢ followed by falls commencing promptly at 
time St. This is because the change in dissipation coefficient is 
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Fig. 9.—Comparison of inverted cooling curve from standard con- 
ditions with linearized (constant-loss) heating curve to standard 


conditions. 
----- Inverted cooling curve. 
Constant-loss heating curve. 


felt first at the armature surface and its effects take some little 
time to be felt at the slot centre. This is supported by the much 
sharper cooling/heating transition at 1200r.p.m., where the 
much increased dissipation coefficient would give a very much 
shortened thermal time-constant, and hence sharper response to 
conditions at the surface for the slot centre copper. 


(8) SUGGESTED APPLICATIONS 


(8.1) To Obtain Peak Temperatures 


To apply the method to obtain a whole temperature/time 
curve for a long run is tedious: to use the method to obtain peak 
temperatures it suffices to obtain a temperature/time curve for 
about two hours preceding the peak and to start this curve from 
a rough estimate of the temperature rise, 0), at that time. Since, 
even from a cold start, 80% or more of the peak temperature 
rise of a continuous run would be reached after two hours, the 
error after a hot start from 9p will be only 20% of the error in 
the estimate of 6). Similarly, since corrections are a small 
fraction of the total, they may be ignored up to two hours 
before the peak. 


(8.2) Computation: Computers 


For practical application the heating transients are required 
as Tables of ordinates at intervals d¢. For currents or speeds 
not explicit within the Tables, interpolation will be necessary. 
It is thus felt that the method, with its tedious but simple calcula- 
tions, is especially applicable to digital-computer procedures if 
many runs or many motors are to be studied. 

Nevertheless, with a 5min basic interval and the need only 
to compute for the two hours preceding a temperature peak, 
the sequence of 24 computations is not excessive and could 
easily be performed by suitably trained junior staff. 


(8.3) Short-Time Variations 


For accurate estimation of the effects of variation of con- 
ditions within a basic time interval (as for a suburban train, 
which would have more than one duty cycle within the 5min 
suggested), a sequence of composite heating transients must be 
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compiled. If during an interval df there are n equal short 
intervals during which the current and speed may reasonably be 
averaged, the composite heating transient for the linear machine 
will be 1/n of the sum of the appropriate transients, the com- 
posite dissipation transient 1/n of the sum of its m appropriate 
transients; the temperature heating transients can still be based 
on the predicted mean temperature and the r.m.s. current for the 
whole interval dt. 


(9) REVIEW AND RECOMMENDATIONS 


The paper has surveyed and demonstrated a method of pre- 
dicting temperature/rise time curves for a given part of a machine 
operating with sustained variations in load and speed: the part 
chosen for demonstration was the winding in the centre of a slot. 
It seems that, given sufficiently precise data from which to derive 
the heating transients, errors of less than +2°C should be 
possible. The method should be of special value for application 
to self-ventilated motors; but was verified on a force-ventilated 
motor, for which, however, the dissipation was a function of 
speed. 

It is recommended that the characteristic heating transients of 
a sample of a line of motors might be verified: this will necessitate 
equipping a representative motor with embedded temperature 
detectors, to permit testing. 

By performing high-current tests first (for their results are 
least affected by the temperatures of the inactive parts) and the 
low-current tests later (when the inactive parts are warm) one 
continuous sequence of tests should suffice. It should suffice, 
even at lower currents, to perform heating tests for 2-3 hours, 
since exponential extrapolation of the curves will then lead to 
little error. 

The test-bed time needed for the method is thus 36-48 hours; 
and for a line of motors of which several hundred may be pro- 
duced, this should be time well spent. Moreover, when a 
number of lines have been sample-tested in this way, general 
similarities between the results will become apparent. It will 
thus ultimately be necessary to test a motor only under standard 
and extreme conditions to obtain outline characteristics within 
which the form of interpolation will have become known. By 
then, a total test-bed occupation, for thermal tests, of about 
24 hours should suffice. 
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(12) APPENDIX 


Let a linear motor have a constant J*R loss, P. Its ultimate} 
temperature rise, 9), due to this will be 


Or = hPz . . ~ ° . 


where k is the appropriate constant of proportionality. 

Let a non-linear motor with constant current have an J7R? 
loss P at the standard temperature 0, and a corresponding tem- 
perature coefficient of resistance «. Its loss at temperature 6; 
will thus be P[1 + «(6, — 0,)], whence the ultimate temperature: 
rise, 0,, will be approximately (since 6, is not a lot different) 
from 0) | 


6, = KP[1 + (6, — 49] | 


Let the non-linear motor, now with constant current, field | 
flux and speed, have a copper loss P at the standard temperature } 
6, of which loss proportion f is eddy-current loss, which varies j 
inversely as conductor resistance; the rest, (1 — f), is J7R loss} 
varying as resistance. Its loss at temperature 0, will thus be 


P(l — B)[1 + (8, — 8D] 
for the J?R loss, plus 
PB/[1 + (8; — @,)] 


for the eddy-current loss. With the same approximation as} 
above, the new temperature rise, 0., is given by 


(15)) 


0, = Pla — PIN Oy ee it —6 1 


Putting @, for KP, and 
Bl — (6; — 8,)] for B/[1 + «6, — 4], 


and simplifying, gives 
0, = O81 + «(1 — 28)6, — OG (17)) 


Eqn. (16) gives the correction applied in this paper in which the | 
copper loss is assumed to be all J*R, and eqn. (17) gives the | 
accurate correction. The error in the correction is thus eqn. (16} | 
minus eqn. (17), or 2800, — 8,); the correction applied is 
thus a little large. 

In the motor tested, for continuous-rating current and speed, . 
6 was a 65°C rise with 20°C ambient temperature; 0, was also 
a 65°C rise; the corresponding temperature coefficient of’ 
resistance is 1/319-5. 8 was estimated to be about 0-1. 

For temperatures near 0, the correction itself is small; for: 
temperatures in excess of @, say an 80°C rise—even assuming 
that the whole temperature rise is due to copper loss, insertion of ' 
these figures gives the error to be 2 x 0-1 x 80(80 — 65)/319-5, 
or about 0:°8°C, which is an error on the right side, and since 
temperature could not be reliably measured to much closer than 
+2°C, not a significant error. 
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SUMMARY 


) The measurements, on a single pulse function of electromagnetic 
‘radiation, of the position of a scatterer with polar co-ordinates R, ¢ 
are interdeterminate in themselves. The positional indeterminacies 
‘are related by ARAd ~ 4,,, where A; is the wavelength of the source. 
'The relation between the indeterminacies of range R and radial 
| velocity V; is found to be ARAV, ~ 4A;c. It is shown that vector 
‘position and vector velocity are not measurable simultaneously, and 
it is suggested that the 3-dimensional measurement problem is basically 
limited to non-simultaneous measurements which have restrictions in 
the presence of multiple scatterers. Similarity is noted to the quantum- 
fe anical problem. 
) 

i 


\ 


(1) INTRODUCTION 


_ During the past two decades the use of pulses of radio waves 
\for the measurement of the position of objects has become 
‘commonplace. More recently, the demands placed upon radar 
for the measurement of velocity and acceleration of objects has 
i caused a growing realization that further perfection of equip- 
|ments and further development of measuring techniques may 
not yield an increase in the quality of measurements because of 
| the limitations inherent in the pulses themselves. In the paper, 
consideration will be given to the limitations which stem from 
well-established physical principles which, in more recent times, 
appear to have received less attention than they deserve. 

It will be seen that the measurement of position and velocity 
by the use of the methods of radar is similar to the measurement 
problem which is treated in detail in quantum mechanics. In 
‘that subject it is found that, in the microscopic world, the 
Measurement of the position and momentum of a particle, along 
a single axis, cannot be found to an arbitrary degree of accuracy, 
‘but that the product of the indeterminacies of these quantities 
‘has an irreducible minimum. In the macroscopic world, 
“measurements are similarly limited when made by pulses of 

electromagnetic energy, even though it can be verified by inde- 

pendent measurement that the pulses used do not appreciably 
affect the quantities being measured—the usual explanation set 
forth for the origin of the indeterminacies in the microscopic 

-world.* This view is often received with surprise in spite of 
the fact that the Heisenberg uncertainty principle can be obtained 
directly from the use of de Broglie’s relations of energy and 

wavelength, together with Rayleigh’s criterion relating the spread 

‘of the wave number to the length of the wave packet in space. 

The development of radar affords an excellent opportunity 

to consider the limitation imposed on measurements using 

pulses of radiation. As will be shown, the limits which are 

imposed are by no means negligible from the viewpoint of the 

quality of measurements which may be desired. In addition, 
the limitations which are derived for the macroscopic world may 

be applicable to the microscopic world, for the ratio of the lengths 


* The photons used in the microscopic measurements are subject to the limitations 
set forth in Section 3. Because of this, it is unprovable and quite unessential that a 
view be taken that the act of measurement affects the quantities being measured. 
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of the objects of interest to the wavelengths of the radiation 
employed is not appreciably different in the two cases. 


(2) THE GENERAL PROBLEM 


The problem of the measurements of position and momentum 
generally treated in quantum mechanics is restricted to a single 
space co-ordinate.*»® But position and momentum are vector 
quantities and the extension of measurements to the three 
dimensions is not an obvious one. The problem to be treated 
here is 3-dimensional, and it will be assumed that the desired 
quantities are vector position and vector velocity. It is also 
assumed that measurements must be made on an arbitrary 
number of objects distributed in any manner in a volume of 
space whichis not necessarily bounded (i.e. one of the measure- 
ments to be made is the number of objects to be measured). It 
is further assumed that the measuring equipment is noiseless 
and that space is non-dispersive. 

Measurements performed by radar have an attractive degree 
of simplicity and can be described quite completely in terms 
of clock readings, antenna directivity and receiver bandwidth. 
The universal practice of using equally spaced repetitive pulses, 
however, has obscured the basic limitations of a single pulse 
measurement. Here, attention will be brought to bear on the 
basic limitations of a single pulse measurement in a noiseless 
environment. The implications of multiple measurements and 
the limitations of such techniques, briefly mentioned in Section 6, 
will be considered in a separate monograph, in detail, at a later 
time; it is only suggested here that such techniques do not 
eliminate the basic limitations discussed in this paper, but rather 
couch these limitations in more obscure forms. 


(2.1) Minimum Required Equipment 


For the purposes of explanation, a perfect radar is now 
envisaged which will operate in an idealized fashion. This 
radar consists of an omnidirectional transmitting antenna which 
will emit a single pulse of wavelength A, and duration 7 at time 
t= tp. The pulse propagates outward through space and is 
confined to a shell of thickness cr expanding at the speed of 
light, c. Some portion of the energy contained in the expanding 
shell is scattered or reflected back to the receiver system, which 
is located next to the transmitter. The energy which is returned 
to the receiver is gathered by a directional antenna, here assumed 
to be a paraboloid, of diameter 2a. It is supposed that the 
image plane of the antenna can be examined for the reflected 
pulse without turning the antenna. This examination might be 
carried out by having an array of isolated dipoles or horns, 
each of which is connected to a bank of staggered filters, each 
having a known tuned frequency and bandwidth. The output 
of every filter then activates circuits which operate a clock. The 
receiver system is shown schematically in Fig. 1. These changes 
in the methods of current radar practice do not in any way alter 
the measurements obtained by radar, but focus attention on the 
more basic problems. 
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Fig. 1.—The receiver system. 


The operation of the system is as follows: 


(a) A spherical shell of radiation is propagated throughout space. 
At the instant of transmission, all clocks begin to record time. 

(b) Objects at various positions in space reflect a portion of the 
energy to the receiving site. 

(c) The receiving antenna focuses the energy on to a particular 
elemental horn located on the image plane. 

(d) The horn which receives the energy is connected to a frequency- 
determining bank of filters for the measurement of the Doppler effect. 

(e) The time at which the energy focused on the horn passes 
through the filter and is detected is determined by activating circuits 
which stop a clock. 

(f) For each and every pulse that is returned, the time is recorded; 
simultaneously the filter is noted and the horn element is noted. 


The foregoing discussion may seem somewhat prolix, but it 
is important to recognize that the concern here is associated 
with the nature of radiation, and that all measuring apparatus 
must be recognized for its essential role. 


(2.2) Measured and Desired Quantities 


The following relations provide the desired quantities from 
the measured quantities: 


Hoy > 9, & . . . . . . (1) 
DS iseats * 

Sei ugi - (2) 
R= CO VE OE 4588) 


where Ho» = A horn element in the image plane. 
@ = Angular position of the horn in the image plane 
in the x-direction. 
ys = Angular position of the horn in the image plane 
in the y-direction. 
V, = Radial velocity, positive when towards the 
receiver at the time of reflection. 
f, = Transmitted frequency. 
J, = Received frequency. 
R = Distance between receiver and reflector at the 
time of reflection. 
t, = Transit time of the pulse. 
c = Speed of light. 


Before proceeding to a detailed discussion of the interdepen- 
dence of these relations, it is important to observe that the 
measuring experiment described cannot perform all the desired 
measurements. The vector velocity could be obtained from a 
measurement of angular rates, in combination with range, R, 
but it will be shown later that the angular rates cannot be 
measured simultaneously with the quantities R, V,, 0 and ¢#. 
In fact, there appear to be no simple measurements which can be 
performed simultaneously that will yield vector velocity. 


_ * Eqn. (2) is exact for the electromagnetic case: it is identical to the Doppler shift 
in the two-way acoustical case. 
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(3) THE ORIGIN OF THE INDETERMINACIES J 

The fundamental indeterminacies to be derived arise from the; 
fact that the time and frequency which can be associated witht 
the energy within a pulse of electromagnetic radiation are ih 


independent.! Thus, the time ¢ which can be associated wit 
the existence of frequency f is not exact, but only possible t 


the degree 
AiAf 1 © « 2-9 ee 


where Ar and Af are the indeterminacies of t and f respectively, 
A further consequence is that the formation of an imag 
in an optical system is a function of time, since the fre-. 
quency distribution of a wave packet intercepted by an image- 
forming device is a function of time. The resolution of an 
optical system whose aperture is 2a and central disc radius: 
approximately Ad, when using incident energy of wavelength Aj 
is given by : | 


| 
Ap= > . 3 < fa < 5 3 (5) 


But this relation describes a steady-state phenomenon and 
reveals nothing about the formation of the image. Althoug 
this point is of little consequence in the general study of optics, 
it has serious implications in the measurement problem under 
discussion here, since the time of arrival of the pulse of ener 
represents one of the important measurements being made.!° 

The Fourier integral provides considerable insight into th 
indeterminacy, eqn. (4), and the resolving power, eqn. (5i,) 
mentioned above. This integral relates both the frequency dis- 
tribution of energy to its distribution in time and the angula 
distribution of energy from an extended source to its curretit! 
distribution along its extent. 

That is, an integral of the form 


+ 7/2 
GU, De i F(t)exp(j2aftldt. . . . . O 
— 7/2 
. we ae 
F(t) = A, sin 27ft when eee ase 
F(t) = 0 elsewhere 


describes the distribution as a function of frequency for an 
equal-amplitude rectangular-modulated pulse of duration 7, and 
an integral of the form 


G@-ay= [Fo exp (4 sing)dx . . . @ 


2a 
r; 
F(x) = 0 elsewhere 


F(x) = A, sin —x when -a<x<+a 


describes the energy distribution as a function of angle (fort 
small values of ¢) for a rectilinear distribution of current of 
constant amplitude of length 2a.9 

The usual interpretation placed on eqn. (4) is that the first! 
minimum of the intensity/frequency pattern given by the squar: 
of eqn. (6) falls at a frequency different from the central fre-- 
quency by an amount equal to the reciprocal of the length of 
the pulse examined. While this represents a view of the 
problem which would suggest that the difficulty arises because 
the energy per unit bandwidth need only be compared to find the: 
precise frequency being examined, Reference 3 points out that 
a better view of the problem is obtained when it is recognized: 
that events are equally well described by their frequency/ampli-- 
tude relations or their amplitude/time relations, and that eqn. (4) 
is really an identity because it is desired to describe events in: 


| erms of both quantities, variation of amplitude with time and 


j/ave chosen to make the measurements, not on the design of a 
etter filter bank, namely a filter bank which attempts to 
measure the energy of a wave train independently of the amount 
that the central frequency of the wave train may be removed 
from the central frequency of the tuned filter, 
i A similar view may also be taken of the relation between 
j2qns. (5) and (7). Namely, the first minimum of the inten- 
sity/angle pattern falls at an angle different from the axial 
tangle by an amount equal tothe reciprocal of the length of 
the aperture used. What is of concern here, however, is the 
formation of the image with time, and it is suggested that the 
only substitution which has meaning in eqn. (7) is x = ct. 
‘Geometric analysis depicting a wavefront incident on an aperture 
would indicate that the image forms at a rate which is a function 
of the direction of the wave train relative to the centre-line of 
the paraboloid. This would indicate that the delay in the image 
/formation is a quantity capable of calibration. Such arguments 
rest on the assumption that it is phase velocity as a result of 
geometric velocities which rules the formation of images, and 
that the transient behaviour is therefore a function of the 
jrelative aperture (the ratio of the focal length to the diameter). 
At the foundation of such analysis is the assumption that the 
) spacing between equi-phase planes composing the leading edge 
of the wave packet is as well defined as subsequent spacing. 
1 Because this is not so [eqn. (4)], the signal velocity c must be 
“substituted into expression (7) irrespective of the direction of the 
i incident wave packet. This, of course, is true in the region 
, where the distortion of the image on the image plane is negligible, 
and this is the only region of interest. A plot of these equations 
is given in Fig. 2. It depicts the intensity incident on the image 
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Fig. 2.— Intensity growth as a function of angle or frequency. 


plane as a function of time, or the intensity incident on the filter 
bank as a function of time. 

The two equations (6) and (7) have been considered together 
to demonstrate that eqns. (4) and (5) have similar origins. It is 
sufficient for the purposes of this discussion to deal with the 
Jatter two. The interpretation of eqn. (4) is that, in order to 
specify the time of arrival of a pulse to the degree At, it is 
essential to provide a filter bandwidth of Af. But Ar is related 
to the accuracy with which range can be measured through 
eqn. @), and Af is related to the accuracy with which velocity 
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can be measured through eqn. (2). Hence, differentiating 
eqn. (3) partially with respect to ¢,, differentiating eqn. (2) par- 
tially with respect to f,, and substituting the result in eqn. (4), 
the desired result is obtained: 


INRA NC IC). ee Mee) 


The interpretation of eqn. (5) is that, in order to establish the 
steady-state diffraction pattern of a conductive reflector, the 
length of the pulse must be at least as long as the aperture 
(7 > 2a/c). But this pulse length is approximately the degree 
to which range is known [through the partial differentiation of 
eqn. (3)]. Hence 


RON Oa (Vo 6) ne he ct ce ( 


The restriction V, < c is placed on this problem so that the 
returned wavelength will not be sensibly different from the 
transmitted wavelength which would make the angular resolu- 
tion a function of velocity also. This restriction is quite 
applicable to the measurement problems encountered in radar. 


(4) CONCLUSIONS 


The accuracy of simultaneous measurements of position and 
velocity performed by radar is limited. The limitation of the 
position accuracy itself is a function of the wavelength of the 
radiation employed. Eqn. (9) may be interpreted to mean that 
the best measurements which may be made of angle and range 
are reciprocally related. The larger antenna requires a longer 
pulse, which, in turn, means less definition in range. Of course, 
if the pulse function, cr, is much greater than the diameter of 
the antenna, the image formed is not improved beyond that 
obtained with the extent of the pulse, equal to the diameter, 
which enters the antenna. Another important interpretation 
may be made regarding the bandwidth to be associated with 
highly directive antennae. In eqn. (7) it was assumed that the 
pulse was a constant-frequency sinusoid, i.e. a coherent wave- 
train; any deviation from this coherence will cause smearing on 
the image plane of the antenna. Manifestation of this principle 
should also be evident in optical instruments,” 3 for, if the length 
of coherence of an optical wavetrain is not approximately equal 
to the aperture of the optical instrument, the interference pattern 
will become fuzzy and further increase of the stops will not 
improve the resolving power. These considerations also may 
limit the information obtainable with large antennae used in 
radio astronomy. 

The measurement of velocity can only be performed simulta- 
neously along the line of sight. Measurements of radial velocity 
and range are reciprocally related by ARAV, ~ 4A,c. Hence, 
as eqns. (8) and (9) show, the necessary requirement for reducing 
indeterminacies is a reduction in the wavelength of the radiation 
employed. This is hardly a surprising conclusion, and any other 
result would be difficult to imagine. 

As was pointed out earlier, the tangential component of 
velocity can be computed from a knowledge of range, R, and 
angular rates, @ and J. But the measurement of the angular 
rates requires that the image of the object on the image plane 
should move from one horn to an adjacent horn. Such motion 
cannot take place in a time less than 7 or else the radial velocity 
V, will not be measured simultaneously to the degree AV, corre- 
sponding to the chosen bandwidth 1/7. Conversely, such motion 
cannot be less than that required to move to the next horn; other- 
wise no motion is recorded. This difficulty compares exactly with 
the difficulties encountered in measuring a changing frequency 
since the signal must pass from one filter to the next. Hence it 
is concluded that there is a remarkable similarity between the 
measurement of angular velocity and radial acceleration, and 
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in no case can these measurements be made simultaneously 
since the signal must pass from one horn to another or from one 
filter to another. 

Inherent in the measuring equipment is a sort of quantization 
of the image plane (horn size), the velocity continuum (filter 
width) and range continuum (pulse length). However, control 
of the quantization is in the hands of the observer. The horn 
size may be made as small as desired if the antenna is made 
large; the filter size and the range resolution, for simultaneous 
measurement, are determined by the pulse length and are not 
separately adjustable. However, wavelength is adjustable and 
is restricted only by practical considerations. 

Both of the fundamental limits imposed by eqns. (8) and (9) 
have caused the abandonment of any attempts to measure the 
quantities R, V,, and 6 and y simultaneously. Many techniques 
have been evolved to remove these limits by successive measure- 
ments.4>7>8 For example, average velocity has often been 
obtained by the differentiation of successive position measure- 
ments. Often this technique requires a relative-phase measure- 
ment between successive received pulses and a local oscillator. 
Such methods yield velocity ambiguities and range ambiguities 
(velocities and ranges which cannot be distinguished from one 
another). A manifestation of the fundamental limits expressed 
by eqn. (8) is that the product of these ambiguities is also the 
product of the indeterminacies, although the interpretation is 
less obvious. Another example of a non-simultaneity is the 
rotating antenna lobe (central beam) which is often used to 
obtain greater angular accuracy measurement on a single-point 
scatterer. Obviously, considerable difficulty is encountered 
when several scatterers located in less than the antenna beam- 
width are found within the same approximate range. 

A more fundamental question arises when it is recognized 
that simultaneity is a property which can only be achieved by a 
single measuring site which a radar represents. This is particu- 
larly applicable to the quantum-mechanical measurement and 
indeterminacies which involve small particles. The question to 
be answered is whether the 3-dimensional problem can ever be 
solved when multiple objects must be measured without the use 
of multiple-site measuring equipment and therefore non- 
simultaneous measurements. 


(5) REFERENCES 

(1) Gazor, D.: ‘Theory of Communication’, Journal L.E.E., 
1946, 93, Part III, p. 429. 

(2) Cau, L. J.: ‘The Physical Limitations of Omni-Directional 
Antennas’, Journal of Applied Physics, 1948, 19, p. 1163. 

(3) Dit FRaNcIA, G. ToraLpo: ‘Super-Gain Antennas and 
Optical Resolving Power’, Nuovo Cimento, 1952, 9, 
Suppl. No. 3, p. 426. 

(4) Stepert, W. M.: ‘A Radar Detection Philosophy’, Trans- 
actions of the 1956 Symposium on Information Theory 
of the Institute of Radio Engineers, 1956, 1T-2, No. 3, 
p. 204. 

(5) Boum, D.: ‘Quantum Theory’ (Prentice Hall, 1951), p. 105. 

(6) BrILLOUIN, L.: ‘Science and Information Theory’ (Academic 
Press, 1956). 

(7) Woopwarp, P. M.: ‘Probability and Information Theory, 
with Application to Radar’ (McGraw-Hill, 1955). 

(8) HANSEN, W. W.: ‘Radar Systems Engineering’ Radiation 
Laboratory Series (McGraw-Hill, 1947), Chap. 5, 
C-W Radar Systems. 

(9) ScHELKUNOFF, S. A.: ‘Electromagnetic Waves’ 
Nostrand, 1943), Chap. 17. 

(10) SoMMERFELD, A.: ‘Optics’ (Academic Press, 1954), p. 114. 


(Van 


MADDEN: THE INDETERMINACIES OF MEASUREMENTS 4 | 


(6) APPENDIX 
A Brief Discussion of Non-Simultaneous Measurements 


The conclusion that 3-dimensional space (R, ¢, %) or tha 
2-dimensional phase space (R, V,), when surveyed by radar in the 
absence of noise, can be divided into cells within which na 
further detail is discernible has never been generally accepted 
Eqns. (8) and (9) show that a precise measurement of a single) 
quantity can be obtained only at the expense of knowledge of i 
conjugate quantity, quite analogous to the indeterminacies 
encountered in quantum mechanics. These relations are the 
results of the consideration of a single pulse function of ari 
electromagnetic wave and the minimum equipment which woule 
be required to measure the time of arrival, direction of arrivail 
and frequency content of an ideal reflection of that pulse: 
Since limitations exist when a single measurement is made, it is 
appropriate to investigate the benefits which might result fro 
multiple measurements or, more generally, modulation of the 
carrier wave. Such multiple measurements are non-simultane-! 
ous. It is the purpose of this appendix to point out the nature 
of the problem and to elaborate briefly on several of its facets. 

A complete theory of non-simultaneous measurements must 
deal with a wide variety of radar systems. However, for t 
fundamental purposes of interest here, it appears that all radar 
systems belong to one of two large classes: 

(a) Radar systems which use multiple measurements of positi 
where no attempt is made to measure frequency shift due to motic 
of scatterers and the receiver bandwidth is sufficiently large © 
accommodate motion of the scatterers of interest. 

(6) Radar systems which employ multiple measurements of} 
position, but which are capable of distinguishing a frequency shifi 
of the returned signal by the measurement of the relative phas 
between the returned signal and the transmitted signal, or by th 
use of narrow-band tuned filters. 

It was recognized long ago that the effect of using multip) 
equally spaced pulses could cause confusion when scatterers at 
ranges greater than one-half the range traversed by a puls 
during the interpulse period returned energy to the receiver.’ 
Generally, the inter-pulse period was made sufficiently long s 
that the natural attenuation of the pulse due to the large rang 
traversed could produce, at best, only weak returns. This: 
range separation which would produce a return at the sam 
relative time with respect to the transmitted pulse is called th 
ambiguous range, R,,,,, and is given by 


Romp = ee 3cT,, 


= 


(10 


where T;, is the inter-pulse period. 

In addition, radars which attempt to distinguish a frequency; 
shift due to the Doppler effect for either the recognition of! 
moving targets or the measurement of azimuth in certain ‘side- 
looking’ radars, have encountered a velocity ambiguity as well.| 
The velocity ambiguity arises from the fact that the transmission: 
of a regularly interrupted wavetrain generates equally spaced: 
harmonics, and if scatterers have range rate separations which’ 
produce the same relative frequency shift of the harmonics as of 
the carrier frequency, the motion cannot be unambiguously: 
measured. The velocity ambiguity, V,,,4, is given by 


(11) 


where A, is the carrier wavelength. The product of the ambigui- 
ties is independent of the modulation and equal to the inde- 
terminacies: 


d Wnts Vara iz 4A, c (12) 


Thus, if the ambiguities are not tolerable as, for example, ina 
moving target indicator wherein the inter-pulse period is selected 
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( 


yn the basis of the maximum range which must be surveyed and 
he velocity ambiguities are accepted as a matter of course, all 
hat can be done to remedy the situation is to change the carrier 
wavelength, A,, or to prevent illumination of scatterers whose 
‘anges or range rates might be ambiguously interpreted. 

Thus, the consequences of non-simultaneous measurements 
ire ambiguities rather than indeterminacies, the product of the 
unbiguities being equal to the product of the indeterminacies, 


However, the measurement of range and range rate in particular 
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physical situations can be accomplished if certain restrictions 
are observed (e.g. only scatterers having a maximum relative 
velocity are illuminated, as in a side-looking radar). The 
degree to which the conjugate quantities R and V, can be 
measured, in a restricted cell in phase space, is such that the 
product of the indeterminacies of these quantities is less than 
that given in eqn. (8), but in no case does this product become 
zero. The development of this fact is complex and lengthy and 
will be undertaken in a separate monograph. 
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SUMMARY 


The electric and magnetic circuits of electrical machines are generally 
so complex that the exact evaluation of such quantities as leakage 
reactance and a.c. resistance is virtually impossible. With the advent 
of digital computers it has become feasible to develop numerical 
methods of predetermining the flux pattern in such cases. In the 
paper the finite-difference equations for electromagnetic systems are 
obtained, and the inductance is calculated by integrating the magnetic 
vector potential over conducting surfaces. The same finite-difference 
equations are applied to the calculation of a.c. resistance of conductors 
in slots. The use of the method is illustrated by examples of standard 
transformers, a tap-changing transformer, calculation of the leakage 
reactance of the field winding of a salient-pole-alternator and the 
screening of d.c. poles in a new type of oscillating synchronous linear 
machine. 


LIST OF PRINCIPAL SYMBOLS 


A = Magnetic vector potential, c.g.s. units. 
A, A, = Components of A in the z-direction. 
A = Average value of A. 
a = Mesh length. 
B = Flux density, gauss. 
E = Electric force, c.g.s. units. 
EF, E, = Components of E in the z-direction. 
H = Magnetizing force, c.g.s. units. 
J = Current, c.g.s. units. 
Jj = Current density, c.g.s. units. 
Js J1>J2 Jz = Components of j in the z-direction. 
L = Inductance, henrys. 
Rae = A.C. resistance, ohms. 
Rac = D.C. resistance, ohms. 
S, S,, S, = Surface area, cm?. 
v = Volume, cm?. 
a = Iterative factor. 
Ly 1, 42 = Permeabilities. 
= Magnetic scalar potential. 
p = Resistivity, ohm-cm. 
o = Conductivity, mho-cm. 
w = Angular frequency. 


(1) INTRODUCTION 


Calculations of inductance in elementary textbooks are 
generally limited to simple cases of circular coils and closed 
magnetic circuits, and such assumptions are made as are needed 
to make the calculation possible by purely analytical methods. 
In electrical machines the electric and magnetic circuits are 
generally so complex that exact evaluation of such quantities 
as leakage inductance and a.c. resistance is virtually impossible. 
In particular, in induction machines the problem may be stated 
in the following way: until the flux pattern is known, the induced 
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e.m.f. and secondary current are not known; yet until thi 
secondary current is known, the flux pattern is unknowr 
However, in some machines, such as the transformer, ti 
current distribution is known to a first approximation, whic 
makes the problem somewhat easier. | 
Methods of plotting flux distribution with a view to calculatini 
inductance include the fitting of a pattern of curvilinear square 
by free-hand drawing, electrolytic tanks, resistance networks 
differential analysers, membranes, etc. With the advent c 
digital computers it has become possible to develop methods ¢ 
predetermining the flux pattern quite accurately and quickl 
without having to resort to analogues. Two papers!»? he 
already been published reporting the application of numerice 
techniques to flux plotting; both converted the electromagnetil 
problem into a magnetostatic one by approximation. 
No such approximation is made in the present paper: insteac 
use is made of the concept of vector potential. The relevam 
finite-difference equations for a 2-dimensional problem may & 
obtained. Both the flux plot and the inductance of a windia: 
can then be immediately calculated from these equations. T 
same finite-difference equations may be applied to calculate th: 
a.c. resistance of conductors in slots. 


(2) THE USE OF VECTOR POTENTIALS 


The equations of electromagnetism were first formulated 5: 
Clerk Maxwell and form the basis of the analysis of electr 
magnetic systems. If the displacement current is negligib!) 
compared with the conduction current, his formulation 
Ampeére’s law is 

V X= 457 


In current-free regions this reduces to V x H = 0, which, ¢ 
is shown in any standard textbook on vector analysis, allo 
the introduction of an arbitrary potential function such that £) 
is the gradient of this scalar potential, i.e. 


Vx H=Vx(Vé)=0. 2 >. 7a 
and since V . H = 0 in linear regions, it follows that 
V2d-=0 


Eqn. (1) is the well-known Laplace equation. Carter, in 
classic series of papers?»* showed how certain electromagneti: 
problems could be tackled by an approximation such that tk 
2-dimensional form of eqn. (1) described their behavioun 
although his technique applies only to current-free regions 
However, the concept of a vector potential can be used eve: 
when curl H is not zero. If H =(V x A)] 1, 


VC ve 
be 


1 
ETY(Vesaj = ve 
ee ) A] 


% 
{ 
Y If the vector-potential function is also stipulated to have zero 
ivergence, it is seen that 


Vea ai ee Ce (2) 
Mn regions containing current, while 


Var [2 Se 0) ae Cc) 
‘a current-free regions. 
_ It is thus seen that the Laplace and Poisson equations still 
lescribe the electromagnetic system. To overcome the necessity 
»f stipulating potential surfaces when calculating transformer 
eactances, Rogowski> obtained analytical solutions of eqns. (2) 
ind (3) and matched the solutions at the boundaries between 
he two regions. Roth® extended Rogowski’s technique by 
ising double Fourier series. 
’ Since the known analytical methods of solving eqn. (1) rapidly 
yecome extremely complicated, and the known solutions of 
sqns. (2) and (3) allow only certain simple boundary conditions, 
‘lectrical engineers have used flux-plotting techniques” ® exten- 
ively, although mention should be made of the application of 
sonformal mapping to simplify the boundary conditions, 
ollowed by the analytical solutions of the differential equa- 
7. 10 This technique is obviously useful only if the dif- 
“erential equations are not rendered more complex as a result 
of the mapping. Flux plotting requires a certain aptitude which 
aot everybody possesses, and consequently flux plotting by 
analogy!" |? is often used. 
' In the papers on the applications of numerical techniques!” 
the problem has been stated in terms of the Laplace equation. 
This necessitates the approximation of a magnetostatic potential, 
and in order to obtain the flux lines a free-hand drawing of 
orthogonal curves is required. 
- As has been shown, eqns. (2) and (3) may be formulated in 
terms of a vector potential such that V2A = 0 in current-free 
regions and 47jy in current-carrying regions. From this point 
onwards, the problem will be considered in two dimensions only. 
In the 2-dimensional case, eqns. (2) and (3) reduce to 

027A 0°A F 

2 e. 25 Anj, 
Since all the current-carrying conductors are considered to have 
p = 1, and 


Ox? oy? <a 


To obtain a numerical solution, the above two continuous 
equations must be replaced by a mesh such that the relevant 
equation is correctly obeyed at the nodal points of the mesh. 

om es 1 ; Liner i mea 

The ‘finite difference’ approximation to See Wie 


is :1+2 


1 


5 A; + Ay)] 
a 


Wigs © Aacey bee 


_ Thus to formulate the electromagnetic problem in terms of 
finite-difference equations, the following equations must be 
solved: 


1 


5} A, + A,)] =0 
a 


[44) — (4, + A> 4 


in the current-free region. 
1 ’ 
7l44o — (A, + A, + A3 + Ad] = — 40/ 


in the current-carrying regions. 
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At the boundary between the two regions the conditions to 
be obeyed are 


(a) Continuity of the tangential components of H. 
(6) Continuity of the normal components of B. 


The finite-difference equation which satisfies these conditions is 
developed in Section 9.1, yielding 


1 


Similarly it can also be shown that at the corner points between 
the two regions the finite-difference equation to be obeyed is 
1 . 
i440 — (A, + 4, + A3 + Ay] = — a 


At boundaries between two regions of different permeability, 
4, and 49, it has already been shown!? that the finite-difference 
equation to be used, referring to Fig. 1, is 

244 


At 22 
| 440 — ( A, ae 
a Pac ea, 2 Dan NL, 


For engineering purposes the permeability of iron (q;) is 
usually assumed to be infinite, i.e. the finite-difference equation 


ee 4) | =0 (4) 


‘ 


Fig. 1.—Definition of mesh points for determining the finite difference 
equation at a boundary between regions of different permeability. 


to be solved at an iron boundary is given by putting uw, = © 
and pty = | in eqn. (4) to give 
1 


a 


[449—@Ay + A, 4 


A,)] =) 


The ‘finite difference’ equations for the complete: electro- 
magnetic region have now been formulated, there being as many 
equations as the number of nodal points selected, and these can 
be collected in the form of matrices such that RD = S. It is 
required to write ® = R—1S, and this requires the inversion of 
the matrix R. Since the matrix is a very special one in that it 
contains a large number of zeros, it is wasteful to invert it to 
obtain the required values at the nodal points. 

If the equations are to be solved manually the quickest way is 
to use Southwell’s relaxation technique.!»” However, if a com- 
puting machine is available, programming difficulties make 
iterative techniques preferable, and the basic finite-difference 
equation used to accelerate convergence was 


-4(A, + Ay + A3 + Ay)] 


where 5Ay is the new value of Ay and Ap—Ay are the existing 


249 = Ao 


a Ag 
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values.* To determine ,49 consequently involves a knowledge 
of a. 

The determination of « entails the knowledge of the principal 
eigenvalue. This can conveniently be calculated for regular 
shapes by simple formulae, but, unfortunately, the boundaries 
in electrical-machine problems are seldom simple. This intro- 
duces difficulties, and experience suggests that the best way of 
determining « is to obtain an approximate value using Frankel’s 
formula 


Qissa/2 (- re ae 
— a qT — — 
. Dat are 


where p and g are the number of rows and columns of a rect- 
angular mesh which circumscribes the shape of the area under 
consideration. This is discussed fully in Reference 14. If one 
is starting from initial values, the value obtained from Frankel’s 
formula may be further refined by studying the growth of the 
values of some arbitrary points. 

Convergence to the required accuracy having been obtained, 
the value of A at all the nodal points is known. As shown in 
Section 9.2, the flux plot is obtained by drawing lines joining 
points for which A is constant. 

The accuracy of the numerical solution is governed by the 
same considerations as that of the earlier techniques and will not 
therefore be discussed here. 


(3) CALCULATION OF INDUCTANCE 
The inductance of a system is defined by 


Magnetic energy = 4117109 = Sit BHdvV c.g.s. units 
TJ. 


But, B. Saw ee 
bu 
=714.V x B+ Div (A x B)] 
= A. dnj +2 Div (A x B) 
Hence!® 


[fener [ff oer [JOP 
» [fons 


Consequently, for a 2-dimensional system in air, 


; ; 1 
inductance/unit length = alli . AdS ¢.g.s. units (5) 


It is thus seen that it is necessary to evaluate the surface integral 
of the scalar product of the vector potential and current density 
in order to calculate the inductance. In the particular case 
where the current density is assumed to be uniform it is seen 
that, to evaluate the inductance of the system, it is necessary to 
evaluate only the integral of the vector potential over the current- 
carrying surfaces. 

In the previous Section it was shown how the values of A 
at the nodal points of a mesh may be determined. To obtain 
the inductance it is necessary to substitute the values of A over 


_* If w = 1, it will be noted that this equation reduces to the relaxation finite- 
difference equation. 

+ A physical interpretation of this mathematical Manipulation is given in 
Reference 17. 
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the current-carrying regions into an appropriate numericé 
integration formula. 

The evaluation of integrals by numerical means is a standar{ 
technique. The accuracy of the integration depends on tht 
number of sections into which the region has been divided an 
the number of derivatives taken into account. For the accuract 
of the finite-difference equations the Simpson double-surfack 
integral formulae was sufficiently accurate. Simpson’s formula; 
which may be found in any standard textbook on numerica( 
analysis, states that (referring to Fig. 2) | 


™ 


2 
IJ ARS 1640 + 4(A, + Ay + Az + Ay) 


+ (As + Ag + Az + Ag 


The following examples of the use of the foregoing techniq 
are chosen to compare it with other known methods and ¢ 
illustrate its application to electromagnetic systems, analysis 
which has been found impossible by analytical means alone. 


As | A; 
A, [ A; 
As A2 As 


Fig. 2.—Definition of mesh points for the calculation of the surfa 
integral. 


(3.1) Calculation of the Leakage Reactance of Transformers 


The calculation of the leakage reactance of transformers i 
usually performed by first approximating the problem to : 
2-dimensional one. Rogowski first solved the 2-dimensiona 
problem by obtaining analytical solutions for the 2-dimensiona 
forms of eqns. (2) and (3) and matching the two solutions at th’ 
boundary. Roth extended Rogowski’s analysis by using « 
double-Fourier-series solution. Unfortunately Roth’s  serie¢ 
converged very slowly, and several attempts have been made t 
reduce the labour involved; Billig!® gives useful formulae which 
may be used within certain limits. The method outlined wili 
also be applied to a case which does not fall within these limits! 

Since no flux line is known, the value of A at any point i 
unknown; in consequence, a value at one point is stipulatee 
and those at all the other points are iterated relative to thi 
selected point. Experience suggests that, to obtain most rapié 
convergence after iterating all the points, the residue accumulate 
at the selected point should be wiped out and the cycle repeatee 
until the required accuracy is obtained. It will be noted th 
the values of A finally obtained contain an arbitrary reference: 
This obviously makes no difference to the flux plot, in which oni: 
differences of A are required. Section 9.3 shows that thi 
arbitrary reference also makes no difference to the calculatee 
inductance. | 

The final flux plot obtained is shown in Fig. 3, and the calculatee 


leakage inductances per centimetre perpendicular to the plane « 
the Figure are 


Kapp approximate formula 
Rogowski approximate formula 
Numerical technique suggested 


658 x 10-8 henry 
595 x 10-8 henry 
585 x 10-8 henry 


The leakage reactance of a general tap-changing transforme: 
was also calculated, for which the flux plot is shown in Fig. 4. 
Eqn. (5) shows that the leakage inductance per unit length i 


obtained from (1/I 2) {f 7. Ads. When the relationship betweer 
currents is known, this may be further simplified: for example 
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; Fig. 3.—Flux plot for a standard transformer window. 
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TAPPED SECONDARY 
WINDING 
Fig. 4.—Flux plot for tap-changing transformer. 


n a 2-coil transformer the relationship, ignoring magnetizing 


surrent, is 1;N, = — I,N>, whence 
Nit Nol, 
mae = d 
a at all Ayds, +22 A,dsy) % 10-9 
Unit length I7?\ S, 44s, S, JJs, 
= (FA, # neds) x 10-9 
I, I; 


I; 


in this case the flux plot was drawn for N,J, = 36, so that the 
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inductance per unit length is given by (N?/36)(3:74 + 4-91) x 
10-° henry/cm. 


(3.2) Calculation of the Leakage Inductance of the Field 
Winding of a Salient-Pole Machine 


In an analysis of the starting performance of synchronous 
machines the effect of any inaccuracy in the calculation of leakage 
reactance is considerably magnified in calculating the torque. 
The known approximations to the problem were found to be 
insufficiently accurate.!? Talaat,2° after considering the tran- 
sient and subtransient reactances of synchronous machines, 
arrived at the same conclusion. 

The two well-known analytical expressions for the calculations 
of the leakage reactance were developed by Carter, whose analysis 
was then extended by Terry and Keller.2!_ Both of these are 
based on the assumption that, away from the corner, ‘the flux 
goes straight across from pole to pole’.2! This allows the 
stipulation of magnetostatic potentials. In fact, as the flux plot 
in Fig. 5 shows, this is never correct. The inductance of the 


AW 


Fig. 5.—Flux plot for salient-pole alternator. 


coil may be immediately calculated from the flux plot and is 
found to be (N3/84)(1634) x 10~? henry/em length. The 
mutual inductance between the coil and the armature is 
(N3N,/84) x (1416) x 10~° henry/cm, where N; is the number 
of turns on the exciting winding and N, is the equivalent full- 
pitch turns per phase of the armature. 


(4) CALCULATION OF THE A.C. RESISTANCE OF 
CONDUCTORS IN SLOTS 
The problem of calculating the a.c. resistance was first formu- 
lated by Field and solved for the one-dimensional case. The 
limitations of Field’s analysis have already been discussed.?3 
Analogue methods have been used to overcome the analytical 
difficulties in a recent paper by Roberts,”? the analogue consisting 
of an RC network. As stated earlier,2? this is not essential, 
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and it will now be shown how the a.c. resistance may be 
calculated (using the developed finite-difference equations). 
Maxwell’s equations, neglecting displacement current, are: 


—oB 
VSen=4iy 
Jae, 
1 OB OF oE 
i.e aN . ) 4a st = Ano 
= CE 
ie: Vine ere ee 
or 
: Dp uk Oe 
i.e. | VE a 


If all time variations are assumed to be of the form e/, 
the equation which describes the system is 


WE = — jwuAncE 
If the problem is approximated to a 2-dimensional one, 
VE = 


iy ait, G — 0.6: V-E 10. 

The finite-difference equation for V7E, is known, At the 
boundary between the conducting region and the non-conducting 
regions, both the tangential components of H and the normal 
components of flux density must be continuous. Since all time 
variations are of the form é/@4 and V x E = — OB/ot, these 
conditions are analogous to those required for the vector 
potential. Consequently, the finite-difference equations at the 
boundary between the conducting and non-conducting regions 
are known. 

Taking the analogy a stage further, it follows that a line along 
which the value of E is constant is the same as a line of force, 
and at an iron boundary the line of force enters normally, i.e. 
0E/dn = 0, giving E, — E, = 0. 

Thus, for a 2-dimensional system the continuous region may 
be replaced by a mesh where the relevant equations at each nodal 
point are known. 

The matrix thus obtained differs from that obtained for the 
calculation of inductance inasmuch as it is complex, the basic 
finite-difference pattern now being 


4 + jop4roE —(F,+F,+2,+kh)=0 . © 


It should also be noted that the mutual interaction between 
the various points is reciprocal, and consequently an equivalent 
circuit may be set up. 

When the equations for all the nodal points have been derived 
from the general equation (6), they may be collected in the form 
of matrices P, @ and QO such that 


Pao at th ahead sor7) 


where P, @ and Q are all complex. 

A well-known method of inverting complex matrices consists 
of first converting them into real matrices of double the order. 
This is accomplished by the following method: 

Since P is a complex matrix, it may be divided into two real 
matrices, C and D, such that P=C+/jD. @ and QO can be 
similarly treated, so that 


— jopAncE, 


6=y+jr 
and Q = G + jk, say. 
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Substitution into eqn. (7) gives 
(C + jDy + JA) 


This equation may be separated into its real and imaginan 
parts, so that 


=G+jK 


Cy SDNG 


and Dy + CA=K 


which may be written 


[> clli) [a] 


which results in the first matrix being of twice the order of | 
but completely real. The inversion of this matrix is now possibi: 
and consequently y and A may be determined. From thes 
values, 0 may be derived. | 

In general, for calculation purposes, the boundary conditio 
will be the knowledge of a line of H, i.e. a line along which F | 
constant, so that the value of E at the boundary will be stipy 
lated and may be taken as real, i.e. K = 0. 

The value of E at the nodal points having been determine 
the ratio of a.c. to d.c. resistance may be determined hw ¢ 
fact that 


Eds * » 
Actual loss per unit length = as 


2 
=e | a 
p 


Total current = |] nave 


[peels 


ie Tr J E*dxdy 


Me TT Ff aca] 


To determine the a.c. resistance it is required to evaluate ti 
surface integral of E. To do this, the values of E at the relevat 
nodal points of the mesh are substituted in the integral formul 
given in Section 3. 

The following example compares the values obtained usin 
this method and the one due to Roberts, who chose a ona 
dimensional problem as example. 

The basic finite-difference equation for the one-dimensiona 
case is 2Ey + jwu4ioE, — (E; + E;)=0. Inverting the matri 
for the problem chosen by Roberts and using the same mes: 
length gives R,,./Ra = 1-82; Roberts’s analogy gives a value « 
1-78, while Field’s analytical solution gives 1-90. 


D.C. loss 


whence 


(5) EVALUATION OF THE SCREENING EFFECT OF 
COPPER IN A LINEAR ALTERNATOR 

A new type of synchronous machine, described in a separat 
paper,** operates on linear rather than rotational motion am 
has the basic layout shown in Fig. 6. A reciprocating conductim 
loop slides along the centre limb, and the energizing coils a 
the pole-pieces set up flux around magnetic circuits, as show: 
The oscillating loop moves through this flux, experiencing a: 
alternating induced e.m.f., the alternating flux path being < 
shown. The machine is essentially a synchronous device and| 
transformer in series, with the oscillating loop as comme 
member. So far as the transformer action is concerned, tt 
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) Fig. 6.—Basic layout of linear alternator. 


A. Oscillating conducting windings. 
B, C. D.C. exciting windings. 

D, E. A.C. coils; 

F, G. Mechanical driving strips. 


resence of the d.c. poles produces excessive leakage flux and 
ae regulation of the linear alternator is rather high. It was 
ecided to introduce a conducting sheet between the oscillating 
aember and the pole-faces in order to reduce the leakage flux. 
he problem is to design the screening for minimum leakage 
iductance. It is virtually impossible to solve the problem 
nalytically. To enable predictions of the performance to be 
qade, the numerical technique was applied with the following 
ssumptions: 

(a) The problem is treated as a 2-dimensional one. 

(6) There is perfect coupling between the oscillating loop and the 


conducting sheet and between the loop and the main windings. | 
(c) The current is distributed uniformly over the coil cross-section. 


One of the flux patterns obtained using the vector-potential 
quation is shown in Fig. 7, and other plots are given in 
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Fig. 7.—Flux plot for linear alternator with copper shield. 
VoL. 108, Parr C. 
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Reference 24. The inductance was found to be 14:5 ohms 
without the copper sheet and 7-34 ohms with it. Experimental 
results showed a reduction of 5:78 ohms. 


(6) CONCLUSIONS 


The technique developed in the paper is believed to be an 
extension and improvement of the earlier methods of application 
of numerical techniques to electromagnetic problems. It has 
also made possible the analysis of certain electromagnetic 
systems which would otherwise have been impossible. For 
simple boundary problems, such as the transformer-reactance 
calculation examples, a Mercury computer using Autocode 
instructions took 3—-Smin of computing time. Problems with 
more complicated boundaries, such as those concerned with the 
linear alternator, took 10-15min. With the continual advance 
in both computer speeds and the development of mathematical 
techniques, these times will undoubtedly be considerably reduced. 
In any case, the times quoted above refer to solutions ab initio, 
where no judicious guess was made which might have reduced 
the computing time. 
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(9) APPENDICES 
(9.1) Finite-Difference Equation at a Boundary 
Referring to Fig. 8, it is assumed that #3 and ¢, exist, so that 


4g) —(i +o. +¢3+4¢) =0 . . . & 
4h) — (yy +r ty +4) =—4rj? . 9) 
v?g=0 


a 
1 O 2 

Prenat 

Vv b=4nj x sare 


Fig. 8.—Mesh points on a boundary. 


The boundary conditions are 


Be Be 10 

H, =H se 

From eqn. (10), using the condition that H, = 0A/0x, we have 
by — bs = b4 — $3 


by + $3 = o3 + dy 


Moreover, B, = By means that dy = Yo, b, = dy, ete. 


1.e. 
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Combining eqns. (8) and (9) and using the boundary condition 
gives 


bo — (hy + de + hs + $4) = — 2a7ja? 
(9.2) Lines for which the Value of 4 is Constant 


— BH, 


1 aA © eo 
nO ey ane 


0A 
dA = Mey, + —dy 


1 
ox oy ( 


Along a line joining points for which A is constant eqn. (11 
reduces to 
0 = H,dx — H,dy 


or dx/dy = H,/H,, i.e. the line of constant A traces a line of 


(9.3) Proof that the Addition of a Constant to the Value of 
A makes no Difference to the Calculated Inductance 


If the value of A differs from the value used by K an amoun 
so that A = K+ A’, 


jn[ J Adedy = i,KS, + iy JJ A’ddy 


jn] | Advdy = iaKS, + in|] A’dxay 


But j,S, is the total primary current and /,S, the total secondar 
current; therefore 


AS, = — S82 
Thus, when adding contributions from S, and S$), 
JS, K + joS,K = 0 


From the above it will seem that, so long as there is no ne 
current in the region for which the inductance has been calculatec 
the arbitrary constant makes no difference, provided that t 
integral of vector potential for all the current-carrying surface! 
is calculated. 

For a transformer it is necessary to ignore only the magnetizin 
current. For Fig. 5 the calculation should actually be perform: 
for the region shown, together with the anti-symmetrical half t 
the right of the diagram. Under these circumstances it would 4! 
preferable to take the centre-line as zero, since correspondim 
lines on either side of the centre would have the same value bu 
be of different sign. Clearly it is therefore necessary to sho» 
only one half of the plot. In Fig. 7, symmetry exists about th 
centre-line. 
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I SUMMARY 

_The paper considers the distortion introduced by torque saturation 
a servo mechanism when responding to a randomly varying input 
/3nal, with emphasis on the spectral distribution of this distortion. It 
| shown that low-frequency errors are produced by the application 
| an input signal whose spectrum extends beyond the pass band of 
e system. 

.An approximate expression is derived which enables the magnitude 
‘the low-frequency errors to be evaluated in a simple manner. 
perimental results are presented for a particular system. 

i 
i 
i 


(1) INTRODUCTION 


Existing methods of analysing the behaviour of a feedback 
patrol system subjected to a random input when some non- 
year element is present use a linearizing technique.'-5 They 
wolve the replacement of the non-linearity by a linear element 
ith an equivalent gain determined by the magnitude of the 
gnal and the non-linear characteristic. One of the conse- 
aences of this linearization process is the neglect of the dis- 
yrtion component which is ignored in this form of analysis. 
ny attempt to take into account the effects of distortion in a 
yntrol system requires a solution to the problem of determining 
ie frequency spectrum produced in a non-linear element when 
te spectrum of the input signal to this element is given. This 
toblem, which is also of considerable interest in the fields of 
ymmunication® and information theory, has as yet no general 
jlution, although results have been obtained for particular 
4ses,” 3»7 e.g. simple characteristics such as square law, half- 
‘ave rectification and saturation subjected to particular types 
f input signal. 

’ The distortion produced by a non-linearity 


Xo = £(%)) (1) 


then the input signal x; is sinusoidal, consists of a series of 
armonics. Generally these harmonics are of little consequence 
1 control systems because of the high-frequency filtering of the 
ystem itself. If the input signal consisted of the sum of two 
nusoidal signals of differing frequencies, then sum and dif- 
sence frequency terms would appear in the output x,. The 
ifference frequency term might be of very low frequency to 
hhich a control system would readily respond, producing a low- 
‘equency error. If one now considers the input x; to be a 
undomly varying signal with a frequency spectrum continuous 
ver a wide band, there is seen to be an infinite number of 
ossible ‘difference’-type combinations which might occur, pro- 
ucing an output spectrum the low-frequency end of which 
xtends down to zero frequency. This has an important effect 
n control-system performance. It is normally recognized that 
1e error of a control system should become vanishingly small 
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as the frequency decreases towards zero. Low-frequency error 
is a much greater defect of system ‘goodness’ than errors at 
high frequencies. The result of distortion will be shown to be 
the production of low-frequency errors of uniform power per 
unit bandwidth extending down to zero frequency. 


(2) DISTORTION POWER AND EQUIVALENT GAIN 


The power o? of a random signal x,(t) which is assumed to 
exist for a long period of time, during which its statistical 
properties remain stationary, can be determined from the ampli- 
tude probability density function p(x;): 


ice) 

— 0 
The output power o2 of the signal from a non-linear element 
characterized as in egn. (1) is also of the same form: 


ee) 
03 = | P)podax; 3) 
— 0 
The output signal x,(t) can be considered to be composed of 
the sum of two components: a signal proportional to the input 
signal, say Kx,(t), and a distortion signal, D(t); i.e. 


X(t) = Kx,(t) + DD . (4) 


This definition is true for all values of K. In order that these 
two components can be regarded as true signal and distortion, 
it is necessary to ensure that an appropriate value of K is taken, 
for which the cross-correlation between input signal and dis- 
tortion is zero. 

Since the non-linearity is independent of time, eqn. (4) may 
also be written as 


KO 7) = KA (0 7) DE -E 7) 
for all values of K. 


The auto-correlation of the output signal, g,(7), using eqns. (4) 
and (5) is 


EAT) = X(b)x(t + 7) = [Kx,(t) + DO Kx |\ (ta) se De 7)| 


= K*x,(t)x,(t + 7) + DD + 7) 
+ Kx,(t)Dt + 7) + Kx;(t +7)D@) 


the bar denoting an average over an infinite period of time. 
The first term is K2 times the auto-correlation of the input signal 
g,(7), the second term is the auto-correlation of the distortion, 
say gp(t). The last two terms have the same average value 
and each represents the cross-correlation between the signal 
component Kx;,(t) of eqn. (4) and the distortion D(?), say gs p(T). 
Thus the equation can be written 


87) = Ke(t) + gp(7) + 2¢sp(7) 


and is still true for all values of K. 


(5) 
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If the cross-correlation, gsp(7), is zero, then 
8 (Tt) = Kg,(7) + gp(7) 
and, in particular, for 7 = 0, 
LG G4) Go. iS anset (6) 


Now the power of the distortion signal 0%, is 


2, = | [fex) — Kx Pode, 
since D(t) = f(x;) — Kx; from eqns. (1) and (4). By expanding 
and substituting eqns. (2) and (3), 


0}, = 03 + Ko? — 2K x,f(xpdx, . - 


Elimination of a, and op between eqns. (6) and (7) results in 
the appropriate value of K to ensure the non-correlation of the 
distortion component: 


k= 43 xseepeaasy Ne ae Bea 
o? ate 


1 


This factor, K, is identical with that of the equivalent gain 
technique! 2» > obtained by finding that value of K which makes 
o% a minimum. 
For a simple type of non-linearity representing saturation, 

defined by 

Xo = x; when |x,| <A 

x,—= —Awhenx,<—h 

X, = +hwhen x,>h 


and for a Gaussian probability density function 


1 
ayieares (eens: Eide 
P(x;) Ganka exp (—x}/207) 
the gain factor K from eqn. (8) is 
2 hlojxV/2 h 
ee ae ONG 
K= ale (@4)dz = ert BER: (9) 


z being an arbitrary variable of integration. 


(3) FREQUENCY SPECTRUM ANALYSIS 


A relationship is known?? between the auto-correlation 
functions of the input and output signals of the non-linear 
element based on the assumption of Gaussian amplitude 
probability density of the input. Since the auto-correlation 
function of a signal and its power spectrum are Fourier trans- 
form pairs, it is possible by transformation to obtain a spectral 
relationship, i.e. to obtain the output spectrum of the signal x, 
in terms of the input signal spectrum. 

The auto-correlation function g(r) of a signal is related to 
the power spectrum of the signal G(w) by the Fourier transforms 


Lar : 
g(t) = = | Glo)elo*de (10) 


oe) 
and Go | g(relerdr, (11) 
— 
It is convenient to use the normalized auto-correlation function 
&,(7) defined by g,(7) = g(7)/g(0). This ensures unit amplitude 
at zero T. 


If g,(7) is the auto-correlation function of the output signal 
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on, ee 


x,(t) from the non-linear element, and if g,,;(7) is the normalized 
auto-correlation function of the input signal x(t) to the ne 
linearity, then the desired relation is the power series 


G(T) = a38n(7) + a3g2,(7) +... +a2ei(r) +... 


The relationship is true only for Gaussian probability distrib 
tion of x;. 

The coefficients a,...a, depend on the non-linear charac 
teristic f(x;) and on the input signal power a 


where H, is the rth er He Gochial the first three " 
which are: 
Elo sag te 
XxX; cae 1 ey 
Ho ) V/ ‘I oj : | 
| 
x; 1 x;\3 xX: 
ced) pee els 2 
Hs , /6 |) i 


When the non-linear characteristic is an odd function of x, “f 
as is the case for saturation, all even terms of the coefficient, 


a,...4a, are zero. In addition, for the saturation case, it i 
found that the higher terms successively tend to zero. It. haz 
proved sufficient to take the approximate solution ‘ 

GAT) = APE ni(T) + 2387; (7) - ee 


For the saturation characteristic previously defined, the firs 
coefficients are 


= o; erf ave : (14 
hie os exp (—#?]207) . . 
as = eee =) exp (—A?/20?) 


Fig. 1 shows these coefficients as functions of the amplituck 
ratio o/h. | 
For large input powers, i.e. 0? > 4h’, the expression for thi 
output auto-correlation function ‘becomes? | 
2h? : 
& (7) = are sin Eni(7) 


Bee 
nil) + eh C) + Desi) +. | (it 


It is important to notice that a, is simply related to the equivaler 

gain K [see eqns. (9) and (14)] by Ko; = a,, and hence the firs 
term of eqn. (13) represents the proportional signal Kx;,(t) am 
the remaining terms the distortion signal D(?). 


(3.1) Low-Frequency Spectrum 


Consider the non-linearity subjected to a random signa 
obtained by passing white noise through a single-stage low-pas 
RC filter so that 

G 


Ge) = Eee 


a4 


Sy 
A 


‘ig. 1.—Series coefficient magnitudes, saturation-type non-linearity. 


This power spectrum is uniform at low frequencies, falling 
it 6dB/octave at high frequencies, with a ‘break’ frequency 
/—3 dB) at w = w,. This is a convenient form for its engineer- 
ag application,’ and gives an auto-correlation function which 
very suitable for substitution in the power series of eqn. (12). 
From eqn. (10) 


meg tes 


g(t) = (18) 


Gw, 
2 

ind the normalized auto-correlation function is 

: ni(T) = exp (—a,|7]) 

jubstituting in eqn. (12), the output auto-correlation function is 


(19) 


‘The output power spectrum is the Fourier transform of this 
“xpression, and performing this operation term by term, 


&(T) = a? exp (—w,|7|) + a3 exp (—3a,|7|) + 


— i 
Gf) = § 4 
) renee SEE) 


(hus the output spectrum is the sum of spectra, each being of 
‘he same shape as the input spectrum, but having cut-off fre- 
quencies w,, 3w,, 5w,, etc. At low frequencies, w < wo, the 
Magnitude of the output spectrum becomes 


Go) = a Bis ee +... + (negligible terms) 
Oo 

The first term represents the component of the output correlated 
with the input, and the remainder are due to distortion. It 
follows that the signal/noise ratio at low frequencies is 
3a? /a 

ig large signals applied to the saturating non-linearity 
(g;>h), eqn. (16) may be used to evaluate aj/a3, giving the 
low-frequency signal/noise ratio equal to 18/1. 

Thus, this form of input spectral density produces a distortion 
signal with a wide power spectrum, which is uniform at low 
frequencies. 


(3.2) Limited Bandwidth Input 
The low-frequency distortion becomes of greater significance 
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when the input signal contains little power at the lower fre- 


quencies. Consider an input power spectrum of the form 
1 1 
G{w) = ¢| ——_, - ____, (20) 
WwW (20) 
ee a) 
NW, Wy 
where n > 1. 


This power spectrum is the difference between two spectra of 
the form previously discussed, each of constant power per unit 
bandwidth at low frequencies, one falling at 6 dB/octave from a 
frequency w,, and the other falling at the same rate from a 
frequency nw,. At low frequencies, such that w <w,, the 
power spectrum becomes 


a 2 
FEEL : ) 
n Wo 


o->0 


The construction of the input power spectrum is illustrated in 
Big, 2, 


fe) 


= 


~~ 


sis 
a 
eoiae )2 aN 


Xe 


G 
Xe CO winag)® 
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fo) 
fo) 
=) 
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Fig. 2.—Construction for power spectrum, limited bandwidth input. 
=F = 7 
@ \2 @ \2 
FAR ee 


A useful property of the spectrum considered is the simple 
form of the corresponding auto-correlation function, permitting 
the power series expansion, eqn. (13), to be used to determine 
the output spectrum. 

To obtain the input auto-correlation function, the Fourier 
transform, eqn. (10), may be applied term by term to eqn. (20). 
Using the result of the previous Section, eqns. (17) and (18), the 
input auto-correlation is found to be 


Gio) = G 


all) 


2 exp (—nw,|T|) 


Gnw 
& (7) == 5) 


so that 


! 
Lni(T) = =a Le exp (—nw,|7|) — €xp (—a,|7|)] 


The auto-correlation function of the output signal is obtained 
as a power series of g,,;(7), by eqn. (13), giving 


2 
er) = : ef jin exp (—nw,|7|) — exp (—a,|7])] 
“fe ee exp (—3w,|7|) 
Me ey, — 3n* exp [—(2n + 1)w,|7|] 
+ 3nexp [—(n + 2)w,|7|] — exp (—3a,| ||} +... (21) 


The coefficient at determines the amplitude of the output which 
is correlated with the input and is of the same spectral shape. 
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The output spectrum is obtained by the inverse transformation 
of eqn. (21). Each term is of the form A exp (—Bw,|7|), and 
by eqns. (17) and (18) this transforms to 


2A 1 
Bu, a \* 
t+ (ze) 
° Gas 
Hence the output spectrum is the sum of many spectra, each of 
uniform power per unit bandwidth at low frequency, and each 
falling at high frequencies at the rate of 6 dB/octave. 


The output spectrum, neglecting the coefficients az and above, 
is given by 


G(w) = 


2at 1 1 
G(w) = w(n E51) ke w \; .% oi eS 
c. Wo 
203 47? oe 1 
w,(n — 1)3 w 2n+1 “5 a 
a 
3nw, (Qn + 1)w, 
a 3n 1 oak 1 ] (22) 


no? o 2 3 aspx 
= i | oe G) | 


At low frequencies, w < w,, such that both the input signal 
and the correlated component of the output are negligible, the 
distortion term represents a signal of constant power per unit 
bandwidth. In eqn. (22), if w—0, the power per unit band- 
width is given by 
2a n 


ONS ie 


o—>0 


. 3n2 ra 3n =) 
2n + 1 n+2 3 


_ 4a3 | (n + 1) | 
3w,L(n + 2)(2n + 1) 


(23) 


This feature has formed the theoretical basis for the construction 
of a low-frequency noise generator.? 
_ The maximum power of the correlated component of the 
output occurs about the frequency w = /nw,, and, from 
eqn. (21), this power is found to be 
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Fig. 3.—Input and output spectra, saturation type non-linearity. 


o? > 4h; amplitudes not to scale. 
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Fig. 4.—Low-frequency equivalent circuit, random input to ~ 
non-linearity. 
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Fig. 5.—Analysis of a particular system. 


(a) The mechanical system. 

(6) Electronic analogue. 

(c) Block diagram. 

(d) Block dinerana for analysis. 


Hence the ratio 


Low-frequency output distortion power per unit baneiidy 
Maximum power per unit bandwidth 
of the correlated output signal 


is equal to 2a3(n + 1)?/[3a?(n + 1)(2n + 1)]. 
This ratio varies by less than 10% for 1< n< ©, anc 


hence may be considered independent of the Frecueney range of 
the input signal. 


[When a large signal is applied to a limiter, 0? > 4h2, eqn. (16) 
jows that a3/at tends to 1/6, and the above ratio becomes 
) proximately equal to 1/18 for all values of 7. 
| Relevant spectra are shown in Fig. 3 for the particular case 
a large signal applied to a saturating non-linearity (a? > 4h’), 
‘th n = 3, so that the input power spectrum is 


ania rte Retire teat 
+@y 1+@) 


|The distortion component of the output has been shown 
icorrelated with the input signal, and hence the total power 
; any frequency range is the sum of the powers of correlated 
ad distortion signals. The relative amplitude is proportional 
_ root power per unit bandwidth, and represents a convenient 
actical and theoretical unit. 

Fig. 3 shows that the distortion component possesses a uniform 
jectrum over a wide range of frequencies. When interest is 
‘imarily in the low-frequency response of a system, the non- 
earity subjected to the type of input considered may be 
| presented by an equivalent gain, K, and a white-noise generator, 
» in Fig. 4. 

‘For the saturating non-linearity subjected to the type of input 
»ectrum considered, the distortion power per unit bandwidth 
‘ay be assumed to be independent of both input bandwidth 
1 and w,) and input power, provided that appreciable limiting 
ceurs (0? > 4h). The ratio 


G,(w) =G 


Low-frequency distortion amplitude per unit bandwidth 


“Maximum amplitude per unit bandwidth 
of the correlated output signal 


jay be taken as 1/4/18 = 1/4-5. 
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(4) CLOSED-LOOP RESPONSE OF A PARTICULAR 
SYSTEM 
Consider the system shown in Fig. 5(@); where the nga linear) 
arises owing to torque limitation in the servo motor. The 
input is a random signal whose spectral distribution is of 
the form 


G; 
Gow) = Te (wo, y 

The analogue of this system is shown in Fig. 5(b). To analyse 
the closed-loop response, the non-linear element is replaced by a 
linear equivalent gain, K, and a distortion generator. The 
operating value of K is determined using Booton’s method,! 
distortion being neglected at this stage of the analysis, since the 
distortion power is small and K depends solely on the power of 
the signal applied to the non-linearity. 

The system has now been reduced to a linear network, enabling 
the control-signal spectrum to be evaluated (Fig. 6). At high 
frequencies the power per unit bandwidth falls as the input 
power, since e, ~ 6;, ->0, and at low frequencies the error 


a> 0 

and control signals become vanishingly small as the loop gain 
increases. Hence, to estimate the distortion, the control signal 
may be approximated to that in eqn. (20), so that the distortion 
is of uniform power at low frequencies and this power, W,,(w), 
is known in terms of the maximum power per unit bandwidth 
of the correlated signal at the output of the non-linearity 
[Fig. 5(c)]. 

The response to this distortion produces an output signal 
uncorrelated with the input 0;, increasing the error of the system. 
The total error power about any frequency is the sum of the 
powers of the error due to imperfect following of the linear 
system and the power of the output due, to distortion. 

The distortion signal can be represented as a signal of power 
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Fig. 6.—Control signal spectra. 
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a (w) applied before the element of gain K, where the ratio 
Low-frequency distortion power per unit bandwidth 
Peak power per unit bandwidth of control signal e, 


has the same value as for the signals at the output of the 
non-linearity. 

Hence, as shown in Fig. 5(d), the distortion can be regarded 
as an additional input to the system and the power per unit 
bandwidth is known in terms of the peak power per unit band- 
width of the control signal. Fig. 6 shows this equivalent input 
signal and the response of the system to this distortion signal. 
The resultant control signal power is the sum of the individual 
powers, so that the r.m.s. signal in a given bandwidth is the 
square root of the sum of the individual powers. Thus, the 
effect of distortion is important at low frequencies and becomes 
insignificant where large errors are predicted from the lineariza- 
tion technique. Experimental values for the particular input 
considered are also presented in Fig. 6, showing good agreement 
with the theoretical results. 

The distortion also has an appreciable effect on the closed- 
loop gain, |6,/0;|, at low frequencies. Saturation produces an 
additional error of magnitude 1/4-5 times the peak value of the 
control signal. In the example considered, the peak magnifica- 
tion |e,/0;| ~ 3, and thus the ratio (distortion input magni- 
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Fig. 7.—Closed loop response of system. 
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tude)/(signal input magnitude) is equal to 1/1-5 at low 


VC tre) 


eee 1-2. Fig. 7 shows 


frequencies. Thus 


6; 


o—>0 


the closed-loop gain |@,/0;| for the system considered. 

This effect will occur in any saturating feedback system, but 
the accuracy of measurement required is often difficult to 
achieve in practice in view of the low frequencies involved. For 


WEST, DOUCE AND LEARY: FREQUENCY SPECTRUM DISTORTION OF RANDOM SIGNALS 


| 


4 
this reason it is considered more convenient to consider oll 
or control signal spectra when assessing performance. 


(5) CONCLUSIONS 


It has been shown how the distortion produced in a oa 
system can seriously impair the response of the system to aj 
random input signal. In particular, the distortion can contain) 
very-low-frequency components, giving appreciable errors where} 
excellent performance is expected. 

The distortion may be considered as an additional disturbance 
to the system, and the magnitude of this signal, and its frequency, 
distribution, may be evaluated. For an approximate evaluatio: 
a simple spectrum is considered, producing a distortion sical 
having constant power per unit bandwidth over a wide frequency: 
range. 

Since all mechanical servo systems will saturate for sufficienti 
large input signals, the use of the servo as a low-pass filte 
requires caution to prevent high-frequency signals generatin 
spurious low-frequency terms. An ideal solution may be t 
use of a low-pass filter preceding the servo, with the cut- 
frequency dependent on input magnitude. Further research is 
being pursued into the design of such optimum filters, taking 
into account inevitable physical limitations on the basic clemell 
of the control system. 
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TABILITY OF A FEEDBACK 


SUMMARY 


A class of non-linear error-detector characteristics is considered 
yere, for large magnitudes of error, the error signal decreases with 
creased error. Sinusoidal and random-input analysis of a closed- 
‘Op system containing such a non-linearity is shown to necessitate 
se calculation of a family of describing-function curves to cover 
»eration with a d.c. input signal to the non-linear error detector. 
ae peculiarities of such a non-linear system are discussed, and a 
jnple method using a non-linear circuit to correct the adverse 
haviour is described. 


(1) INTRODUCTION 


' Practical control systems invariably contain a power trans- 
acer which behaves non-linearly for large error signals. In 
articular cases, a non-linearity may be inserted intentionally 
i order to improve the system response to particular inputs! 
to limit the peak magnitude of some system parameter, such 
3 velocity or acceleration. 

_ The type of system to be considered contains an error detector 
hich behaves linearly for small error signals, but for larger 
ors gives an output signal which reduces in magnitude, 
entually becoming zero. An example of this characteristic is 
1 automatic-follow radar systems, being the form of the non- 
mear relationship between error signal and angular misalignment. 
_ The following non-linear characteristic, shown in Fig. 1(a), 
vill be considered to illustrate the various analyses: 


€, = e; for |e;| at 


1 
é, = 0 for |e,| >h » 


tis referred to asa limited-field-of-view, or 1.f.v., non-linearity. 
In a system containing this non-linearity, control may be lost 
f the error becomes larger than 4. When this occurs the output 
juantity can, in general, drift to its extreme value, and future 
‘orrect operation is unlikely. Loss of control can thus be 
aused by large transient or continuous (sinusoidal or random) 
ignals. 

' The usual method of sinusoidal analysis applied to a feedback 
stem containing an 1.f.v. non-linearity proves to be inadequate 
ince, under overload conditions, a d.c. signal can be shown to 
\ppear at the input to the non-linearity. A more detailed 
jescription of the non-linearity is, in fact, required, to show the 
lationship between the fundamental a.c. and the d.c. output 
rom the non-linearity in response to an input signal consisting 
of both sinusoidal and d.c. components. 

To overcome the possible loss of control when a system con- 
ains the specified type of non-linearity, it is apparent that some 
‘orm of memory circuit is required whereby a constant signal of 
he correct sign will be stored if the error signal from the non- 
inear detector disappears. A suitable arrangement employing 
1 hysteretic circuit is shown in Fig. 7. 
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OUTPUT 


(a) 


NON-LINEAR 
ERROR DETECTOR 


(6) 


Fig. 1.—Second-order system containing an I.f.v. non-linearity. 
(a) L.F.V. characteristic. 
(6) Basic system. 


(2) BASIC SYSTEM 
The system shown in Fig. 1(6), including the lI.f.v. non- 
linearity, will be taken to illustrate the various effects with 
transient, sinusoidal or random inputs. For this feedback loop 
the error-to-output transfer function has the value 


6, oe 1 
e,) pjasgetp 
In a practical system the true error signal, e;, is, of course, 


not available and hence any additional elements must operate 
on the modified error signal, e,, as shown in Fig. 7(a). 


(2) 


(2.1) Step Response 


The response of the uncompensated system, initially at rest, 
to a step input of height H, will obviously be zero if |H| > A, 
since the control signal e; is then zero. With |H| <h the 
response is linear. If an initial velocity exists at the instant of 
applying the step, the linear regime is entered at a finite velocity, 
and the subsequent response can either remain linear or pass 
completely through the linear regime without gaining control. 
Typical phase-plane trajectories for the system are shown in 
Fig. 2 for the case of critical velocity-feedback damping 
(Tw, = 2). When the error signal is greater than A, the control 
signal consists only of the damping component, Tp@, and the 
equation of motion is 


2 
Seca (3) 
Osa Wy, 
the solution of which is 
doy, db 
Se Ss (ih Gaga 32.0) oe a (GL 
aT (=. 0.0r db, Wo (4) 
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Thus, outside the linear regime the phase-plane trajectory is a 
straight line of slope —2, terminating when Zero velocity is 
reached. The solution of eqn. (4) for the initial conditions 
C= FT, Uj 01s 

6 


ee ee CO 
indicating that the output position varies exponentially with 
time. 

The linear regime will be entered provided that the velocity 
in the non-linear region is greater than 2w,(|e;| — h), the lowest 
value being trajectory (a), Fig. 2. If, however, the linear regime 
is entered at a velocity? greater than 4:6hw,, a trajectory such 
as (c) results. Therefore with velocities (outside the linear 
regime) greater than 2w,(\e;| — h) + 4:6hw,, control is lost; 
the trajectory emerges from the other side of the linear regime 
to reach zero velocity with e,;>h. Thus trajectory (5), for 
which the linear regime is entered at the velocity 4-6hw,, marks 
the highest velocity, and trajectory (a) the lowest velocity, 
between which control will be regained. This region is shown 


VELOCITY 


Z r\ | 


POSITION 


Fig. 2.—Phase-plane responses to step input with finite initial 
velocity. 


by the shaded area in Fig. 2, which also includes the correspond- 
ing region for negative approach velocities. 


(2.2) Frequency Response 


It is well known? 4 that the closed-loop frequency response of 
a non-linear feedback system may be obtained by replacing the 
non-linear element by an equivalent linear gain of value depen- 
dent upon the amplitude of the input signal to the non-linearity. 
All harmonics generated in the non-linearity are neglected,> this 
usually being an acceptable approximation in view of the low- 
pass filtering action of the linear portion of the loop. 

One exception to the validity of an assumed equivalent linear 
gain is when sub-harmonic oscillations® can take place. A 
second exception will be shown to occur with non-linearities of 
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the I.f.v. type, when it becomes necessary to consider the dc 
conditions through the non-linearity, since it is possible for the 
gain to a d.c. signal, in the presence of a sinusoidal signal, tc 
reverse sign, thereby giving rise to a form of d.c. instability. ; 

In general, to study the stability of a non-linear system unde 
forced conditions of sinusoidal input, it is necessary to conside 
not only the actual equivalent linear gain of the non-linearit} 
to a sinusoidal signal, but also the gain to a small d.c. signal i 
the presence of the sinusoidal signal. When, for example, th 
magnitude of the sinusoidal input to the system of Fig. 1(6) i 
such that linear operation takes place, the gain through 
non-linear element is positive and equal to unity for the sm 
d.c. signal, and through the linear elements, i.e. from e, to e; 
Fig. 1(b), the gain to the small d.c. signal is negative. 
overall sign of d.c. feedback is thus negative and the syste 
possesses d.c. stability. If, when non-linear operation tak 
place, the gain through the non-linear element becomes negati 
for the small d.c. signal, the overall feedback is positive 
d.c. instability results. The gain of the non-linear element 
the small d.c. signal in the presence of another signal is a 
to as the d.c. incremental gain.? Under symmetrical operatio 
with no superimposed d.c. input the d.c. incremental gain of 
for example, the non-linear elements of saturation and deag 
space is positive in the presence of all magnitudes of sinusoicai 
input. This is not the case for the l.f.v. type of non-linearity 
where, under symmetrical operation, the d.c. incremental gaits 
can become negative. Thus, to understand the performance o 
a closed-loop system containing the 1.f.v. non-linearity it become: 
necessary to evaluate the response of the non-linearity to am 
a.c. signal in the presence of a superimposed d.c. signal, i¢ 
under non-symmetrical operation. The slope of the d.c.-out 
put/d.c.-input curves, taken for various fixed a.c. inputs, give; 
the incremental d.c. gain. To include the case of non-symm 
metrical operation, a wide range of d.c. inputs needs to %« 
considered. 

Evaluation of the fundamental and d.c. content of the outpu 
is obtained by Fourier analysis, but involves a considerabi) 
amount of calculation. Results were, in fact, obtained using : 
digital computer, the input waveform being represented by spa 
values at angular intervals of 2°. These data are plotted iti 
Figs. 3(a) and (6), all magnitudes having been normalized witit 
respect to the limits +A of linear operation. It will be observee 
that, for input sinusoidal magnitudes greater than unity, thi 
slope of the d.c.-input/d.c.-output curve at the origin is negative 

Similar results are obtained where the output from the erro 
detector is proportional to the sine of the true error, as in th! 
case of magslips used for position measurement. A theoreticz 
analysis of the response of this non-linear characteristic to . 
sinusoidal plus d.c. input is possible and is given in the Appendix 

In the feedback loop of Fig. 1(b) the net d.c. component i 
the sum of the control signal and the (normalized) load force 
L, must be approximately zero, since the d.c. gain through thi 
assumed plant transfer function of w2/p? is high. Thus, ij 
the absence of any d.c. load torque, the d.c. output from th 
non-linearity must be zero. Applying this requirement, an: 
also the condition that the d.c. incremental gain must remai: 
positive, it is seen from the curves of Fig. 3(a) that, with no d« 
input to the non-linearity, a sinusoidal error signal of pea: 
value greater than unity results in d.c. instability. Points X; 
X, etc., represent stable operating conditions and indicate tha 
the magnitude of steady error signal varies with the a.c. inpu 
to the non-linearity. From Fig. 3(6), points Yj, Y>, ete: 
corresponding to the operating conditions at X 1, Xz, ete., ca: 
be obtained, and hence values of the fundamental output signa: 
€,. Curve (a) in Fig. 4 shows the variation of fundamenté 
output, e,, which satisfies the conditions of positive d.c. incre 


D.C, OUTPUT 


~ A.C. OUTPUT 


‘ig. 3.—Response of the I.f.v. non-linearity for various magnitudes 
: of a.c. input. 


(a) D.C.-input/d.c.-output characteristics. 
(6) D.C.-input/a.c.-output characteristics. 
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Fig. 4.—Curves showing the variation of fundamental a.c. output 
from the I.f.v. with the magnitude of a.c. input. 


(a) For positive d.c. incremental gain and zero d.c. output. 
(b) For zero d.c. input to the non-linearity. 
(c) For positive d.c. incremental gain and a d.c. output of 0-15. 


ental gain as a function of the sinusoidal input amplitude. 
he same relationship determined on the erroneous assumption 
vat d.c. conditions can be ignored is shown in curve (5). A 
nall hysteretic effect is seen to be included in curve (a). This 
fect is due to the different entry into change-over from linear 
y non-linear operation, or vice versa, when the input amplitude 
increased, or decreased, and it will occur also in the case 
xt to be considered, when a finite load force, L, has to be 
vercome. 
Fig. 5 shows the closed-loop frequency response for two 
agnitudes of input 0;, normalized with respect to h, the limit 
f linear operation of the non-linearity. This response is 
ptained* by combination of curve (a) in Fig. 4 with loci for 
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Fig. 5.—Closed-loop frequency response. 
(a) Linear system. 


4 = 1: 


(c) 6; = 2-0. 


the response of the linear elements of the system with Tw, = 2 
and w, = 1000rad/sec. Experimental points obtained using a 
simulator are seen to be in close agreement. The simulated 
L.f.v. non-linearity had a slope of —10 (not infinite) outside the 
linear regime, which, together with the imperfect ‘break points’, 
partly accounts for the divergence of experimental and theoretical 
results in the region of the d.c. jump, although it is to be expected 
that harmonics, ignored in the analysis, will also contribute to 
the slight differences observed. 

When a constant load disturbance, —L, exists, the non- 
linearity has to provide a d.c. output of magnitude +Z, since 
the sum of these two signals must, in the system of Fig. 1(6), be 
zero. The particular case of L = 0-15 is considered as an 
example: the d.c. operating points for various magnitudes of 
sinusoidal input are then U,, U,, U3 and U, [Fig. 3(@)]. The 
corresponding points V,, V2, V3 and V4 showing the a.c. output 
are indicated on Fig. 3(b). The non-linearity is now described 
by curve (c) in Fig. 4, which would be used to calculate the 
closed-loop frequency response. As seen from Fig. 3(a) the 
d.c. output of 0-15 from the non-linearity can only be obtained 
provided that the a.c. input is less than about 2-2: the system 
loses control if the a.c. input exceeds this value. 

The procedure for obtaining the above operating conditions, 
for the case when constant load torque exists, would, in fact, 
have to be carried out in all similar cases, irrespective of the 
type of non-linearity; i.e. a series of curves for the particular 
non-linearity would be required to calculate the resulting non- 
symmetrical operation. 


(2.3) Response to Random Signals 


Figs. 6(a) and (5) show how the d.c. output and the equivalent 
gain for the l.f.v. non-linearity vary with d.c. input for various 
powers of Gaussian random input signal; the curves were 
obtained using cursors.’ For all input powers, the d.c. incre- 
mental gain is positive at the origin, and thus, in all cases, 
symmetrical operation about the non-linearity takes place when 
L is zero. For large random input signals the maximum d.c. 
output which can be obtained from the non-linearity becomes 
very small, and thus only a small disturbance, L, which may be 
caused by d.c. drift in the error amplifier or by low-frequency 
distortion products,® can cause instability. It is of interest to 
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note that the curves of Figs. 6(a) and (b) are simply related 
since the equivalent gain is equal to the d.c. incremental gain’ 
(slope of d.c. output/input curve) with a Gaussian random input. 
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Fig. 6.—Response of the I.f.v. non-linearity for various magnitudes 
of random signal input. 


(a) D.C.-input/d.c.-output characteristics. 
(b) D.C.-output/equivalent-gain characteristics. 
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Fig. 7—Compensating circuit to prevent loss of control. 


(a) Composition of overall non-linearity. 
(b) Hysteretic memory circuit. 
(c) Characteristic of l.f.v. and memory circuit in series. 
(d) Overall non-linear characteristic. 
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(3) COMPENSATION OF THE L.F.V. NON-LINEARITY | 
BY INCLUSION OF A MEMORY CIRCUIT . 

The adverse behaviour of a system containing an 1.f.v. non 
linearity occurs mainly because there is no indication of erro 
when the error magnitude is greater than +h. Ideally, there 
fore, a memory circuit is required to correct this characteristic 
so that a positive signal is stored for large positive errors, anc 
a negative signal is stored for large negative errors. A simp 
form of correcting circuit is the hysteretic memory circuit o 
Fig. 7(b), with ‘dead zone’ +h,,, inserted immediately after the 
Lf.v. non-linearity. For purposes of analysis it is desirable t 
treat the series combination of the 1.f.v. and memory circuit a: 
one overall non-linear element; the theoretical input/outpu 
characteristic is shown in Fig. 7(c) for the range0°5<h,,/h<1-6 
Owing to the simplicity of the memory circuit, the overal 
characteristic does not behave ideally, but if the components 9 
the memory circuit are suitably chosen, a good approximatie 
can be obtained over the desired frequency range of operatioz 
(At high frequencies the capacitor C is unable to charge u 
completely and at low frequencies it loses its charge through tx 
resistor R.) R is included so that the output returns to zere 
when the input is decreased below the level /,,,. 

To eliminate the dead zone and reduce the phase shift obtaines 
using the series combination of the I.f.v. and memory circuit, : 
signal direct from the Lf.v. non-linearity output is added to , 
times the signal from the memory circuit, as shown in Fig. 7(4) 
This produces an overall non-linear characteristic of the fora 
shown in Fig. 7(d). The parameters p and h,, can be varied & 
suit a particular design. Factors affecting the choice of thi 
values of p and 4,, may be summarized as follows: 

(a) The normalized range of linear operation is reduced to Aypf, 
and therefore h,,/h should be large. 

(6) A signal p(h — hm) = ph(1 — hylh) is obtained for larg 
errors and therefore h,,/h should be small and p should be large. 

(c) The phase shift introduced (with large sinusoidal signal) 6 


BUFFER 


OUTPUT 


PhU-hp/h) 


(d) 


‘the memory circuit is increased if h,, or p is i d 

rd od ee m OF p is increased and therefore 
»From a consideration of the above factors, values of hylh = 
6 and p= 1-0 have been taken, representing a compromise 
tween the conflicting requirements. The overall non-linearity 
-en behaves as indicated in Fig. 7(d). 
H 


) ©) PERFORMANCE OF THE MODIFIED SYSTEM 


(4.1) Step Response 


For errors greater than |h| [region (i) Fig. 8(a) and (b)] the 


patrol signal has a limited value h — hy; Over this region the 


VELOCITY 


POSITION 


Fig. 8.—Step response of modified system. 


(a) Phase plane. 
(6) Overall non-linearity output. 


yutput can reach a maximum velocity of (A —/h,,)w,/2 with 
he system critically damped, i.e. Tw, = 2. When the error 
alls below |h| the response follows the trajectory (ii), (iii), (iv), 
tig. 8(a), the corresponding output from the non-linearity being 
is shown in Fig. 8(5). A small residual error can result, with 
naximum possible value 0:°3/ (for h,,/h = 0-6). This can be 
yvercome by the use of a coarse/fine system, whereby the 
nemory circuit is made inoperative for errors below, say, 0°5/; 
x by the inclusion of an a.c. coupling in the memory circuit 
yf Fig. 7(b), thereby converting it to a transient memory. 


(4.2) Frequency Response 


Fig. 9 shows the d.c. input/output characteristic of the overall 
lon-linearity for various magnitudes of sinusoidal input, from 
vhich it can be seen that the incremental d.c. gain is positive 
t the origin, except for sinusoidal inputs of approximately 
nity. Thus the modified system, i.e. the overall non-linearity 
eplacing the I.f.v. non-linearity in Fig. 1(5), will have no d.c. 
tror for large input signals, and usual techniques (neglecting 
he requirement of positive d.c. incremental gain) can be used 
n the analysis. 

The phase lag introduced by the circuit is shown in the 
lescribing-function locus (Fig. 10) for the overall non-linearity. 
The open-loop frequency response locus for Tw, = 1 of the 
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Fig. 9.—D.C.-input/d.c.-output characteristics of overall non-linearity 
for various magnitudes of a.c. input. 3 
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Fig. 10.—Polar response loci for the compensated system. 


(a) Describing function for overall non-linearity. 
(6) Open-loop frequency response of linear elements 
(Two = 1, @ = 1000). 


basic system in Fig. 1(5) is also shown in Fig. 10, and it is seen 
that the system should now be stable for all values of input 
signal. Stability under these conditions is verified by simula- 
tion; reduction of the damping produces oscillations within 
+10% of the conditions predicted using the describing-function 
technique. 

(4.3) Response to Random Signals 


Experimental results show that the d.c. incremental gain of 
the overall non-linearity is positive for no d.c. input in the 
presence of a random signal of any magnitude. The perfor- 
mance of the modified system subjected to random inputs is 
satisfactory and there is no tendency towards loss of control 
with large inputs, as was the case with the original system. 
Theoretical analysis of double-valued non-linearities subjected 
to random inputs is somewhat difficult: experimental observa- 
tions suggest that an equivalent-gain approach does not provide 
an accurate description. Experimental minimization of the 
mean square error, in a selected narrow bandwidth of the input 
spectrum between the output from a hysteretic non-linearity 
and a variable-gain element, shows that the equivalent gain 
varies appreciably with the bandwidth selected, being higher 
and with smaller phase lags for the lower-frequency components 
of the input spectrum. 


(5) CONCLUSIONS 


Analysis of the stability of an L.f.v.-type system is found to 
require a ‘2-dimensional’ approach, d.c. incremental gain being 
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required as well as a.c. gain. The intolerable behaviour in 
regard to loss of control in the basic |.f.v. system is shown to be 
alleviated by the inclusion of a simple hysteretic memory circuit. 
Better compensation could undoubtedly be obtained by a 
superior form of memory circuit should the added complication 
justify the improvement obtained. 
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(8) APPENDIX ' 
Sinusoidal Error Detector Characteristic 
The equation of an error detector, using magslips, is 
eo = Asine; 


For an input consisting of a sinusoidal signal of peak value 
and a d.c. signal, b, 


e; =asinO+b 
and hence 
e, = Asin (asin 8 + 5) 
= A [sin (asin 8) cos b + cos (a sin 9) sin b] 


Thus, the fundamental component of the output is | 


2m 
: I {cos b [sin (a sin @) sin 6] + sin b [cos (a sin @) sin 6]}d0 
0 


= A {cos b27J,(a) + 0] = 2AS,(@) cos 

where J, is the first-order Bessel function. 4 
The d.c. output is 

| 


S [cos b sin (a sin 6) + sin b cos (a sin 6)]d6 
J “(0 + sin 627J,(a)] = AJy(a) sine 


where J(a) is the zero-order Bessel function. 

Thus, d.c.-input/d.c.-output curves for various a.c. inputs, 4. 
are sine curves with amplitude Jo(a). The d.c. incremental oad 
for zero d.c. input is AJp(a) and this becomes negative when 
a> 2-405. Therefore, if the non-linearity is in a closed. loam 
system, a d.c. jump from symmetrical operation to non 
symmetrical operation with a d.c. input of 7 takes place wher! 
the peak a.c. input exceeds 2-405. 


) 1.316.925 : 621.315.1 
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. SUMMARY 
| On power lines the currents which flow solely in the phase conductors 
jwvel near the velocity of light whereas those which return through the 
¢ound and overhead earth wires travel more slowly, the speed depend- 
4Z on the line spacings, conductor sizes and nature of the ground. 
fie full steady-state equations for a 3-phase line are developed and a 
) ticular line is examined to show the magnitude of this effect. The 
ect of transposing a line is also indicated. 
The steady-state performance of basic distance protection fitted with 
/Mpensating equipment to allow for the effects of the currents in the 
jund phases during earth faults is studied, using the line equations. 
|is shown that large errors of measurement occur under earth-fault 
jnditions on long lines fed from small sources. The performance 
r faults which do not involve earth is satisfactory. 
It is shown that non-transposition of a line makes the apparent 
jrpedance of a fault on a line depend on the source impedance. This 
i further errors in the assessment of the positions of faults of 
types. 
The high transient time-constants on long lines increase the chance of 
aloperation during the transient period. 
| It is concluded that distance protection may not be satisfactory on 
zy long lines and that a study must be made of the complete power 
‘stem before a decision can be made about its suitability for any 
jarticular application. 


LIST OF SYMBOLS 
p = Resistivity of ground. 
1 = Positive- and negative-sequence propagation 
coefficient. 
Yo = Zero-sequence propagation coefficient. 
f = System frequency, c/s. 
Vzq = Generated e.m.f. in phase A. 
\Ybcs etc. = Admittance between phases B and C, etc. 
Zep etc. = Voltage drop per metre along phase C due to unit 
| current flowing in phase B, etc. 
| Zapp = Apparent impedance seen by a measuring element. 
Zo, = Positive- and negative-sequence characteristic 
impedance. 
Zoo = Zero-sequence characteristic impedance. 
7612 Z32» Zy9 = Sequence impedances of the source. 
| Suffixes used in association with the current and voltage 
‘ymbols: 
1, b, c and d = Quantities associated with phases A, B, C and 
the neutral or earth. 
s = Sending-end quantities. 
x = Fault-position quantities. 
1 = Positive-sequence quantities. 
2 
0 


= Negative-sequence quantities. 
= Zero-sequence quantities. 


(1) INTRODUCTION 


Although Merz-Price-type protective equipments operate 
atisfactorily on relatively short lines, they are unsuitable for 
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lines in excess of about 100 miles because of difficulties introduced 
by the line-capacitance currents and the transit time for the 
comparison signals to be interchanged between the line ends. 
The second factor does not affect distance-type protective 
schemes, as in these the positions of faults are determined by 
measuring elements to which the appropriate voltages and 
currents are applied. In addition, it is generally considered 
that allowance can be made for the effects of the line-capacitance 
currents when setting the measuring elements, and, as a result, 
distance protection is now regarded as the most suitable equip- 
ment for protecting long lines. 

Very long extremely-high-voltage lines will seldom, if ever, 
be used in radial systems, and therefore, because of the system 
interconnection, when a fault occurs on such a line there will 
normally be fault current fed to it from both ends of the line. 
One of the ends may, however, at times be supplied only from 
a fairly remote generating station through a circuit of appre- 
ciable impedance, in which event the current fed into a line 
fault from that end may be very small. This result can, for 
convenience, be simulated by assuming an equivalent source of 
the appropriate apparent power at the end of the line. In 
under-developed countries where the amount of interconnection 
is small and where, in addition, the sources may tend to be small 
at certain times of the year, it is possible that the apparent power 
of the equivalent source may fall to very low values. 

If distance-type protective equipment is applied to such lines 
it should operate correctly, even under the above conditions, 
and it should thus be capable of assessing fault positions cor- 
rectly at very low fault currents. This has been recognized, and 
in recent years a number of types of distance-measuring element 
have been produced, all of which operate at an almost constant 
ratio of voltage to current input over a wide range of current 
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Fig. 1.—Characteristic of a typical modern impedance-measuring 
element. 


and voltage, a typical characteristic being shown in Fig. 1. 
Some of these elements can operate satisfactorily down to 2-3% 
of normal voltage, and they are thus very suitable for systems 
where high source impedances may be encountered. 
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Tests have been made in laboratories on the various types of 
measuring elements and on complete protective schemes applied 
to mimic lines. Large-scale testing of schemes applied to actual 
lines has not been carried out, however, as lines cannot be 
obtained for test purposes for long periods. 

The mimic lines used in protective-equipment laboratories are 
usually designed primarily for simulating short- and medium- 
length lines, and, as a result, they have the following limitations: 

(a) No allowance is made for the distributed nature of line 


impedance. y 
(b) No allowance is made for the effects of asymmetric conductor 


configurations. 

(c) The differences in behaviour between the zero-sequence and 
the positive- and negative-sequence quantities tend to be ignored. 
Because of the above limitations it was felt by the author that, 

if protective schemes intended for use on very long lines were 
tested in conjunction with such mimic lines, there might be 
errors of a magnitude which could not be neglected when the 
schemes were operated on the actual lines. In the following 
Sections, therefore, the behaviour of long lines is examined 
analytically and then the errors in the performance of distance 
protection are investigated. As it is difficult to assess the 
importance of such errors from the general equations, a par- 
ticular line is studied and the magnitudes of the possible effects 
are indicated. 


(2) BEHAVIOUR OF LONG LINES 


In the early days of overhead-line transmission the phase 
conductors were usually transposed. The benefits obtained 
from this practice are small, but the cost of making transpositions 
on extremely-high-voltage lines is quite considerable, and there- 
fore, while some supply authorities continue to transpose their 
lines, others now leave them untransposed. The behaviour of 
both these types of lines is considered below. 


(2.1) Performance of Asymmetrically-Spaced Untransposed 
Lines 


When a fault involving earth occurs on a multi-phase line, 
some of the residual current returns through the earth itself 
while the remainder returns through the overhead earth wire or 
wires. It is well known that current waves associated with a 
conductor and the earth travel at a velocity considerably less 
than that of light. Allowance is made for this when a line is 
studied analytically by using an image conductor in the ground to 
determine the line-to-earth capacitance and a return conductor 
at a considerable depth in the ground to determine the induc- 
tance. Residual-current waves returning in the earth wires of 
a line would travel near the velocity of light if the effect of the 
presence of the earth itself could be nullified. In practice, 
therefore, residual-current waves, which must travel at the same 
velocity in both earth wires and ground since they are bonded 
together at frequent intervals, will travel at a velocity between 
that which would obtain in a line without earth wires and that 
of light. The actual velocity of propagation of the residual 
current in a line is dependent on various factors including the 
line spacings, the conductor radii, the earth-wire material and 
the nature of the ground over which the line passes. 

The currents which circulate only in the phase conductors are 
not appreciably affected by the presence of the ground and thus 
they travel at nearly the velocity of light. The actual velocity 
is slightly below the ideal one because of the losses in the line 
and the effect of the internal inductance of the conductors. 
The latter factor causes the velocity to depend on the line con- 
figuration, and, as a result, there is not just one propagation 
velocity for all currents traversing paths in the phase conductors 
when the line is asymmetrically spaced. 
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In Appendix 7.1 the steady-state current equations for u 
asymmetrically spaced line are derived, and it can be seen fror 
these that the above results are obtained, there being three propa 
gation coefficients—one for the residual current and the tw 
others for the currents circulating in the phases. Because of th 
large number of terms in the equations their significance cann¢ 
readily be appreciated, and therefore the appropriate numeri 
values for the assumed 500 kV line shown in Fig. 2 were inert 


EARTH WIRES) 
3/8" DIAMETER 


EFFECTIVE DIAMETER 3” 
RESISTANCE= 0-04 OHM 


Fig. 2.—Assumed 500kV line configuration. 
i 
the results obtained being given in eqns. (18)-(20). The effect: 
of the ground, losses, etc., on the propagation coefficients cag 
be seen from these equations. It will be noted that the tw 
inter-phase propagation coefficients are both near the ideal vali 


of 1:69 x 107-3 90°. The propagation coefficient for the residua 


current is considerably above the ideal value, being 2:62 » 
10~3|89° 23’, which corresponds to a velocity about Botha 
that of light. 

As stated in Appendix 7.2, the above results were obtaine¢ 
by assuming that the ground can be replaced by an equivalem 
conductor at a depth of 3000ft below the surface when contr 
sidering inductive effects. While the assumption of a different 
effective depth would naturally have affected the results, tht 
differences would not have been great, since the various impe 
dances are dependent on the logarithms of the spacings. 


(2.2) Performance of Ideally Transposed Lines 


When a line is transposed the number of transpositions i 
usually small, but these nevertheless tend to make the per 
formance approach that of an ideally transposed line. On suc: 
a line the phases behave identically, and, as a result, there ar: 
only two propagation coefficients, one for those currents whick 
circulate solely in the phase conductors (positive- and negative 
sequence currents) and the other for the residual or zera 
sequence currents. This is shown in eqns. (30) and (31). It caa 
also be seen that the zero-sequence characteristic impedance a 
a line is different from that for the positive and negativi 
sequences. 

The propagation coefficients and characteristic impedances fo 
an ideally transposed line of the configuration shown in Fig. 
were determined by substituting the appropriate values in th! 
equations of Appendix 7.3, the results being: 


Positive- and negative-sequence propagation coefficient (yp) 
= 1-719 x 10—3|88° 1£ 
Zero-sequence propagation coefficient (Yo) 
= 2-620 x 10~3)89° 23 


Positive- and negative-sequence characteristic impedance (Z,;) 


- = = 365|— 1° 49’ 
(a pete ts 
Zero-sequence characteristic impedance (Zo) 

= 690/338" 


It can be seen, by comparing these results with those obtained 
ee previous Section, that transposing a line does not greatly 


fect the propagation coefficients. 


(3) PERFORMANCE OF DISTANCE PROTECTION 


There are many arrangements of distance-type protective 
hemes, all of which, as stated earlier, have means whereby the 
ysitions of faults are assessed by applying the appropriate 
iitages and currents to measuring elements. The schemes 
ust operate correctly for 3-phase, inter-phase and phase-to- 
rth faults. The ways in which this is attempted will be 
amined in the following Sections. 

It will be assumed initially that a scheme is to be applied to an 
eally transposed line and that all the faults which occur are 
mplete short-circuits. The second assumption ensures that, 
the fault position, there is no voltage between the faulty phases 
r faults not involving earth, and that there is no voltage 
‘tween the faulty phases and earth during earth faults. Both 
sumptions tend to make the operating conditions of the pro- 
ction .easier, and, as a result, the performance and accuracy 
| obtained will represent the best which can be achieved. A 
tther assumption which will be made is that the main voltage 
d current transformers have transformation ratios of unity, 
that the number of symbols in the various equations is kept 
aminimum. In practice, a constant factor would have to be 
troduced to allow for these transformations. 


(3.1) Single-Phase-to-Earth Faults 


At the fault position, assumed to be a distance x along phase 
, the voltage to earth is zero and therefore substitution in 
nm. (31) gives 


xa i Vea = Var + Vaz) cosh 1x + Vo cosh ox 
! aad When =F Tsa2)Z01 sinh Vix — I59Zo0 sinh Yor = 0 (1) 


It is not possible, because of the complexity of the above 
juation, to express the distance x to the fault as a simple 
inction of the various line voltages and currents. On very 
1ort lines, however, the following simplifying assumptions can 
2 made: 

i 

{ 

; 


cosh y;x = cosh yox = | 
sinh y;x = y,x and sinh yox = yox 


| Substitution of these approximations in eqn. (1) gives 
a. 


: Vea — Vsa = [saZory1 + Ls0(Zoovo — Zoryv)]x 
Veen 


sa 


= ; (2) 
TsaZor¥1 + Ls0(Zoovo — Z01Y) 


herefore <x 
| 
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where 
Z, = 3(Zooyvo + 2Zory1) and Z,, = HZoovo — Zoiy) 


To obtain correct discrimination, the phase A earth-fault relay 
must determine, from the information given to it, whether faults 
are within a given distance of the sending end of the line, i.e. 
whether x is below a particular value. 

Although there are a number of types of measuring elements 
available, they all work on the basic principle that the movement 
is restrained by one quantity and is operated by another. 
Ideally, neglecting such factors as the friction of the measuring 
element, etc., operation will occur whenever the operating signal] 
exceeds the restraining signal. Using such an ideal element, 
restrained by a signal proportional to the phase-A’-to-neutral 
voltage at the sending end of the line and operated by a signal 
proportional to Z,/,, + Z,,U0 + J;-), it can be seen from 
eqn. (3) that operation will always occur for faults within a 
given distance along the line. The operation is correct whatever 
currents are flowing in the sound phases (Band C). Because 
of this, the well-known principle of feeding the earth-fault 
elements with an operating signal made up of proportions of 
all three phase currents is called ‘sound-phase compensation’. 

It is evident from eqn. (2) that correct operation can also be 
obtained for earth faults on phase A of a short line by feeding 
the A-phase measuring element with an operating signal made 
up of proportions of the zero-sequence and A-phase currents 
at the sending end of the line. This commonly-used arrange- 
ment, which is known as ‘residual compensation’, gives precisely 
the same results as sound-phase compensation. 

Distance protection provided with one or other of the above 
types of compensation is applied at present on all lengths of 
lines, and clearly there must be measuring errors on the longer 
lines since both types of compensation are based on assumptions 
which are only valid on short lines. 

In Appendix 7.4, the ratio of the phase-A-to-neutral voltage 
to ZsTsq + ZmUsy + Isc) is determined without making any simpli- 
fying assumptions. The expression for this ratio [eqn. (43)], 
which can be regarded as the apparent impedance seen by the 
A-phase earth-fault element, is very complex. It can, however, 
be seen that it is no longer directly proportional to the distance 
between the fault and the sending end of the line. It is affected 
by the currents in the sound phases, and also by the zero- 
sequence impedance of the source. The effects of these factors 
cannot be judged from the general equations, and therefore 
various particular examples are considered below to determine 
the magnitudes of the possible errors. 

For an earth fault on phase A when there is zero current 
flowing in the two sound phases at the fault position, eqn. (43) 


becomes Pee M +2N 
RS TERY G) 


If the values for a 500kV loss-free line of the configuration 
considered earlier are inserted in this equation, and it is assumed 
that the source impedance is purely inductive, the apparent 
impedance is given by 


690 sin yox cos yx + 730 sin yx cos yox + X49 (Cos y1x COS yox — 1 — 1-06 sin y;x sin Yox) 


Z, 


Substitution of I,9 = $(q + Isp + Isc) in this equation gives 


at 3 pat Va) 
i: Ty(Zoo¥o + 2Z01¥1) + Use + Lsc)(Zoovo —- 20171) 
Vee i? V sa 


ae. (3) 
ee i ey Ae 


VoL. 108, PART C. 


aie I 690(1-51 — sin yx sin Yox + 1:06 cos y1x cos Yox) — X go (Sin y1x COs Yox + 1:06 cos 1x Sin Vox) 


The variation of this apparent impedance with change in the 
zero-sequence source reactance for faults at various distances 
along the line is shown in Fig. 3. It can be seen that the varia- 
tion for an earth fault 200 miles along the line is only about 12% 
for a range of zere-sequence source reactances between 0 and 
500 ohms, i.e. for sources from infinity down to 100MVA at 
500kV assuming a zero-sequence reactance of 20%. For faults 

10 
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Fig. 3.—Variation of the apparent impedance seen by a relay for 
3-phase and single-phase earth faults at various distances from 
the sending end of a line. 


(a) 3-Phase fault 200 miles along line. 
(b) 3-Phase fault 350 miles along line. 
(c) 3-Phase fault 500 miles along line. 
(d) Earth fault 200 miles along line. 
(ce) Earth fault 350 miles along line. 
(f) Earth fault 500 miles along line. 


500 miles along the line, the apparent impedance varies greatly 
and it can even appear capacitive for the higher source 
impedances. 

On a practical line, because of the losses, the impedance seen 
by the measuring elements will not fall to zero, nor will it 
suddenly change from purely inductive to purely capacitive. 
Large changes will nevertheless occur on long lines with relatively 
low losses. 

The effect of current flow in the sound phases of the above 
loss-free line was determined from eqn. (43), the results obtained 
being shown in Fig. 4. These loci for various sound-phase 
current conditions again show that the variations are not great 
for faults 200 miles along the line but that they can be very 
great for faults 500 miles along it. They also show that the 
greater the size of the source, the smaller is the variation. 

It will be noted in the above that sources down to 100 MVA 
have been considered. While a long extremely-high-voltage line 
could never be energized solely from such a source, it is quite 
possible, as stated earlier, that a line could be connected to a 
large source at one end and appear to be connected, owing to 
the system interconnection, to a source as small as 100 MVA at 
the other. 

It is evident from Figs. 3 and 4 that correct operation can 
never be achieved for earth faults on very long lines which may 
at times be fed from a small effective source, as it is possible 
for faults which are actually towards the remote end of the line 
to appear nearer than faults which are close to the sending end. 
The normal discriminating basis is thus not applicable and the 
ability of modern measuring elements to operate with small 
sources and low fault currents is valueless in such applications. 
It is also clear that there is a considerable risk of the earth-fault 
elements causing the line to be tripped incorrectlv for faults 
beyond its remote end, as such faults may present a very low 
impedance to the measuring elements and thus appear to be 
on the line. 


(3.2) Phase-to-Phase Faults 


For a fault between phases A and B, the voltage between these 
phases at the fault position is zero, and therefore 
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Fig. 4.—Loci of the apparent impedances seen by a relay during 
an earth fault. 


Zero-sequence source reactance = 20% i 
(a) Fault 200 miles along line. (6) Fault 500 miles along line. } 


For such a fault, there are no zero-sequence quantities present 
and thus it can be seen from eqn. (31) that 


aa .% V sq2) cosh Visa sat a T5a2)Zo1 sinh Vix 


= (Voa1 + Vop2) cosh yyx — 551 + 152)Zo1 Sinh yh 


Ke Pa V 


Therefore = Zo, tanh y,x 
Isa was Isp 


In this instance, if the AB phase-fault relay is fed with ¢ 
restraining signal proportional to the difference of the sending 
end voltages of the A and B phases and an operating sign 

proportional to the difference of the sending-end currents iti 
phases A and B, operation will always occur when tanh yix fall: 
below a fixed value. The protection will thus perform correctl! 
and will operate only for faults up to a fixed distance along the 
line. Operation is not dependent in any way on the current iti 
the sound phase, or on the source impedances, and is satisfactory 
for all lengths of lines. 


(3.3) Three-Phase Faults 


i For a 3-phase fault, the voltages between phases and to earth 
» the fault position are all zero, and thus 


gel cuir Veg de tee xe — Vig = 0 


| In addition, there are no zero-sequence quantities present. 
in this basis the equations in the preceding Section are still 
i \yplicable and therefore the AB phase-fault measuring element 
) ill operate as though there were a 2-phase fault between phases 
).and B. It will, as before, elit he correctly for all lengths of 


| It is clear that the two other ae fault measuring elements 
_-A and BC) will receive similar signals and thus they also will 
1 iperate and clear the fault correctly. 

| The phase-A earth-fault measuring element receives signals 
“roportional toy, —Vaand I, 4+ (fF, 1 1)2,,/Z,. As. all 
ie conditions laid down in Appendix 7:4 also apply during 
i -phase faults, the apparent impedance seen by the element is 
i: ill given by the same formulae. 

| Substitution from eqns. (41) and (42) with the zero-sequence 
‘rms omitted gives 


{ 
i 
| 


t 


i 
Zapp = — tanh y,x 
‘ Y1 
This, again, is not dependent on the source conditions, and 
‘orrect operation of the earth-fault elements is thus obtained 
i mder 3-phase fault conditions for all lengths of line. 


(3.4) Compensation Equipment 


It has been shown in Section 3.1 that compensation equipment 
nust be used in conjunction with the earth-fault measuring 
Hements, as otherwise the operation is dependent on the sound- 
jyhase currents, even on short lines. 

| When using sound-phase-compensation equipment, three out- 
yut currents are required, one for feeding to each of the earth- 
ault measuring elements. 
eae a proportion of the current in one of the phases and 
smaller proportions of the currents in the other two phases. 
These proportions should, as shown earlier; be in the ratio Z,/Z,,. 
tn practice, Z, and Z,, have almost the same phase angle, and 
therefore, to keep the equipment as simple as possible, the 
dhase difference is ignored and a transformer with three primary 
windings and one secondary winding per phase, connected as 
shown in Fig. 5, is used. By making the primary turns in the 
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5.—Sound-phase-compensation transformer. 
N;/N2 = |Zs/Zm| 


Fig. 


ratio of the magnitudes of Z, and Z,,, as shown, the desired 
outputs can be obtained within reasonable limits. There is, 
nevertheless, a small error present in such compensating equip- 
ment, although it is undoubtedly small compared with the error 
examined in Section 3.1. 
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Each of these output currents should. 


ANS) 


When residual compensation is used, each earth-fault element 
is fed with suitable proportions of a phase current and the zero- 
sequence current. To obtain accurate performance, one of these 
currents should be phase-shifted to allow for the phase difference 
between the terms in the denominator of eqn. (2). In practice, 
however, the residual compensation equipment is usually 
arranged as shown in Fig. 6, the phase correction being omitted 
for simplicity. Thus, such equipment also causes a small error 
to be introduced. 
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Fig. 6.—Residual-compensation equipment. 
Nia 3Zo1¥1 
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(3.5) Behaviour of Distance Protection on Untransposed Lines 


In the preceding Sections the behaviour of distance protection 
applied to ideally transposed lines has been examined. As, 
however, some lines are untransposed, the extra effects due to 
this factor will now be examined. 

By using eqns. (15)-(17) and the corresponding voltage 
equations, the various voltages and currents at the sending end 
of a line can be determined for any fault and source conditions. 
As the equations tend to be quite complex, their significance 
cannot readily be appreciated. To illustrate the effect of the 
line asymmetry clearly, the ratios of the sending-end phase-to- 
neutral voltages to their corresponding phase currents were 
determined for a 3-phase fault on the line shown in Fig. 2, for 
various source conditions. It was shown that the ratios were 
not affected by the presence of positive-sequence source impe- 
dance and that the effect of negative-sequence source impedance 
was very slight. An appreciable change in the ratios is produced, 
however, as the zero-sequence source impedance is varied. 

The variation in the ratios with zero-sequence source impe- 
dance is shown in Fig. 7, assuming a 3-phase fault 500 miles 
along the line. It can be shown that the addition of earth- 
fault compensation of the types described earlier does not 
eliminate these variations caused by the line asymmetry, effects 
similar to those shown in Fig. 7 still being obtained. 

These variations introduce an error into the assessment of 
fault position since faults in a given position have apparent 
impedances which are dependent on the source impedance. 
This error is, however, relatively small, being only about 7% for 
sources ranging between zero and infinite impedance. 

Although the above work shows only the behaviour during 
3-phase faults, similar effects occur for other types of fault. 
Again the errors are small, and thus it is clear that the lack of 
transposition does not seriously affect the performance of 
distance-type protection. 


(3.6) Transient Behaviour of Distance Protection 


The earlier work has all been based on steady-state conditions. 
As it is vital that maloperation should not occur under any 
conditions, the transient behaviour must also be considered. 
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Fig. 7.—Variation of the impedances seen by relays with zero-sequence 
source impedance for a 3-phase fault 500 miles along a line. 


At positions marked © the source impedance is zero. 
At positions marked o the source impedance is infinite. 
Dotted loci are for resistive sources. 

Full loci are for inductive sources. 


The losses per unit length of normal 132kV lines are appre- 
ciable, and therefore transient travelling waves are damped fairly 
rapidly. In addition, the frequency of the travelling waves 
tends to be high because of the large number of reflections which 
occur when lines are relatively short. This causes an increase 
in the effective source and line resistances which further increases 
the damping of the transients. 

The steady-state resistance of long lines suitable for operating 
at 5O0kV will usually be low, and this, combined with the low 
frequency of the travelling waves, will cause the line transients 
to persist for considerable periods. 

It is inevitable that there will be distance-measuring errors 
during the transient period, but as these are dependent on the 
designs of the individual relays, they cannot be examined in a 
general manner. It is clear, however, that the chances of 
maloperation will be greater on long extremely-high-voltage 
lines than they are on shorter lower-voltage lines, where the 
transients normally become insignificant within the operating 
time of the relays. 


(4) CONCLUSIONS 


On 3-phase lines of any configuration, the residual currents 
tend to travel more slowly than those which circulate only in 
the phase conductors. This is because of the presence of the 
ground. A further factor, which is important when considering 
distance protection, is that such lines have a number of charac- 
teristic impedances which are dependent on the paths of the 
currents flowing. Ifa line were ideally transposed it would have 
one common value of propagation coefficient for positive- and 
negative-sequence quantities and another, higher, value for the 
zero-sequence quantities. It would also have one common value 
of characteristic impedance for the positive- and negative- 
sequence quantities and a higher value for the zero-sequence 
quantities. 

Distance protection operates by assessing the impedance 
between the sending end of a line and any fault on the system, 
and it is thus clear that it should allow for these differences in 
the behaviour of the sequence quantities. It is shown in 
Section 3.1, however, that the measuring elements cannot be 
fed with quantities which make the correct allowance for these 
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factors during earth faults on very long lines, although it i 5 
possible, by using the well-known sound-phase or residual types 
of compensation, to obtain satisfactory results on short lines, | 
At present these compensation equipments, which are based on }) 
assumptions which are only valid on short lines, are used on) 
all lengths of line, and, as a result, very large measuring errors } 
can occur during earth faults on very long lines if the size of | 
the source varies over a considerable range. | 
these errors to be so great that remote faults appear to be} 
nearer than faults near the sending end of the line. 
consequence of this is that the protection could disconnect thi 
line wrongly for earth faults beyond its remote end. 

For inter-phase faults clear of earth and for 3-phase faults, 
there are no zero-sequence quantities present and therefore the: 
above differences between the sequences do not cause measuring » 
errors. Distance protection will operate satisfactorily for these : 
types of fault on all lengths of ideally transposed line. 


ae 


impedance; although satisfactory operation is obtained for such ) 
faults on transposed lines, there are errors introduced into the> 
distance measurement if a line is untransposed. These errors > 
are not very serious, as they are unlikely to exceed about 7%, 
of the average impedance to the fault. Similar effects occu: 
during earth faults and these will add to the errors produced by 
the incorrect compensation. | 

The long transient time-constants which are likely on long; 
extremely-high-voltage lines make distance-type protective 
schemes more prone to maloperation, particularly if oa 


speed relays are incorporated. 

It is evident from the above that the present distance-type 
protective schemes are quite satisfactory for application to short 
lines but that they may assess fault positions quite incorrectly ” 
when they are applied to long lines, and therefore a complete 
study of the power system must be made before they can be 
reliably used on such lines. 
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7 (7) APPENDICES 


(7.1) General Steady-State Equations for a Long 
q Asymmetrically-Spaced Untransposed Line 


_As the earth wires of an overhead line are effectively connected 
| ground at each tower, the potentials along them must be the 
ime as that along the ground, and they and the ground can thus 
» replaced by an equivalent conductor having the correct 
| Ppacitances and self and mutual inductances with the phase 
pnductors. 


nthe same towers and it is not necessary to allow for the 
‘terference of a second line in this analysis. 

' The general steady-state voltage and current equations for a 
wire line are therefore adequate for considering the perfor- 
/ance of major overhead lines, and they are developed below. 


SENDING 
END 


a 


b 


c 


d 


[ssatrect ed 


Fig. 8.—Four-wire line. 
/ For the line shown in Fig. 8, 
dl. 
ae ee eee oe) Ved ae V0) 
— Yad Vea = xd) (4) 
dl 
a. ra Voa Vixen es a) a Voc Vp - V xo) 
—_ Voa Veep am Via) (5) 
dl 
Ee —— VAY xc a Ven) — Yeo! V xc — Vo) 
| — Ved Ve — Va) (6) 
dl 
7 ~~ Vaal Vd on Vig) x Yar V xa J) 
= YaVea — Ve) (7) 


, It is clear that y,, = y.», etc., and when these substitutions 


‘i made in the above equations it can be seen that 


Flag! ee (ET tae Lr el 1 BS 
jae ee) 


i 


The voltage gradient is given by 


\ 
oe a Tas aad ToZab Xi Thy =a TaZad 
OF a 4-wire line, Lg = — Uxa + Lee + Lac) 
Therefore 
AV ga 


dx aa Gale i Zad) = L(Zab i Za) 


ae WAC As, = Ziad) (8) 
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ZT. 
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dV, 
a anits Te Zsa = Zea) > Lo(LZop = Za) 
—I,(Zpye — Zpa) (9) 
dV. 
Fea ee Pad Aes ed) — LZ eg) 
_ TAZ aad Liew) (10) 
dV... 
- a Tn (Zee ae Lad) - Lp(Zap a Zid) 


a Tec(Zate ial Zaa) (11) 


Differentiating eqns. (4)-(6) the following results are obtained: 


aie 
ke Mlxg + Moly, + Ml xc (12) 
ae = MTxq + Nylxy + Nglye - (13) 
2 
is = Dlg Pale + Palxe (14) 
where 
m =a +b + ey 
Mz = a, + by + C2 
m3; = 43 +b34+ ¢ 
m=—-a4a+a4+f; 
Tp 5 a> (0b) + fo 
NW; = — a3 + a, + f3 
|X Ae eat aA 
Pz = — by — dy + &2 
p3 = — b; — dz +83 
and 
Of VaLan PSL Loa “ Zya) 
Ga = Vat Zp a Lads ae Lop + Zpa) 
a3 = Varp(Zac — Zaa — Zoe + Zpa) 
by = Wo Zan at Lad > Za il Zed) 


by = VacdlZab — Zaa — Zep + Zea) 
b3 = VadZac Lad Zee + Zed) 
C1 = Vaa(Zaa — Zaa — Zda + Zaa) 
€2 = Yaa(Zab — Zaa — Zap + Zaa) 
€3 = Vad(Zac — Zad — Zae + Zaa) 
dt = Yp(Zpa — Zoa — Zea + Zea) 
dy = YplZyy — Zora — Zep + Zea) 
ds = YplZye — Zoa — Zee + Zeca) 
fi =Yoa Zea — Zoa — Zaa + Zaa) 
fr =Yva\ Zep — Zoa — Za + Zaa) 
f3 =a Ze — Zora — Zac + Zaa) 


Sita Ves\Zea a Lea _ Lua Ae Ziad) 
85 = Vea Zee, = Zea Zao. Lad) 
ce Ve Ze Lege 2a Zag) 


The solutions of eqns. (12)—(14) are 
Iq = A cosh \/(s)x + B sinh »/(s)x + k,C cosh /(r)x 
+ k,D sinh +/(r)x + kyE cosh +/(q)x + k,F sinh /(qx (15) 
I» = Cosh v/(r)x + D sinh »/(r)x + k3A cosh 4/(s)x 
+ k,Bsinh 4/(s)x + k4E cosh / (gx +k4F sinh +/(qg)x (16) 
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I. = Ecosh4/(q)x + F sinh +/(q)x + ksA cosh +/(s)x 
+k,Bsinh ./(s)x + kgC cosh o/(r)x + kD sinh /(r)x (17) 
The coefficients A to F are dependent on the line operating 
conditions. The other terms (k,, ky, etc., and q, r and s) are 


dependent on the constants of the line and are determined from 
the following equations: 


my, + mk, + mks =S§ 

mk, + my + make = kyr 
mk» + Mk, + m3 = kg 
n3ks = k3s 


ny + nk; 4 
nk, + + 13kg =r 
Nyky + nok, + nz = kaq 
Py + Dok3 + p3ks = kss 
Pik, + Po + P3ke = ker 
Piky + Doky + P3 = 4 


By differentiating eqns. (8)-(11) the corresponding set of 
voltage equations can be produced. 


(7.2) Steady-State Current Equations for the Line shown 
in Fig. 2 

The shunt admittances y,,, etc., can be found in the conven- 
tional manner by assuming images of all the conductors to 
exist in the ground. 

When determining the series impedances the earth can be 
replaced by an equivalent conductor at a depth, D,, below the 
ground of 2160p/f feet. This depth may vary, for a S0c/s 
system, between 350 and 10000ft, depending on the nature of 
the ground. A reasonable average value, and the one used in 
obtaining the following resu'ts, is 3 000 ft. 

The voltage gradient along the earth is normally taken to be 
zero, and, as stated earlier, this must also be the gradient along 
the earth wires. Ifa current flows along a phase conductor and 
returns via an earth path it must split between the earth wires 
and ground in a ratio which ensures zero voltage gradient along 
the earth wires. Proceeding on this basis, the voltage drops 
along the phase conductors for currents traversing the various 
possible paths can be determined, and thus the series impedances 
can also be obtained. 

Determination of the series impedances and shunt admittances 
for the line shown in Fig. 2 and substitution of the values in the 
equations given in Appendix 7.1 enables the following results 
to be obtained: 

ie7 


2 ae coal tan age 
Inq = A cosh —53-|88° 18’ x + Bsinh 1-743 x 103|88° 18 x 


Ir 0-514C,|180° 7’ cosh 1-700 < 10,788". 3 
ae 0-514D,|180° 7’ sinh 1-700 x 10-3|88° 3’ x 
oF 1-032C,|—10° cosh 2-620 xX 10-9|89°23% 
ae 1-032D,|—10" sinh 2-620 x 10—3|89° 23’ x (18) 
Tp = C; cosh 1-700 x 10~3|88° 3’ x 
+ D, sinh 1-700 x 10—3|88° 3’ x 
+ Cy cosh 2-620 x 10-3/89° 237 x 
+ Dy, sinh 2-620 x 1075 895234 (19) 
Ip, = — Acosh 1-743 x 1073/88° 18’ x 
— Bsinh 1-743 x 10~3]88° 18’ x 
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+ 0°514C,|180° 7’ cosh 1-700 x 10~|88° 3’ x 
++ 0°514D, 180° 7’ sinh 1-700 x 10~9|88° 3’ x 
+ 1:032C,|— 10’ cosh 2-620 x 10~*|89° 23x 
+ 1-032D,|— 10’ sinh 2-620 x 10~7|89° 23’ x (20 


The values of the coefficients A to D are determined from tt 
system operating conditions in a manner similar to that use 
when dealing with a single-phase line: 


Inq = A + 0-514/180° 7’ C, + 1-032|—10’ C, 
1g = Cer @ 
I,, = — A + 0-514|180° 7’ C; + 1-032|—10' Cy 


| 
1] 
} 


The current gradient at the sending end of a phase can 4 
related to the sending-end voltages as follows: 


dl. . 
eta —3]Q90 49” é =2'3) ° 10’ 
or 1-743 x 10 [88 18’ B + 0-874 x 10~°|268° 10’ D, . 


P| 


+ 2°7-X, 10=2|89eele 
= =e aa ay Vs») =a Yael ca ae Fe) Ved oe 7 


There are similar equations for the two other phases and tl: 
the constants B, D,; and D, can be found. 


sd ! 


(7.3) Steady-State Equations for a Long Ideally Transposed! 
Three-Phase Line 


On an ideally transposed line, the phases behave identica'! 
and thus | 


Yad = Vod = Yeas Lon a Lob = La 
Lig Zig = Ze 
Lis a Zab = Zac 


Making these substitutions in eqns. (4)-(11) and differe: 
tiating, / 


Vab am acum) bos 
Zab ian Zac = Loa 
La = Lud = 2ca> 


xe _ Mglq oe ms5(1,4 ~ Te) 4 A 5 ( 


ca male = msIya J q) ° ° . ¢ 


xo = mglye + m(1,4 + 1) 6. ee 
where 


UN 2Yar\Zaa = Zab) oF Vad ae aE) Zio =a Zda ie Zaa) 


and ms = YapZa5 — Zon) +YaaZan = Zaa = Laa + Ladd 
The solutions of eqns. (21)—(23) are of the form 
Tq = (A — 4B — 4C) cosh +/(mg — ms)x 
+ (D — SE — $F) sinh /(m, — ms)x 
+ Gcosh »/(m, + 2ms)x + H sinh \/(m, + 2m;)x (2! 
I, = (B — 4A — $C) cosh »/(m4 — ms)x 
+ (E — 4D — 4F) sinh \/(m, — m,)x 
+ Gcosh /(mg + 2ms)x + H sinh »/(m, + 2m;)x (2! 
I.c =(C — 4A — $B) cosh »/(m, — ms)x 
+ (F —4D — 46) sinh (mn, — m)x 
+ Gcosh \/(m, + 2ms)x + H sinh \/(m, + 2m,)x (2! 


| Considering conditions at the sending end of the line, ice. 
yen x = 0, 

m= 4—-i1B-41C0+G I,y=B—1A—iC 4G 

I,, = C—4A —-4B+4+G 


j)Adding these equations, 


Cn ag an eae) a 
Gis sO 
Ae SC dg dog 
A 4Bi— 40 = Toy + [sar 
Baga tC = 15, la 
id G— 44 — $8 =, + Lo 


aa = Vap en a a) = Vapk ee = vse) Veal, Va) (27) 
‘nilarly 
jm — ms)(E — 4D — $F) + V/(m, + 2ms3)H 
; =a Var Vp = Vig) = Vik aes oa Vc) na Vaal v5 ad Va) (28) 
d 
(mn, — ms)(F — 4D — $E) + \/(m, + 2m3)H 
= Yavl eo so 2) — Vea Ae aie V sp) = Waa) se ca Via) (29) 
ving eqns. (27)-(29), 
V. 
i ipso 50 
} Zo0 
| coe yee ahs V sat ig V sa2 
| D—wtE F ae 
| ay Sar Viepi + Vso2 
| “ Zo1 
F—4D—4£ = — Vcr + Vse2 
Zo1 
V/ (mg + 2ms) V/ (m4, — ms) 
here Zo. = ———————_ and Z), = —~—_— 
) oe Vad % 3Vap 1 Vad 
he current equations for the line are thus of the form 
: = (4 a Tjq2) cosh «/(t14 — ms5)x 
—_ Var + Vsa2 sinh / (m4 =, ™Ms)x 
Zoi 


is VaGwe 
- + Ig cosh 4/(i4 + 2ms5)x — oe sinh +/(m4 + 2ms)x (30) 
. 00 


he corresponding voltage equations can be shown to be of 
1e form 


‘a SE, Kae (Vsa1 oT V sa) cosh / (M4 = Ms)X 
| mal sat + Isq2)Zo1 sinh / (m4 — Ms)x 


+ Vg cosh »/(1m4 + 2ms)x 

— 0200 sinh a/ (114 + 2ms)x B 1) 
a the above equations, +/(m4 — ms), which is the propagation 
oefficient for positive- and negative-sequence quantities, can for 
mplicity be replaced by y,; and »/(m, + 2ms), which is the 
ero-sequence propagation coefficient, can be replaced by yo. 
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(7.4) Behaviour of Phase-to-Earth Fault Relays Operated 
from Normal Sound-Phase-Compensation Equipment 


As shown in eqn. (3) the A-phase earth-fault relay is fed with 
an operating signal proportional to J,, + Uy + [,.)Z_/Z, and 


a restraining signal proportional to V,, —V,g. The ratio of 
these quantities can be considered as the apparent impedance 
Zapp seen by the relay; i.e. 


Vin a V sa 


Z, oes ae eM 
is “lk zs 19 1) 
Ss 


ap, 


On an ideally transposed line the sequence components do not 
interact with one another and they can thus be considered 
separately. Eqn. (30) can be separated into components so that 


Vg. 3 
Lo = 159 cosh yox — =" sinh Vox . (32) 
Zo0 


The source at the sending end of the line will only generate 
positive-sequence voltage, so that the zero-sequence voltage input 
to the line is merely the zero-sequence voitage drop in the 


source impedance, Z,9, i.e. Vig = — Is9Zs0- 
Substituting for Vo in eqn. (32), — 


Zool x0 


rr Zoo cosh Vor + Z50 sinh Yor (33) 


uf 50 
Similarly the negative-sequence current referred to the A phase 

is given by 
Lol xa2 


4 
Zo cosh Vix + Z52 sinh Vix c ) 


Ley e 


The positive-sequence current at a point a distance x from 
the sending end of the line is 


Ss 


V sal ° 
Zoi sinh y4x 


Tat = Isq, cosh ylx — (35) 


The positive-sequence input voltage to the line is given by 


Vea = Tee = T5a1Z 51 


Substituting for V,,; in eqn. (35), 


Zor! xat Be Ven sinh Vix 


$e a 36 
Zo, cosh y,x + Z,; sinh y,x (9) 


Ta = 


From eqn. (31) the zero-sequence components can be isolated 
to give 


Vin = Vso cosh Yor — I 0200 sinh Yor 


Substituting for Vio, 


Vig = — Iso(Zo cosh yox + Zoo sinh yox) (37) 


Similarly 


ey = Tsar(Z 52 cosh Vix + Zo1 sinh V1%) (38) 
and 


Vig Va cosh yx — I,q1(Z,, cosh yyx + Zo; sinh y,x) (39) 


When a fault occurs to earth at a distance x from the sending 
end of the line on the A phase, 
Veal “js View = V0 =0 


Substitution in this equation for V,.;, Vyq2 and Vy from 
eqns. (37)-(39) enables the generated voltage, V,,, to be 
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expressed as a function of the sequence currents at the fault position; i.e. 


Ve 


Z,2 cosh yx + Zo, sinh y,x)(Z,; sinh yx + Zo, cosh ue) 


( 
(Ze h + 2 h yx) +4 : 
a = Lyqi(Zs1 Cosh yx + Zo, sinh 1x) wal Z,2 sinh yjx + Zo, cosh yx 


i 
I 


Zoo (Z,9 cosh Yox + Zoo sinh yox)(Z,, sinh yyx + Zo, cosh y;x) 
Lo ; (40) 
Zot Zo Sinh yox + Zo cosh yox 


| Zoo Sinh ox cosh yx + Z,9 (cosh y;x cosh yox — 1) 
Zoo COSh Vox + Zyo Sinh ox 


Now | 

= By substituting from eqns. (41) and (42) it can be shown thi 
ee V. sd Vad I Vea2 | V0 ; ‘ 
: the apparent impedance seen by the relay is 
= Lae ro LAS i T5a2Z 2 = 502 50 
: 5 é ‘ ; ies k (“= —) 

Substitution in this equation for V,,, Isai, Isa2 and Iq from the Vomeaye 1 Es | 
earlier equations gives Lal? = ae Z FeeioE (43 
; £m 1 de k ( xi “) | 
sx aa Vea a Zo1 sinh Vix cat oa La) Isa aa fb. (sy = Isc) Te | 
M-A2N) Min J si 0) | 
| 


(41) the values of M, N, P and Q being given by the followin 


Dak ied faerie equations: 
The relay operating signal, as shown earlier, is proportional : 
to Ij, + ZmlZ I + I,.), which, by substituting for Z,, and Z,, M = Zoo[(Zoo sinh yox cosh y1x 
gives, as shown in Section 3.1, + Zo (cosh yx cosh ypx — 1)] 


Lie 
Z; 


Isa + > Usp + Isc) = LsaZor'¥1 + Ls0(Zoov0 — Zor) NissayZigy SING COSTE 9 ee 
P = Zo9|Z sinh y,x sinh 
= Tsar + LsadZorv1 + Ls0Z007%0 olZoavo + 71 rf Yor) 


=F ZV sinh Vix cosh Yox)] 


By substituting for J,,1, J,,. and J,q from eqns. (33), (34) and 


(36) we get QO = Zo1y1 Cosh y4x(Zoq Cosh Yox + Zoo sinh yox) 


Zool(¥o + y sinh y; x sinh yox) + Z,oy, sinh y;x cosh yox 


Zo Cosh yox + Zyo Sinh yox LZoolxo (42) 


Zm 
Hae a5 Zz Usp sii 1) ai Zo1v1 cosh Vix cat == I ,a2) aT 
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